MSC 45K05, 47D06, 34K30 DOI: 10.14529 /mmp170104

REGULARITY RESULTS AND SOLUTION SEMIGROUPS
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We show that the solutions of the retarded functional differential equations in a Banach
space, whose existence and uniqueness are established in paper of A. Favini and H. Tanabe,
have some further regularity properties if the initial data and the inhomogeneous term
satisfy some smootheness assumptions. Some results on the solution semigroups analogous
to the one of G. Di Blasio, K. Kunisch and E. Sinestrari and to the one of E. Sinestrari are
also obtained.
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Introduction

We consider the following retarded functional differential equation in a complex Banach
space X:

d
dt
u(0) = po, u(s) =pi(s) ae. s € (—r,0).

ult) = Au() + At~ )+ [ a(s) Ao+ 5)ds + @), 05 1T,

T

(0.1)

We assume that A is a densely defined closed linear operator which generates an analytic
semigroup €4, ¢t > 0, in X. Suppose 0 € p(A) for simplicity. A; and A, are closed linear
operators in X such that D(A;) D D(A), D(As) D D(A), and a is a complex valued
function defined in the interval [—r,0] such that a € L'(—r,0;C).

The following theorems which are improvements of the results by G. Di Blasio and
A. Lorenzi [1] are established in A. Favini and H. Tanabe [2]:

Theorem A Suppose 0 < 0 < 1/p. If the following assumption is satisfied:
(D wo € (X, D(A))gs1-1/pps w1 € WOP(=r,0; D(A)), f e W(0,T;X),
then, there exists a unique solution u of (0.1) satisfying
u e WO (0,7; D(A)) N C([0,T]; (X, D(A))o11-1/pp)s (0.2)
du/dt € W (0, T; X). (0.3)
Theorem B Suppose 1/p < 0 < 1. If the following assumption is satisfied:
wo € D(A), @1 € WP(=r,0; D(A)), ¢1(0) = w0,

f € WOP(0,T: X) 0 (0. T (X, D(A)) g1/,
Ao + Ao (—r) + / a(3) Aap(s)ds € (X, D(A))gr/np

-Tr

(1)
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then, problem (1.1) admits a unique solution u such that

u € WP (0,T; D(A)), (0.4)
du/dt € WPP(0,T; X) N C([0,TT; (X, D(A))o—1/p)- (0.5)

Note that since Ayp; € C([—r,0]; X), the integral ff)r a(s)Aqpi(s)ds is well defined.

In this paper we prove further regularity of solutions u when ¢; and f satisfy more
regularity assumptions. Using this result we prove some results on solution semigroups
analogous to the one of G. Di Blasio, K. Kunisch and E. Sinestrari [3] when 6 < 1/p,
and to the one of E. Sinestrari [4] when 6 > 1/p. In case # < 1/p it is shown that
the map ( z(l) ) ( ul(tt) ), where u is the solution of (0.1) with f(¢t) = 0 and

t

uy(s) = u(t+s),—r < s <0, is a Co-semigroup in (X, D(A))gs1-1/pp X WOP(—r,0; D(A)),
and the characterization of its infinitesimal generater is given. This is nothing but
a simple extention of a result of [3| in case where X is a Hilbert space and 0 = 1,
p = 2. However, in case § > 1/p the situation is a little more complicated. This is
caused by the following fact. In this case there appears the space (X, D(A))gt1-1/pp
which is a subset of D(A). If u belongs to this space, A;u, i = 1,2, is defined, but
may not belong to (X, D(A))s—1/pp. Therefore we assume the additional condition
A AT € L((X,D(A))o-1/pp), © = 1,2. A comment on this assumption will be given
in section 6. Under these hypotheses it will be shown that the map ¢; — wu; is a
Co-semigroup in W% (—r,0;D(A4)) N C([—r,0];(X,D(A))gs1-1/pp) with  the
characterization of its infinitesimal generater, where again u is the solution of (0.1)
with f(t) =0 and u(s) = u(t +s), —r < s <0.

For a Banach space Y we use the following norm of W%?(0,T;Y):

T t

1/p
[ [t a0 = o) asar) 0.0

Nop v, (u) = (/
0
lullwororyy = Nopy.om) (W) +T°|ulloory)-

1. Regularity of Solutions: Case 8 < 1/p

First consider the case 0 < 6 < 1/p. Assume that:
p1 € WHOP(—1,0; D(A)), o = ¢1(0) (€ D(A)),

(1-1) fewor(0,7; X) N C([0,T); (X, D(A))ps1-1/pp)

0

Apy + Arpi(—r) +/ a(s)Axpr(s)ds € (XvD(A))Hl—l/p,p-

Theorem 1. Suppose 0 < 6 < 1/p. Then, under assumption (I-1) the solution of problem
(0.1) satisfies

w e WHP(0,T; D(A) nW22(0,T; X) 0 CH([0,T]; (X, D(A))oa-1/pp)-  (1.1)

Since (I-1) is stronger than (I), in view of Theorem A a solution u of (0.1) exists and

satisfies (0.2) and (0.3). Set

0o = Ao + Arpr(—r) + / a(s)Aspr(s)ds + f(0). (1.2)

-r
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Then (I-1) implies
906 € (X> D(A))9+171/P,p7 gpll € WGJ)(_Ta Oa D(A))> f/ € W97p(0> T7 X)

Namely, (T) is satisfied by ¢, ¢}, f’ instead of g, 1, f. Therefore there exists a unique
solution v of the following problem:

0
V' (t) = Av(t) + Aot —r) +/ a(s)Av(t + s)ds + f'(t), 0<t<T, (1.3)
0(0) = ¢y (s) = ¢(5) ac. s € (=1,0)
satisfying
v e W (0,T; D(A)) N C([0,T); (X, D(A))os1-1/pp), (1.4
dv/dt € W»(0,T; X). '
Set w(t) = ¢o + ng(T)dT. Then in view of (1.4)
w' € WO(0,T; D(A)) N C([0, T; (X, D(A))o11-1/p.p), w5)
w"” € Wo(0,T; X). '
Since ¢o € D(A), v € W9(0,T; D(A)) C LP(0,T; D(A)), one has
w(+) = o —|—/ v(t)dr € C([0,T]; D(A)) C LP(0,T; D(A)). (1.6)
0
In view of (1.5) w' € W%(0,T; D(A)) C L?(0,T; D(A)). By virtue of this and (1.6)
w € W(0,T; D(A)) € WP(0,T; D(A)). (1.7)
It follows from (1.7) and (1.5) that
w € W20, T; D(A)) N W70, T; X).
Since D(A) C (X, D(A))o11-1/pp, one has
w € C([0,T]; D(A)) < ([0, TT; (X, D(A))g41-1/pp)-
From this and (1.5) it follows
w e CH[0,TT; (X, D(A))gs1-1/pp)- (1.8)
We are going to show
w(t) =wu(t), 0<t<T. (1.9)

If this is proved, then (1.1) follows from (1.7) and (1.8).

9 v(t 0<t<T, 9 .
Set 0(t) = { 90('1()t) <1< Then, v € W9 (—r,T; D(A)). Problem (1.3) is

transformed to the following integral equation:

t t 0
v(t) = etAgog + / e(t_S)AAlf)(s —r)ds + / elt=9)4 / a(0)Ay0(s + o)dods
0 0 —r

! (t—s)A ¢t
+/0 e f'(s)ds. (1.10)
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This implies

/t ()dT_/ ™ ’d7'+// A B (s — r)dsdr
// (r=s)A / )Agv($+0)dadsd7+// eTIAf! (s)dsdr. (1.11)

(i) Case T' < r. In view of the definition (1.2) of ¢f, one observes

t
| etendr =4 - 11,
0

Mg — gy + [ — 1] (A1¢1<—r>+ / a<s>A2sol<s>ds+f<o>). (1.12)

T

With the aid of a change of the order of integration and an integration by parts

// (=441 5(s — deT—// (=944, (s — r)dsdr

:/[ S)A—[]A 1A1g01(s—7")ds
0

¢
= [ — TJAT Ay (—1) + / e DA 0 (s — 1)ds. (1.13)
0

Again changing the order of integration and integrating by parts one obtains

[ [+ oo [ [ st
/ / / T Adr Agi(s + o) dods = /O /_ (@) = AT Agi(s + 0)dords

= / [et=2)4 _ []A~! a(0) Az (s + o)dods
0 -r
t 0
—i—/ [et=94 I]A_l/ a(o)Aqu(s + o)dods =11 + 1o, (1.14)
0 -5
where
t —s
L = / [elt=9)4 []A_l/ a(0) Az (s + o)dods,
0 —r
t 0
I, = / et =94 _ 1A~ [ a(o)Ayv(s + o)dods.
0 —s
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Changing the order of integration and integrating by parts yield

—t t
I, = / a(a)/ [et=94 _ [JA7 Ay (s + 0)dsdo
- 0

T

0 —o
—1—/ a(a)/ (@94 — [JAT Ay (s + 0)dsdo
0

—t

- /_t a(o) {—[etA — A Aypy(0) + /t el A0, (s + U)ds} do

r 0

+ [ alo) {9 = DA A (0) ~ [~ 1A (o) o

—t

0 —0
+/ a(o) {/ e =4 A0, (s + a)ds} do
—t 0

_ / " a(0)]e — A A (0)dor + / )

- -T

0

t
a(a)/ eI Ay, (s + 0)dsdo
0

+ /0 a(0)[e" T4 — TJA™ Ay (0)do + /

—t —t

a(o) / D A1 (s + 0)dsdo.
0

The sum of the second and fourth terms of the last side of the above equalities is equal to

/ (t=5) / o) Aspi(s+ o dads+/ (t=9) / 0)Asp1(s + o)dods
= / e(ts)A/ a(o)Aspy(s + o)dods.
0 —r

Therefore

= —/ o) — IJA7 Ay (o )da+/ a(a)[e(t+U)A—I]A_lAggol(O)da

—t
/ (¢= S)A/ 0)Asp1(s + o)dods. (1.15)

We can show without difficulty

0 t
I, = / a(a)/ [ =94 — NNA Y Ayu(s + o)dsdo

—t —0o

0 t o s+o
:/ a(a)/ [et=9)4 _ 1A~} / Ayv(T)drdsdo
—t —o 88
0 t s+o
:/ a(a)/ e(ts)A/ Agv(T)drdsdo
é tU ’ s+o 0 t
:/ a(a)/ elt=94 4, <g00+/ U(T)dT) dsda—/ a(a)/ =4 Ay podsdo
—t = 0 —t =

0 t s+o
:/ a(a)/ et=94 4, <g00 +/ U(T)dT) dsdo
—t = 0

0
+/ a(o)[I — e AL Aypodo. (1.16)

—t
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From (1.14) — (1.16) and ¢ = ¢1(0) it follows that

t T 0
/ / e(T—S)A/ a(o)Asv(s + o)dodsdr =1, + Iy
0 T

= —/ a(o)[e — IJA™ Ay (o da~|—/ (t= S)A/ 0)Aypi(s + o)dods

+/_(:a(0) /_: (=44, (800+/0 u(r )dT) dsdo. (1.17)

As is easily seen

/ / (T=9)A §/(5)dsdr = /0 t / t eTAdr f(5)ds = /O t[e(t_S)A—[]A_l f'(s)ds
=l 1A 0+ [ s (1.18)

From (1.11) — (1.13), (1.17), (1.18) the following equality follows easily:
t t —s
w(t) = ety +/ e(t’s)AAﬁOl(S — r)ds—i—/ e(tS)A/ a(o)Asdods
0
0
+/ a(a)/ elt= S)AAgw(s+a)dsd0+/ (=4 f(s)ds (1.19)
—0 0

—t

<t <
~ { w(t) 0<t<T, Then (1.19) is rewritten as

Set w(t) = o) —r<t<0.
w(t) = e 300—1-/ tSAAlws—rds—i-/ (t=s)A / 0) AW (s + o)dods

t
+/ et =D f(s)ds.
0

Consequently (1.9) is obtained.

(ii) Case r < T < 2r. By virtue of the result established in the previous case 0 < T <r
we already know that w(t) = u(t) for 0 < ¢ < r. Hence

w(t) = o + /(:U(’/“)dT + [tU(T)dT =w(r) + /rtU(T)dT = u(r) + /jv(7)d7.

Since
0

Au(r) + Aju(0) + / a(s)Asu(r + s)ds = u'(r) — f(r) € (X, D(A))o+1-1/pp:

T

the following facts hold:
up,) € WHr(0,7; D(A)),

f S W1+9,p(r7 T; X) N C([Ta T]a (X7 D(A>)9+1—1/p7p)7
0
Aujo(r) + Arugo(0) +/ a(s)Agujo (1 + s)ds € (X, D(A))or1-1/pp-

-7
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Hence (I-1) is satisfied with [—r,0], ¢y replaced by [0, 7], ujo, respectively. Therefore, by
the method of the previous case we can show w(t) = u(t) for r <t <T.

We can proceed to show (1.9) in the general case, and the proof of Theorem 1 is
complete.

In case 1/p < 6 < 1 we assume
(1 € WHPP(—r 0; D(A)) (= ¢1(0) € D(A)),
fe WHor(0,T; X) N CH0, TT; (X, D(A))o-1/pyp),

0

(T1-1) Ap1(0) + Ay (=) +/_ a(s)Azpr(s)ds € (X, D(A))o-1/pp,

AGL(0) + Argl(—r) + / a(s) Aag) (s)ds € (X D<A>>e_1/pp,

=T

[ 1(0)(= D_g1(0)) = Ap1(0) + Aspr (=) + [° a(0) Aspi(o)do + f(0).

Theorem 2. Suppose 1/p < 6 < 1. If assumption (I1I-1) is satisfied, the solution u of
(0.1) satisfies

u € WHOP(0,T; D(A)) N W2H%(0,T; X) N C*([0,T1; (X, D(A))o-1/pp)- (1.20)

If hypothesis (II-1) holds, then (II) is satisfied by ¢} and f’ in place of ¢, and f
respectively. Therefore according to Theorem B there exists a unique solution v of the
following problem

%v(t) = Av(t) + Ay(t —r) + /_T a(s)Aqu(t + s)ds + f'(t), (1.21)
v(s) = pi(s), —r<s<0 (1.22)
satisfying
v e W0, T; D(A)), (1.23)
dv/dt € WO?(0,T; X) N C([0,T]; (X, D(A))p-1/p)- (1.24)
Set .
w(t) = ¢ +/0 v(T)dr. (1.25)
In view of (1.23), (1.24) one has
w' € W(0,T; D(A)), (1.26)
" e WOP(0,T; X) N C([0,T]; (X, D(A))g-1/p,)- (1.27)

Since 0 > 1/p, W%(0,T; D(A)) C C([0,T]; D(A)). Hence v € C([0,T]; D(A)). From this
and oy € D(A) it follows that w € C1([0,T]; D(A)). This implies w € W1P(0,T; D(A)) C
Wo»(0,T; D(A)). Hence with the aid of (1.26), (1.27) we deduce

w € W0, T; D(A)) N W70, T; X). (1.28)
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Since D(A) C (X, D(A))g—1/pp, one also has w € C*([0,T]; (X, D(A))p—1/pp). From this
and (1.27) it follows that

w € CX([0,TT; (X, DAY -1/p)- (1.29)

If it is shown that w(t) = u(t), 0 <t < T, then in view of (1.28) and (1.29) the proof of
Theorem 2 is complete. This part of the proof is almost the same as that of Theorem 1,
and so it is omitted.

2. Solution Semigroup: Case 8 < 1/p

Suppose assumption (I) is satisfied. Set
Z = (Xv D(A))9+171/p,p X W@,p(_r’ 0; D(A)>

Following G. Di Blasio, K. Kunisch and E. Sinestrari [3]| the solution semigroup for (0.1)
is defined as follows:

S(t)(i?):(ug)), t>0, for (zf)ez,

u(t) 0<t< oo,
e1(t) —r<t<O0,
u(s) = at + s) for —r < s < 0. Since u € W%(0,00;D(A)) N
C([0,00); (X, D(A))gs1-1/pp), Where u € WPP(0,00; D(A)) means u € W?(0,T; D(A))
for any 0 < T < oo, u(t) € (X, D(A))g1-1/pp for t > 0, u € WPP(—r,00; D(A)), and
hence 1; € WO (—r,0; D(A)) for 0 < t < oo. Therefore S(t) : Z + Z and S(0) = I. It
can be shown without difficulty that S(t) is a Cy-semigroup in Z.

where u is the solution of problem (0.1) with f(¢) =0, and u(t) = {

Theorem 3. The infinitesimal generater of the solution semigroup S(t) is given by

D) = { (£ )i € WHO (1, D). 10) = 0,
) Aspr(s)as € (x D<A>>9+l_1/p,p} ,

A(wo):<A¢o+A1¢1 +f s) A (s)ds )
¥1 ©

This theorem can be establised by showing the following statements following
G. Di Blasio, K. Kunisch and E. Sinestrari [3]:

(i) SE)DA) € D(A),
(ii) D(A) is dense in Z,

Agy + Aror(—r) + /

2.1
(iii) A C infinitesimal generator of {S(¢)}, (2.1)
(iv) A: D(A) C Z — Z is closed.
Problem (0.1) is rewritten as
I RICORCORES
{ ! (2.2)

(%)-(2)
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The mild solution of (2.2) is expressed as

(ug)):S(t)<£?)+/0t5(t—s)<fgs) )ds.

i (if) e D(A) and f € CV([0,T]; (X, D(A))os11pp), then (“@) is & strict

Ut
solution, and

u € CH([0,TT; (X, D(A))ot1-1/pp)s
@ € CY([0, T); WPP(—r,0; D(A))), (2.3)

(205 ()50 (D)o [se-s (1 )

Starting from
u. € C([0,T); LP(—r,0; D(A))) <= u € LP(—r,T; D(A))

one can show that (2.3) is equivalent to u € W %?(—r T; D(A)). Thus the following
assertion holds:

Theorem 4. If the following assumptions are satisfied:
p1 € WHOP(—r, O‘D(A)), po=¢1(0), f €U0, T] (X, D(A))os1-1/pp):
Apo + Ay (—r) + f (5)Azp1(s)ds € (X, D(A))or1-1/pps
then a solution of (0.1) satisfying
u € WHP(0, T3 D(A)) N CH([0, TT; (X, D(A))o+1-1/p,)

exists and 1s unique.

3. Regularity of Solutions: Case 6 > 1/p

In this section we suppose that the following assumptions are satisfied:
(I-:2) A AL A, AT € L((X, D(A))o-1/pps (X, D(A))o-1/p,p):
a3y 4 7 € WoP(—r,0; D(A)) N C([=r,0]; (X, D(A))g+1-1/p):
fewor(0,T; X)NC([0,T]; (X, D(A))g-1/pp)-
Remark 1. Set ¢y = ¢1(0). Then it follows from (II-3) that ¢y € (X, D(A))g+1-1/pp-
Hence Apy € (X, D(A))p—1/pp. From 1 € C([—7,0]; (X, D(A))g11-1/pp) it follows that

Apy € C([—7,0]; (X, D(A))o-1/pp) / a(s)Api(s)ds € (X, D(A))o-1/pp-

=T

Hence by (I1-2)

0

Avpr € C(1=r,01; (X, D(AY)o1/); / a(s) Aspr(s)ds € (X, D(Ao_1/ppe  (3.1)

-
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Hence the final condition of (II) is satisfied. Therefore (II-2) and (II-3) imply (II).
Remark 2. (II-2) is equivalent to

A € L((Xa D<A))9+1*1/p,p7 (Xv D<A))9*1/p,p)> =12
A comment on assumption (II-2) will be given in the final section.

Theorem 5. Suppose 0 > 1/p, and assumptions (11-2) and (11-3) are satisfied. Then the
solution u of problem (0.1) satisfies

ue W(0,T; D(A)) N C([0,T]; (X, D(A))o11-1/pp); (3.2)
du/dt € WPP(0,T; X) N C([0, T; (X, D(A))o—1/pp)- (3.3)

Suppose first T' < r. Let ug be the function defined by
wlt) = () + A7 FO+ [ I (5)ds - 47 fl0) (3.4

where o

F(s) = Avor(s — 1) + f(s) + / a(0) Ao (0)do,

Fo(s) = F(s) — F(0) = Avgu(s — 1) + £(s) — Avgr (—r) — £(0).
It follows from (II-3) and (3.1) that

F e W(0,7;X) N C([0,TT; (X, D(A))g-1/pp). (3.5)
fo € WI(0,7;X) N C([0,TT; (X, D(A))o-1/pp).
Yo + A_lf(O) € (X,D(A ))9+171/p,p-

The solution of (0.1) is obtained as the solution of the following integral equation

/ o / 0)[Azu(s + o) — Axpa(0)]dods, (3.8)

~ >0 . L . . .
where u(s) = { Z(jl) i 2 0.’ This equation is sovled by successive approximation:

Unt1(t) = up(t / (¢ S)A/ 0)[Astn(s + o) — Agpi(0)]|dods, n=1,2,3,.... (3.9)

It is shown in A. Favini and H. Tanabe [2| that uw, € W%P(0,T; D(A)), u,(0) = o,
n=0,1,2,.... From (3.9) it follows that

Up1(t) — up(t / (t=5) / o)Aty (s + o) — Asty,—1(s + o)|dods. (3.10)

If -r <o < =T, then s+0 <t—T <0. Hence

Astin (s +0) — Astip_1(s+0) = p1(s+0) —pi1(s+0) =0.
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Therefore (3.10) is rewritten as

Upr1(t) — up(t / (t=s) / 0)[Astn(s + o) — Asti,—1(s + 0)]dods. (3.11)

It is proved in [2] that

[tn1 = tnllwonomspiay < Cokallallzy—r,0)[(6p) PCh + 1] lun — tn—1llwororsp(ay

for some constants C}, C% independent of T and ky = ||AyA™!||. Therefore if T is so small
that

Cylisllallinro [(69)7Ch +1] < 1, (312)
then .
D lttngr = tnllwoso,r,pay < 0. (3.13)
n=1
Set

Wo(0,T; X) = {u € W(0,T; X); u(0) = 0}.

The following lemma is due to G. Di Blasio [5| (Theorem 10 if # < 1/p and Theorem 8 if
6 > 1/p). Also c.f. Lemma 1 of G. Di Blasio and A. Lorenzi [1].

Lemma 1. Suppose 0 # 1/p. If x € (X, D(A))g41-1/pp, then
e 'x € WOP(0,T; D(A) N C([0, T); (X, D(A))gs1-1/pp)-
The following lemma is Theorem 24 of G. Di Blasio [5].

Lemma 2. Suppose 6 > 1/p. Then, if f € WIP(0,T;X), the function V(t) =
[7 =94 f(s)ds satisfies

V e WP(0,T; D(A)),
dV/dt = AV + f € C([0,T]; (X, D(A))o-1/pp) (3.14)
and the following inequality holds with a constant CY independent of T':

|V Iweror:nay < Caoll fllweso.r.x)- (3.15)

In A. Favini and H. Tanabe [2| it is shown that the constant C above can be chosen
independent of T if we choose (0.6) as the norm of W%?(0,T; D(A)).
Let V and f be as in Lemma 2. With the aid of (3.14) and (3.15) one observes

IV lwerorx) = 1AV + fllwesor.x) < IV Iweso.r.pa) + 1fllweso.r.x)
< (G + D fllworo.r:x)- (3.16)

From Lemma 2 the following lemma follows:

Lemma 3. Suppose 0 > 1/p. Let f € WP(0,T;X) N C([0,T); (X, D(A))p-1/pp)- Then,
for V(t) = [ et=2)4f(s)ds one has

Ve WP(0,T; D(A)) N C([0,T1; (X, D(A))gs1-1/p)-
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In view of Lemma 1, 3 and (3.6), (3.7) one observes

e~ p1(0) + A7 F(0)] € C([0,T]; (X, D(A))os1-1/p);
[re =94 F.(s)ds € C([0,T1; (X, D(A))o11-1/pp)-
Moreover, A~ f(0) is a constant function with a value in (X, D(A))o41-1/pp- Consequently
up € C([0,T}; (X, D(A))o+1-1/pp)- (3.17)
Suppose for some n =1,2, ...
n € C0,T]; (X, D(AY 1110 (318)
Then uw, € C([=r,T); (X, D(A))o+1-1/pp). Hence Asu,, € C([—r,T]; (X, D(A))g-1/pp) in

view of Remark 2. Therefore it is easy to show

[ alo)asin- + ) = Avpr(o)ldo € COTH (X DAD-1pp). (319)

T

Since u, € W% (0,T;D(A)), one has u, € W% (—r,T;D(A)), and hence Ayu, €
W% (—r,T; X). The following lemma is proved in A. Favini and H. Tanabe [2, Lemma
2.5]:

Lemma 4. Suppose v € WO (—r,T;X), 0< 0 < 1,0 # 1/p. Then f (- + o)do €
W% (0,T; X), and

H/ (- +0)do

Applying Lemma 4 to Asu, one observes f 0)Agliy (- + o)do € WO(0,T; X).
Therefore, noting (3.1) one deduces

< lallzr =0y [Nop,(—ry(©) + T~ 0| o)) -
wWé.r(0,T;X)

/_ a(0)[ ATl (- + 0) — Ao (0)]do

r

_ / a(0) Asfin (- + o)dor — / a(0) Aspr (0)do € WHP(0,T: X)), (3.20)

T T

By virtue of (3.19), (3.20) and Lemma 3 one obtains

/ (94 / o) [ Asfin(s + 0) — Aggr(0))dods € C([0,T]: (X, D(A))os1-1/pp)-  (3.21)

From (3.9), (3.17) and (3.21) it follows that (3.18) holds with n + 1 in place of n.
Next, we estimate the following norm:

1/p

T
(T (HV'HLp(OTx /0|V'<t>z,pdt) , (3.22)
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where | - |p, is the semi norm defined by

00 1/p
g, = 10 Aet Ay || dt )
P
0

The following inequality was shown in the proof of Lemma 2 of G. Di Blasio [5]:

1V e orx) < ((p— 1)/6p)=1/P MT? Ny, 0.y (f) + Mol fll 2o 0.7 (3.23)

where My, M, are constants such that [|e"!| < Mo, ||(d/dt)e"!|| < My /t. Tn the proof of
Theorem 26 of [5, p. 81] it was shown that

T T
/O V! (t)[} ,dt < 2% 2MP(677 + (1—6)77) (Ng,p,(O,T)(f) + (9]9)1/0 tngf(t)det)
T 00
Lot / 10| £ (1) Pt / (5 + 1) Ps TP (3.24)
0 0

It is easy to show the following inequality holds for f € W2?(0,T; X) with a constant ¢
independent of T

T
| s < AT Ry (325
0

From (3.22) — (3.24) and (3.25) it follows that the following inequality holds with a constant
(' independent of T":

T
/0 V' ()16, < Cill f ooz (3.26)

By virtue of (3.22), (3.23) and (3.26) the following inequality holds for f € W9?(0,T; X)
with a constant C5 independent of T":

IV 2o 0,15x, DA ) < Co(T” + DI fllwero7:x)- (3.27)
The following lemma is also due to Lemma 11 of G. di Blasio [5].

Lemma 5. Suppose 6 > p. Then
We,p(()? T; X) N Lp(07 T7 (X7 D(A>)6',p) C O([Oa T]7 (X7 D(A))Q—l/ﬂp)a

and the following inequality holds for w € W%P(0,T; X) N LP(0,T; (X, D(A))g,) with a
constant C3 independent of T':

[l comx.0ANe 11y < Cs (TP llullwenorx) + TP ulloorix.0iana,)) - (3-28)

Inequality (3.28) follows from the one in case T = 1 and considering a function
u(Tt),0 <t <1, in the general case.
In view of Lemma 5
IV leomicx oo, <
< Cs (TP V! lwowor.xy + TPV || Loo.30x,0(A))0,)) -
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Inequalities (3.16), (3.27) and (3.29) yield
IV leo.m1:6, (A0 -1 /mp) < Crllf lwo o)
where Cr = C5 ((Cy + Cy + 1)T% 4+ Co) T~/7. Hence

IV lleqo.: .04 0111 = AV lo0.11:x,D(A))9-1/.0)

= |V = flleqorx,0(4)e-1/p) < Ol fllwororx) + | Flloqomixn)e pp)-

We apply (3.31) to fET a(o)[Agtn(- + 0) — Astly—1(- + 0)]do. Then V = uyqq —

(3.11)). Let T satisfy (3.12):
Chkallall 1.0 [(0p)PCh +1] < 1.
One has
[tns1 = tnlloory:x. D051 -1/p0)

/ a(0)[Asiin(- + 0) — Afly_1(- + 0)|do

< Cp

wé.p(0,T;X)

H/ o)Aty (- + ) — Astly—1 (- + 0)]do
C([OvT];(XrD(A))Qfl/p,p)

It is shown in [2| that the following inequality holds:

H/ 0)[Aztin(- +0) — Azt (- + 0)]do

wé.p(0,T;X)

< kollallzy~1,0) [(6p) PCh + 1 [[tn — wn—1llwororsp(a)-

As is easily seen

H/ 0)[Asiin(- + 0) = Al (- + 0)]do

C([OvT];(XvD(A))Gfl/p,p)

= sup
s€[0,T7]

0
< [ el sup [ As(r) - Asts(D o

T T€[-T,T)

/T a(o)[Agty (s + o) — Agtiy_1(s + 0)]do

(XﬂD(A))G—l/p,p

< kallall 110y sup [Aun(T) = A1 (T) | (x.D(AY) 01/
7€|0,
= kallallzr 1.0y lun — wn—1llc o104 0111 /p0)-
The following inequality follows from (3.32) — (3.34):

[wnt1 = wnlloo (X, D(A))041 -1 /pp)
< Crksllal| -z [(09) P C + 1 llun — - lwos oz

+hallall -7 ollun — wn—1lleqo,r1:x, 0406511/

(3.30)

(3.31)

u, (c.f.

(3.32)

(3.33)

(3.34)
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Summing both sides from n =1 to m one gets

m

D lttnsr = wnlleqo X001/
n=1

< Crksllal|z1(—70) [(Qp)fl/pcé +1] Z [ttn = tn—1llwor(o,7,(a))

n=1
thallallz-r0) Y ltn = a1l ek DA0s1 1) (3.35)
n=1

Substituting

> "l = it le@OaHDA 11 1/p)
n=1

<Y Mgt = wnllo@oma Ny + 181 = wolloqorianama1,,)
n=1

in the last side of (3.35) one gets

m

D g1 = ttnllo@or) X0 0111 )
n=1
m
< Orksllal| 21 (—10) [(Qp)fl/pcé +1] Z [ttn = tn-1llwor(0,7,(a))

n=1
m

+hallall -0y Y tnt1 = tnlloqo.rx, 040111 /mm)

n=1

+hallall Ly 10y lur — wolleo.11:(x.D(A))gs1- 1)
This implies

m

(1 - k:2||a||L1(,T70)) Z [tns1 — Un\|C([O,T};(XyD(A))erl/p,p)
n=1
< Crksllallp 7o) [(0p) 7 PCH+ 1))ty — tnillwosorspeay
n=1
+hallall 10y lur — wolleo.r1:(x.D(AY)gs 110 (3.36)

Letting m — oo in (3.36) one obtains in view of (3.13)

(e 9]

(1= kallallzr-r0) > Ntnst = talloqomyx.0a) e 1/p,)
=1
" 00
S CTk2||aHL1(—T,0) [(Qp)_l/pc(l) -+ ].] Z ||un - un—lHW‘gvp(QT;D(A))
n=1
+hkallall L1~ 10y w1 = wolleqo,rx. D11y, < OO (3.37)
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Let T satisfy kallal|r1(—10) < 1 besides T" < r and (3.12). Then by virtue of (3.37) and
(3.13) one obtains

o0

> ltner = ook (e DA -1/0) < OO

n=1

Hence {u,} is convergent in C([0,7T];(X,D(A))st1-1/pp). Since u, — u in
W%#(0,T; D(A)), one concludes u € C([0,T]; (X, D(A))g+1-1/pp) and

u, — u in WO(0,T; D(A)) N C([0,T]; (X, D(A))as1-1/pp)-
Let Tj satisfy
0< To S r, Cék‘é”aHLl(—To,O) [(Hp)_l/pCé + 1} < 1, k2l|a||L1(—To,O) < 1.

Then, by the result just proved one has wu € WO (0, T; D(A)) N
C([0, To); (X, D(A) )41 1/pp). Hence

u € WO (—r, T; D(A)) N C([—r, To); (X, D(A))os1-1/pp)-
Suppose Ty < T'. Then
g1 € WP(To — 1, To; D(A)) N C([Ty =, ToJ; (X, D(A))gs1-1/pp)s

and u satisfies
d 0

au(t) = Au(t) + Aju(t —r) + /_T a(s)Asu(t + s)ds + f(t), To <t <T,

u(s) = ulmy—rm)(s), To—r < s <Tj.
Therefore, by virtue of the result already proved

u € WP(0,T; D(A)) N C([0, min{27Tp, T}; (X, D(A))os1-1/pp)-

Continuing this process we can complete the proof of Theorem 5.
Next, we consider the case where the following assumption is satisfied:
1 € WP (—r 0; D(A)) N CM([—r, 0]; (X, D(A))os1-1/pp),
(I1-4) fe w0, T; X) N C([0,T]; (X, D(A))9+1 1/pp) NCH0,TT; (X, D(A))o—1/pp),
£1(0) = Ap1(0) + Arpr (=) + [, a(0) Az (0)do + £(0).

Theorem 6. If assumptions (1I-2) and (11—4) are satisfied, then the solution u of (0.1)
satisfies

u € WHPP(0,T; D(A)) N W2H02(0,T; X) N C*([0, T); (X, D(A))o+1-1/pp),

(3.38)
(S O([O> T]§ (X, D(A))Gfl/p)'

Proof. If hypotheses (II-2) and (II-4) are satisfied, then (II-1) and (II-3) are also satisfied.
In view of Theorem 2 and Theorem b5 it suffices to show

o' € ([0, T (X, D(A))os1-1,,).
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Since (II-4) is satisfied, (II-3) is satisfied by ¢}, f" in place of ¢y, f. Therefore in view of
Theorem 5 there exists a solution v of the following problem

%v(t) = Av(t) + Ajo(t —r) + /_r a(s)Aqu(t + s)ds + f'(t),
v(s) = i(s), —r <5 <0
satisfying
v E W‘Q’ZJ(O? T; D<A)) N C([Ov T]? ( ’ D<A>>0+1—1/P7P)7
dv/dt € Wo(0,T; X) N C([0,T]; (X, D(A))g-1/p)-

t
Since u(t) = ¢1(0) +/ v(T)dr (c.f. Proof of Theorem 2),
0

u'=ve ([0, TT; (X, D(A>>¢9+1—1/P7p)'

4. Solution Semigroup: Case 8 > 1/p
In this section we assume that hypotheses (II-2) and (II-3) are satisfied. Let

Z = W@,p(_,r’ Oa D(A)) N C([_Ta 0]7 (X7 D(A))9+l—1/]?7p)‘
For ¢ € Z let u be the solution of (0.1) with f(t) = 0:

0

%u(t) = Au(t) + Aju(t —r) + /_T a(s)Agu(t + s)ds, 0 <t < oo, (4.1)

u(s) = @i(s), —r <s<0.
In view of Theorem 5 w satisfies

u € We’p((); T; D(A)) N C([Ov T]; (X7 D<A))9+1—1/p7p)7
u' € W(0,T; X) N C([0,TT; (X, D(A))o—1/pp)-

Therefore @ € W9 (—r,00; D(A)) N C([—r,00); (X, D(A))g41-1/pp), where u €
WP (—r, 00; D(A)) means u € W9 (—r, T; D(A)) VT > 0. This implies u; € Z for t > 0.
Therefore if we set

S(t)pr =1y, t >0,

S(t) maps Z to Z.
Let w be the solution of (4.1), v be the solution of (4.1) with the initial function u,
and w(t) =u(t+7) for 7 > 0, t > 0. Then

0

%v(t) = Av(t) + Aot —r) +/ a(s)v(t + s)ds, 0 <t < oo,

v(s)=u(r+s), —r<s<Qo, B

d d_ ~ ~ RPN

aw(t) = Eu(t +7)=Au(t+ 1)+ Ault+7—r)+ [ a(s)u(t+ 7+ s)ds
0 -r

= Aw(t) + Ajw(t —r) +/ a(s)w(t+ s)ds, 0 <t < oo,

w(s) =u(r+s), —r <s<0.
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Therefore v = w, and hence v; = w;. On the other hand

v =Su, = S(t)S()er,
wi(s) = w(t+s) =ult +s+7) =Ur(s) = (S +7)p1) ().

Thus

S(6)S(r)pr = S(t+7)er.
It is easy to see that the mapping [0,7] > t — u € C([—7,0]; (X, D(A))ot1-1/pp) is
continuous. The continuity of [0,7] 2 ¢ +— @, € W?(—r,0; D(A)) is shown in the following
lemma.

Lemma 6. For v € WO (—r,T; D(A)) the mapping [0,T] > t + v, € W (—r,0; D(A))
1S continuous.

Proof. The lemma is proved by the following step:

(i) For w € W(—r, T D(A)) limy—y [|w: — willwor(—r0,0(a)) = 0-

(ii) For v € W??(—r,T; D(A)), w € WYP(—r,T; D(A)) such that ||[v—w||yes_r7.pay) < €
one has

|lvr — Ut|’W9=P(fr,0;D(A))
< lwr = wellwow(—ro;pay) + |vr — wellwor(ropcay + 106 = Wellwor(—r0.00a))
< NJwr — wellwour(—r0.pay) + 2V = W|lwor(—rr:peay < |Wr = Wellwor(—ro;pa)) + 2€.

O
Hence the mapping [0,7] 5 t — S(t)1 = uy € Z is continuous. Thus it has been shown
that {S(t), t > 0} is a Cy-semigroup.
The following result is an analog to Theorem 4.4 of E. Sinestrari [4]:

Theorem 7. The infinitesimal generator of S(t) is given by

D(A) = {1 € WHI(=r, 0 D(A)) 1 CH([=1, 0] (X, D(A) )11/,

P1(0) = Ag1(0) + Arpr (1) + | a(0) Aagpr(0)do |,

-r

Aoy = 90/1-

Proof. We show

(i) S(H)D(A) € D(A).

(ii) D(A) is dense in Z = W?P(—r,0; D(A)) N C([—r,0; (X, D(A))gs1-1/pp)-
(iii) A C infinitesimal generator of {S(t)}.

(iv) A: D(A) € WO (—r,0; D(A)) — W9P(—r,0; D(A)) is closed.

(i

) Let ¢1 € D(A) and u be the solution of (4.1). Then in view of Theorem 6
and its proof u(0) = ¢1(0) and u/(0) = ,(0). Hence © € WP (—r oo; D(A)) N
CY([—r, 00]; (X, D(A))o41-1/pp). Hence

U, € WP (—r,0; D(A)) N C'([—r,0]; (X, D(A))os1-1/pp)-
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Fort >0

u(s) — u(0) u(t +s) —u(t)

O == =T e ST
0
=u'(t) = Au(t) + Ayu(t — r) + / a(s)Asu(t + s)ds

= Au(0) + Ayue(—r) + / a(s)Aquz(s)ds.

—-Tr

Hence u; € D(A).
(i) Let 1 € Z and @ = S(t)¢1. Set @ = [ Wdt. pc(s) =[5 U(s)dt = [ a(t + s)dt.

ol(s) = % (/0 ﬁtdt) (s) = %/06 u(t + s)dt = /0 u'(t+ s)dt

=u(e+s) —u(s) =ule+s) — pi(s) = u(s) — @i(s), —r < s <0. (4.2)
Therefore
p. =1, — p1 € WP(—r,0; D(A)) N C([—7,0]; (X, D(A))gs1-1/pp)-
Hence
@ € WOTLP(—r,0; D(A)) N CH([—7,0; (X, D(A))gs1-1/pp)-
By virtue of (4.2)
0

Ape(0) + Avpe(—r) + / 0(0) Asip.(0)do

T

€ € 0 €
_A / A)dt + Ay / At — rydt + / a(0) As / Ut + o) dtdo
0 0 — 0

T

= /0 <Aa(t) + Aju(t —r) + /_0 a(o)Asu(t + a)da> dt

= /0 @ ()t = A(e) — A(0) = A(0) — 1(0) = (0).

Therefore . € D(A). Since [0,00) 3 t — Uy € Z is continuous,

_ 1 [ .
e o — p1llz = HE/ (U — r)dt
0

1 [
g—/ |ty — @1]||zdt — 0 as € — 0.
z €Jo

(iii) Let ¢1 € D(A) and u be the solution to (4.1). As was noted in the proof of (i) one
has @ € WP (—r, 00; D(A)) N C*([—r,00]; (X, D(A))g41-1/pp). Hence

' € W (—r,00; D(A)) N C([=r,00]; (X, D(A))gs1-1/p,)-
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Therefore
1 1
/ u'(to+ -)do —u' / (@(to+-) —u)do
0 0
1

@' (to + ) = W llwow(—ro;paydo — 0,

f
/ u'(to+ )do — 0’
0 C([frvok(XrD(A))9+1—1/p,p)

1
< /0 [T (to + ) = W llo((r0):(X.D(A))g11-1/pp) 4T = O

Wo.p(—r,0;D(A)) ‘ wWo.p(—r,0;D(A))

Hence
S(t)gpl—<p1:ﬁt—ﬂozﬂ(t+ / 9 dtto + )
t t
1
= / U (to+)do =0 (-) = Apq
0
in Z.

(iv) Let w1, € D(A), @10 — 1, ¥, = Ap1, — ¥ in Z. Then ¢} =1 € Z. Hence
1 € WHP(—1 0; D(A)) N C([—r,0; (X, D(A))os1-1/pp)-

Since @1, — @1 in C’([ r,0]; (X, D(A))gs1- 1/pp) one has Api,(0) — Ap(0),
2

Apin(—r) = Api(=1), [7, U)A pin(0)do = [° a(0)Aspi(0)do in (X, D(A))s 1/pp-
One also has ¢},(0) — ¥(0 ) ©1(0) in (X, D(A))(;H 1/1,7,, Therefore, from

%AmzA%M®+AwMPM+/:M®&wM®M

r

it follows that o

©1(0) = Ap1(0) + Arpr(—1) +/ a(o)Agpr(0)do.

-r

Therefore ¢ € D(A) and Ap; = 1.

5. Remark on Hypothesis (I1-2)

Let A be the realization in LP(Q2),1 < p < oo, of a strongly elliptic linear partial
differential operator of second order with the Dirichlet boundary condition, where € is a
bounded domain in R™. Let A;,i = 1,2, be linear partial differential operators of second
order in €2. Assume that the coefficients of A, A;,;7 = 1,2, and the boundary 02 of
are sufficiently smooth. Then D(A) = W??(Q) N W, " (Q). Assume that A has a bounded
inverse. Suppose 1/p < 0 < 3/(2p). Then 0 < 20 — 2/p < 1/p. Hence by virtue of the
results of R. Seeley [6] (also c.f. H. Triebel |7, Theorem 4.3.3]).

(LP(Q)7 D(A>)9—1/p,p = (LP(Q)’ WQ’p(Q) N WOLP(Q»Q—UPJ) =

a 5.1
_ BIr(q) = W-2ira(Q), 5.1)
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Since
ATh e L(LP(Q), W2P(Q) N WyT(Q)) N L(WHP(Q), WP (Q) N Wy (),

one has
A™h e L(WHmer(Q) W02 () 0 TP (). (5.2)

Let f € (LP(Q), D(A))s_1/pp In view of (5.1) and (5.2) A~1f € W20-2/pr(Q)n Wy P(Q).
Hence
A AT e WP (Q) = (12(Q), D(A))o-1/pps 1 = 1,2

Therefore
AAT € L((LP(Q), DA o1 (LX), D(A))g1/p). i = 1.2 (5.3)
Next, consider the case of the Neumann boundary condition. In this case
D(A) = {u € W??(Q);0u/On =0 on 00},

where Ou/On is the outer conormal derivative with respect to A. Suppose
1/p<60<3/(2p)+1/2,0 #1/241/p. Then, again by virtue of the results of R. Seeley [6]
or H. Triebel [7]

(LP(), D(A))g-1/pp = Bply /P (Q) = W2OTHD2(Q),
and (5.3) follows as in the case of the Dirichlet boundary condition.
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PE3VYJ/IBTATDHI PEI'VJIAPHOCTU N PASPEHIAIOIIINX
ITOJIVI'PVIIII JJIAd $PYHKIINMOHAJIBHO-
JIN®PEPEHIINAJILHBIX YPABHEHUN

C SAIIA3Z/IBIBAHVEM

A. Pasunu, X. Tarnabe

IMokazano, uTo pernienns: GyHKIMOHATHHO- TG (EPEHITNATBHBIX YPABHEHUH € 3aMa3abl-
BaHUeM B DAHAXOBOM MPOCTPAHCTBE, CYIIECTBOBAHNE U €IUHCTBEHHOCTH KOTOPBIX MOKA3AHA
pannee B paborax A. ®apunu u X. Tanabe, 00Ja1aI0T JONOMHATETHHBIME CBOMCTBAMEI Pe-
TYJISIPHOCTH, €CJU UCXOJHBIE JAHHBIE W HEOMHOPOMHBIH YJIEH YIAOBIETBOPSIOT HEKOTOPBIM
MPEIOIOKEHUAM O raaakocTu. Kpome Toro, momy<ueHbl HEKOTOPBIE PE3YIBTATHI O pa3pe-
MIAIOIIUX IOy IPYIIIAX.

Kawoueene caosa: Gynryuonarono-duddepenyuaavrhoe ypasHenue ¢ 3ana3duo6amu-
eM; PEYAAPHOCTNG PeUeHUt; AHAAUMUNECKOT noayepynnu; noayepynno, peuwenus; Co-
NOAY2PYNNDBL;, UHOUHUMESUMANLHBLY 26HEPAMOD.

Anmxeno @asunu, kadeapa maremMaTnku, Boaorckuii yausepeurer (r. Bosowbst, ra-
qust ), favini@dm.unibo.it.

Xupokn Tanabe (r. Takapanzyka, dmonust), bacbx403@jttk.zaq.ne.jp.

Hocmynuaa 6 pedaxyuro 28 noabpa 2016 e.

Bectuuk FOYpI'Y. Cepusa «MaTteMaTudecKoe MoJejinpoBaHUe 69
u nporpammupoBanues (Bectunk FOYpI'Y MMII). 2017. T. 10, Ne 1. C. 48-69





