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In this paper, we prove some new results on operational second order differential
equations of elliptic type with general Robin boundary conditions in a non-commutative
framework. The study is performed when the second member belongs to a Sobolev space.
Existence, uniqueness and optimal regularity of the classical solution are proved using
interpolation theory and results on the class of operators with bounded imaginary powers.
We also give an example to which our theory applies. This paper improves naturally the
ones studied in the commutative case by M. Cheggag, A. Favini, R. Labbas, S. Maingot
and A. Medeghri: in fact, introducing some operational commutator, we generalize the
representation formula of the solution given in the commutative case and prove that this
representation has the desired regularity.
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Introduction and Hypotheses

Let A, B, H be closed linear operators in a complex Banach space X, f € L (0,1; X),
1 <p<ooanddy, up € X. A recent paper [1] studies the problem

u'(z) + 2Bu/(x) + Au(z) = f(z), = € (0,1), (1)
uw'(0) — Hu(0) = do, u(1l) = uy,

under some commutativity assumptions between A, B, H.
The authors have written the above equation in the following form

u'(x) + (L — M)u/'(x) — LMu(x) = f(x), x € (0,1), ()
u'(0) — Hu(0) = do, u(1l) = uy,

where L = B—+/B? — A and M = —B — +/B? — A under some appropriated hypotheses
and assuming the commutativity LM = M L.
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In this paper, in order to solve a larger class of boundary value problems, we want to
drop the hypothesis LM = M L. To this end, we consider some operators L,,, M, depending
on a parameter w > 0 and study the second order operational differential equation

u'(x) + (L, — M,) v (z) — % (LM, + M,L,)u(z) = f(x), z € (0,1), (3)

together with the abstract boundary conditions of Robin’s type

{ Z’((O) — Hu(0) = do, (4)

1) = Uzp.

The idea to consider (3) is explained in [2,3|. Here L, M,, are two closed linear operators
in X depending on parameter w.
We seek for a classical solution to (3), (4), that is a function u such that

ue W (0,1; X),

— (LoMy) u(x),x — (M,L,)u(x) € LP(0,1; X),

— (L, — M,,) x)eLP( 1; X)), (5)
u(0) € D(H),
u satisfies (3) and (4).

Generally, more regularity is required for f to obtain a classical solution, unless X has
some particular geometrical properties. This is why we assume in all this study that

X is a UMD space. (6)
Our hypotheses with respect to operators H, L, and M, are the following:

HC(] >0,E|(,<J0 >OZVM>CU0,

]0, +00[C p (L) N p (M),

ker (L) = ker (M,)) = {0}, R (Ly,) = R(Mw):X, (7)
sup H/\ w— A < (Cp and Sup H)\ )‘I)_lHﬁ(x) < (Y,

A>0

I) 1“5(}()

(here p(P),ker (P), R (P) denote respectively the resolvent set, the kernel and the range
of operator P) and

391,92 E]O g[ >1:Vw > wy, Vs eR,
H ( )" € L(X), (8)

< Cef1lsl and H(_Mw)is < Ceb2lsl,

Assumptions (7) and (8) involve that, for w > wy, —L,, and —M,, belong to the class
BIP(X,0) [4, Definition 1, p. 431]. Since 61,0, €]0, 3|, L, and M, generate bounded
analytic semigroups in X, (egLW)§>O, (efM“)£>0 |4, p. 437].

For any w > wy, we assume also

L(X)

D(Ly,) = D(M,), (9)
D((Lw + Mw)Q) C D((Mw - LW)2)> (10)
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0€p(L,+ M,). (11)

Set
A, = (M, — H) +eleeM (L, + H), (12)

(which will be, in some sense, the abstract determinant of our problem), then we suppose
that

Vw > wo, 0 € p(Ay), (13)

and
Ve € D(Ly,),Yw > wo, AJYE € D((Ly, + M,,)?). (14)

Set
Crom, = (MyLy, — LyM,) (Ly + M) > = [My; L) (Lo, + M,) 2, (15)

then we will see that, under our hypotheses, Cr, v, € L£(X). We assume in all this work,
the following non-commutativity hypothesis

Vw 2 wo, 1CL aull x) < X (W), (16)
where
X : [wo, +0o[— R is such that, lilf X (w) = 0. (17)
w—r+00

In many concrete cases, the function y has the following form

C
X (w) = — for w large enough, with C,a > 0.
we

The commutator defined in (15) was used for the first time by Favini et al. |2].
Remark 1. From assumption (11), we deduce that (L, + M,,)? is closed.

Remark 2. We have not assumed that L, and M, are boundedly invertible as in Cheggag
et al. [1,5].

Remark 3. Assume (6)~(16). We then will see in Lemma 1 below, that
D (L,M,)N D (M,L,) = D ((L, + M,)?) .
Suppose that Problem (3), (4) has a classical solution u. Then, from above

w€ WA (0,1 X) N L (0,1; D((Le + Mo)"))

which implies

u (0) , U (1) S (D((Lw + Mw)2)> X)%, = <X> D((Lw + Mw)Q))l_%,p (18)
(see [6]).
Remark 4. By the well known reiteration theorem, we have
(X D((E+ M),y = (X, D(Lu+ M)y s, = (X, DL}y,
- {gb € D(L,): Lué € (X, D(Lw))l_%’p} ,
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and in particular

u(0), u(l) € D(L,) = D(M,). (19)
The main result in this work is

Theorem 1. Assume (6)~(16). Let f € LP (0,1; X) with 1 < p < co. Then, there exists
w* = wy such that, for all w > w*, the two following assertions are equivalent.
1. Problem (3), (4) has a unique classical solution.

2. ur, AZ o € (X, D((Lu + M), o,

(20)

The plan of this paper is as follows. Section 1 contains some technical lemmas. In
Section 2, we use the representation formula of the solution given in the commutative case
and some heuristic consideration to obtain an integral equation verified by the eventual
classical solution u = (L, + M,,)?v of Problem (3), (4). This integral equation is written
in the form v+ R, (v) = F,(f) + T, where R, F,, and [, depend on L, and M,,. Section
3 contains the study of F,(f)+ [, and R,,, which will allow us to write

u=(L,+ M) ((I+R)"(F.(f) + 1)), (21)

for a large w. In section 4, we will prove Theorem 1 by studying the regularity of the
representation (21). Section 5 is devoted to some comparison with a recent paper [1].
In fact, we obtain, in the case when L, M, = M,L,, a result concerning Problem (2)
which generalizes the one given in [1]| (see Corollary 1). Finally, in Section 6, we give an
application to which our results apply.

1. Technical Lemmas

In the following Lemmas, we do not need the dependence of w, so we drop w in the
notations and denote L, M, A, by L, M,A. We omit some proofs; some are obvious,
others can be found in Favini et al. |2, Lemmas 2.1 and 2.2].

Lemma 1. Assume (7)~(10). Then
1. D(LM) = D(M?) and D(ML) = D(L?).
2. D((L+ M)?*) = D(L*) N D(M?) = D(LM) N D(ML).
3. D((L — M)*> — (L + M)*) = D(LM)N D(ML) = D((L + M)?).

1. See [2, Lemma 2.2, p. 1499].
2. The proof can be found in |7]. We give the details for the commodity of the readers.
Let ¢ € D((L+ M)?). There exists £ € X such that

o= (L+M)E,

SO
Mo =M (L+M)™26 =5 (1= (Lt M= 2M) (L+M)7") (L+ M) '€
=3 (= (L= M) (L)) (L4 M) 6= F M) - H (L - M) (Lt M)
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but (L + M)~' ¢ € D(M) and, due to (10),
(L—M)(L+M)7?€¢e D(M).
Finally M¢ € D(M) that is ¢ € D(M?). By exchange of the roles of L and M, we get
also ¢ € D(L?).
Conversely, let ¢ € D(L?*) N D(M?); then
L € D(L) = D(L + M) and M¢ € D(M) = D(L + M),

so (L4 M)¢ € D(L + M), that is ¢ € D((L + M)?).
3. It is enough to combine (10) and statement 2.

Lemma 2. Assume (6)~(15). For any operator S, S e {L,M,L+ M,L— M}, we have
1. S(L—D)7", S(L+M)™" e L£(X),
2. S(L—M)(L+M)2,85(L+M)*ecL(X),
3. (L+H)AN (M + H)A! € L(X).

The proof of the previous lemma is based on assumptions (9)~(11) and the following
remark: if S is a closed linear operator on X (or a sum of closed linear operators) and W

e L(X) with W(X) c D(S) then SW e L(X).
Lemma 3. Assume (6)~(13). Then
1. (LE£M)? =12+ LM+ ML+ M? and for ¢ € D (L + M)*) we have

(L+M)?¢=L*+ LM¢+ MLp+ Mg,

2. LM+ ML=1((L+M)?-(L-M)?,

3. [(L—M);(L+M) ) =-2[M;(L+M)']=2[L;(L+M)],
1
2
5 (L+H)AN'=(L+ M)A ' +eleM(L+H)A -1,

4. Com==(L+M) [(L—M);(L+M)‘1] (L+ M),

6. (L+M)""M—(L+M)" Cpa(L+M)=M(L+M)" and
(L+M)"'L—(L+M)" Coa (L+M)=L(L+M)™",

7. M(L+M)1M+%(L—M)(L+M)1CL,M(L+M)

1 1
:§M—§(L—M)M(L+M)_1 and

1
L(L+M)_1L+§(L—M)(L+M)_ICL,M(L+M)
1.1

:§L+§(L—M)M(L+M)’1,
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8 M+ (L—M)M(L+M)™" —(LM+ ML)(L+M)"=0onD(M),
L—(L-=M)L(L+M)"'—=(LM+ML)(L+M)"=00nD(L).
Proof. For Statements 1 and 2 see the proof of Lemma 2.2 in [2] and for statement 3 see

Lemma 2.1 in [2].
Statement 4. For ¢ € D ((L + M)Q) we write

(L+M)(L—M)¢=1L2— LM¢+ ML$ — M?¢,
(L—M)(L+M)¢=L2¢+LM¢p— ML$ — M,

then
(L+M)(L-M)p—(L—M)(L+M)p=2(ML—LM)¢,

from which we deduce
(L+M)[(L=M)(L+M)™" = (L+M)""(L—-M)](L+M)(L+M)"*
=2(ML—LM)(L+M)>.

As we have mentioned it in the hypotheses, it follows that our commutator Cp, ps is well
defined in £(X) and can be expressed as

1 _ _
Crm = §(L+M) [(L—M);(L+M)(L+M)".
Statement 5. It is enough to write

(L+ M)A 4 eteM(L+H) A — T
=[(L+M)+e*e"(L+H)—(M—-H)—e"e"(L+H)|A"=(L+H)A™".

Statement 6. Due to statement 4, we have

(L+M)" Com (L+M) == [(L-M);(L+M)™], (22)

N | —

then, using statement 3, we get
(L+ M) M —(L+ M) Cpa (L+ M) = (L+M)" M= [(L—M);(L+M)"]
=(L+M)"" M+ [M;(L+M)7 | =M(L+M".

The second equality is obtained in the same manner.
Statement 7. Due to statement 3 and (22), we have

M(L+M)1M+%(L—M)(L+M)1CL,M(L+M)
:M(L+M)_1M+;1(L—M) [(L—M);(L+M)7Y

:M(L+M)1M—%(L—M) [M;(L+ M)

:M(L+M)_1M—%(L—M)M(L+M)_1+%(L—M)(LJrM)_lM
—M(L+M)_1M—%(L—M)M(LJrM)_lJr%M—M(L+J\/[)‘1M
= %M—%(L—M)M(L+M)1.
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Similarly, we obtain the second equality.
Statement 8. On the domain D(L) = D(M), we have

M+ (L—M)M(L+M)" = (LM+ML)(L+M)""
= M+(L—M)M(L+M)_1+%((L—M)Z—(L+M)2) (L+ M)

= M+(L—M)M(L+M)_1+%(L—]\/[)2(L+M)_1—%(LJrM)

:(L—M)M(L+M)1+%(L—M)2(L+M) %(L+M—2M)
_ (L—M)[2M+(L—M)](L+M)_1—%(L—M)

| = Do —

(L—M)[M + L] (L+M)1—%(L—M) = 0.
The second equality is similarly obtained.
We need also the following classical results
Lemma 4. Assume (6)~(8). Then, for
ferl’0,1,X),1<p<+oco and Q€ {L,M},

we have

1. xr—>Qf0 (@=9)Q f(s)ds € L? (0,1, X),

2. 1 Q [LePf(s)ds € LP (0,1, X),

3. x> Qfol e@ )@ f(s)ds € LP (0,1, X),

4. [y eQf(s)ds, [y e (s)ds € (D(Q), X)

7p.

hSA

For statements 1, 2 and 3, see [8,9, p. 167-168] and also [10, (24), (25) and (26)].
Statement 4 is an easy consequence of statements 1 and 2, we proceed as in Remark 3 by

using the fact that
m|—>/ (xSQf s, x»—)/ (s=2)Q £ ()

belong to W' (0,1, X) N LP (0,1, D (Q)).

Lemma 5. Assume (6)~(14) and let p € (D (Q),X)s , with Q € {L,M}. Then

P

RS

1 (L+ M)A € (D(Q), X)1,.

2. (L+H)A Y e (D(Q),X):

;vp‘
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Proof. 1. Set T = (L + M) A~!, then T is a linear continuous operator from X to X. But,
due to (14), we obtain

T(D(L)) € D(L) and T € £(D(L), D(L))

(here D(L) is a Banach space endowed with the graph norm). So, by the interpolation
property we get
T e £<<X7 D(L))l P (X> D(L»l p)’

p’ p’
see [11, p. 19].
2. Due to statement 5 of Lemma 3, we have

(L+ H)AN ' =L+ M)A +eleM(L+H)A 1T,

then, from statement 1, we deduce that (L+ H)A ¢ € (D(Q),X)s,

1, for any ¢ €
(D (Q)?X)%p

m
2. Representation Formula

Again, in this section, we drop w in the notations. Assume that there exists a classical
solution u to (3), (4). We want to find an integral equation satisfied by

() = (L + M)?u(.). (23)

To this end, we begin par recalling that the solution in the commutative case writes
in the following form

¢+ U +d,
where, for z € [0, 1]

T 1
O () =(L+ M)_l/ @M f(s)ds 4 (L + M)_l/ e=0E f(5)ds, (24)

0 T

1
U(r) = —(L+M) "™ (L+H)A™ / UM £(5)ds
0
+(L+ M) e™M(L+H)A™ /1 el f(s)ds (25)
0

—(L+ M) LM (L 4+ H) AT /1 et f(s)ds
0
— (L4 M) eI T — M (L+ H)y A e"] /1 M f(s)ds,
0

and

d(l’) —_ 6:L"MAfld 17:13 L MAfld 4 ez]V[ L <L+H> Aflul (26)
_|_€(1—1’)L 6(1 J:)L M L(L—|—H)A uy.

See Cheggag et al. in [1, p. 63].
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Now, in our non commutative case, since u satisfies (3), for almost all z € (0,1), we
have

O(x) = (L+M)"" ’ e IM " () + (L — M) u'(s) — 1 (LM + ML) u(s)]ds
0 2

+(L+ M) / eCTOL (5) 4+ (L — M)/ (s) — % (LM + ML) u(s)]ds.

6
Set & = Y ®; where
i=1
Oi(z) = (L+ M)l/ @My (5)ds,
0

1

By(z) = (L+ M)~ / =Ly (5)ds,

8

Oy(z) = (L+M)" [ =M (L - M)u/(s)ds,

S

Oy(z) = (L+M)™" /1 e (L — M)/ (s)ds,

1 x

P5(r) = —5(L+ M)™! /0 @M (LM + ML) u(s)ds,
1 1

Bo(r) = —5(L+ M) / e=L (LM + ML) u(s)ds,

then the main idea is to carry out integration by parts in view to deduce the integral
equation satisfied by ®. Since u satisfies (5), all the above calculations are justified for
almost all z € (0,1). Then

1(0) = (L4 M) [ s)ds = (L4 0™ o) = (L 3 0
+ (L4 M) Mu(z) — (L + M)~ Me*™u(0) + (L + M)~ f M2e@=)My(s)ds,

here we have used the fact that, for any g € W' (0, 1; X)

Similarly, we have

Oy (z ):(L—l—J\J)_lf1 =D)Ly (§)ds = (L 4+ M)~ e =2y (1) — (L + M) ™"/ (z)
— (L4 M) Le® )y 4 (L+ M)~ Lu(z) + (L 4+ M)~ f L2es=2)Ly(s)ds.

Due to (19), u (0),u; € D(L) = D(M); so

(L+ M) *Me™Mu(0) = (L+ M) 'e"™™Mu(0),
(L+M)"'Le"Ey = (L+ M) ey,
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Since v(.) = (L + M)?u(.) and «' (0) = dy + Hu (0), we get
(L+ M)* (®1(z) + Po(z)) = v(z) — (L+ M) e™ (H + M) u(0)
+ (L + M) e=2E (4 (1) — Luy) — (L + M) e*Md, (27)
+(L+ M) [ M?*e@=M ([ + M) ?v(s)ds + (L + M) le L2~ (L 4+ M) v(s)ds.

In the same manner, for ®3(x) + ®4(z), the integration by parts gives

Dy(2) + Dy(2) = (L + M)—1 ML — M) u(0) + (L + M) e (L — M)u(1)
+(L+ M)~ fo M(L - M)u(s)ds — (L+ M)~ f Let=2)L (L — M) u(s)ds,
but M(L — M)u(x) = M(L — M)(L L
{ L(L — M)u(z) = L(L — M)(L + M)*(L + M)?*u(x),
(L + M) (®3(z) + Py(z)) = —*M (L — M) u(0) + = (L — M),
[ e@ MM (L — M) (L + M)~ 20(s)ds — [ e DEL (L — M) (L + M)~2v(s)ds.
Therefore, applying again L 4+ M, we get
(L+ M)* (P3(x) + Ou(w)) — (L + M) ML= M)u(0)
+(L+ M) e DL (L — M)uy + (L+ M) [y @ MML(L+ M) *v(s)ds  (28)
F (L4 M) [} e ELM (L + M) v(s)ds
—(L+ M) [ @ MNP (L + M) v(s)ds — (L + M) [} e=9PL2 (L + M)~ v(s)ds.

Finally

(L + M) (®5(z) + Pg(x ))= 3y e M LM (L + M)~ ()ds
LTt SOMAL (L + M)~ s—-f =D)LL M (L + M) *v(s)ds

1 S—x
—1 [ el >LML (L + M) *v(s)ds,
it follows that

(L+ M)?(®s(z) + Po(2)) = =1 (L + M) [ @M LM (L + M) > v(s)ds
—L@+Mm e(“ IMML (L + M)~ v(s)ds (29)
(L4 M) [l et LM (L + M) v(s)ds
T(L+ M) fml DML (L + M)~ v(s)ds.

Then, using (27), (28) and (29), we have
(L+ M) ®(z) = v(x) — (L+M)e™ ((H + L) u(0) + do)
+(L+ M) e (w/(1) — Muy) + 2 (L+ M) [ e@MML(L+ M) v(s)ds
——(L+M)f ele— S)MLM(L+M) v(s)ds
+3 (L + M) fxl =DM (L + M) *v(s)ds — 1 (L + M) fx DML (L + M) *v(s)ds.
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We deduce the following integral equation

(L+M)?®(z) = v(z)—(L + M) e™ [(H + L) (0) + do]
+ (L4 M)eT 2 /(1) — Muy) (30)

+ —(L+ M)/ eT=IMCy yu(s)ds
0

1
2
1 1
B (L+ M) / eEAECy yu(s)ds,
where
Cpar = [M; L) (L+M)?=(ML—LM)(L+ M)

Concerning W, by the same method, we obtain the following integral equation

(L+ M)*¥(x)

= (L+M)e™ (L + H)u(0) — (L+ M)et=Ly/(1)

—~(L+M)e"™M (L+ H)AN " (L + M)u,

—(L+ M)e™ (L+ H)A (1 eLeM) do
+(L 4 M)elt=oM (L+H)A e (L+M)w
+(L + M)el=2Le (L+H)A YT —e"eM) dy (31)
—(L+ M)el- “Lu +(L+M)e1 LM,

(L4 M)e™ (L + H) A / A=9Mcy 3 v(s)ds

1
2
—(L+ M)e"™ (L+ H)A~ / e*LCp pv(s)ds

0

1 1
+§(L + M)t LeM (1 4 H)A™! / esFCpyv(s)ds
0

(L + M)eE [ — M (L + H) A™'el] /01 eI=IMCy u(s)ds.
This last equation, together with (30), leads us to set
v+ R(w)=F(f)+T,
where for all z €]0, 1]
R(v)(x)

1 v 1 !
= 3 (L+ M) / e IMCy yu(s)ds — 5 (L+ M) / AL Cy \u(s)ds
0 T

1 1
—§(L—|—M)exM (L+H)A_1/ e*LCpav(s)ds
0

1 1

—§(L + M)e™™ (L + H) A™te / e=IM ) u(s)ds (32)
0

1 1

—§(L + M)et—o)L [I—e™(L+H)A "] / UMy yu(s)ds
0

1 1

+§(L + M)et=2LeM (1 4 HY A~ / e*LCp pv(s)ds,
0
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F(f) (x)
= (L+M) / @M f(5)ds 4 (L + M) / DL f(5)ds

—(L+ M)e®™ (L + H)A et /0 1 eU=IM £(5)ds

(L4 M) e™ (L + H) A~ /0 oL () (33)
— (L + M)t 2LeM (1 4 HYA™! /0 1 e*Lf(s)ds

— (L4 M) E [ — M (L+ H)A e /0 1 UM £(5)ds

and

(L+ M)e"™ (L+H
+ (L4 M) e™Mdy —

—(L+ M)e" LM (L + HYA™ (I — ePeM) dy (34)
(L + M)e"™ (L + H)A " (L + M)y,
( )
( )

( eLeM)d
L+ M)el ==ty

['(z) JA”
(

—(L+ M)V 2LeM (L 4 HYA el (L 4+ M)u
+(L 4+ M)W= (L + M) u,.

Finally, if u is a classical solution of (3), (4), then v(.) := (L 4+ M)? u(.) satisfies the integral
equation

v+ R(v) = F(f) +T, (35)
with R, F'(f) and I' are defined by (32), (33) and (34) respectively.
Remark 5. Since
(L+ H)AN ' =L+ M)A 4 eteM(L+H) A — 1,
we can write I'(z) = R(z) + S(z), where
R(z) = (L+ M)e"Mere (L 4+ H) A dy

—(L+ M)e™ (L + M) A~ teteMd,
e’”M L M(L+H)A’16L6Mdg

(
( )

( Jertt

—(L + M)e*- $>L M [1+(L+H)A (1 —e*eM)] dy
(L+M)e“’”M LeM(L+HYAN " (L+ M)u

( )

( el

( Ciad

and
S(x) = (L+M)e™ (L + M)A dy + (L + M)eB 5 (L + M)u
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R will be regular since it corresponds to the terms of I' containing e’ or e*. Then, to
obtain a uniqueness and existence result for our problem, it will be sufficient to study the
regularity of R, F\(f) and S.

3. Study of F,(f), S., R, and R,

Suppose that u; € D (L+ M) = D (L).
Let us recall the following result (see [12, p. 96]):

Proposition 1. Let Q) the infinitesimal generator of an analytic semigroup in X,
(e"@) o € X, 1<p<ocandmeN\{0}. Then

1. eQpe Lr(0,1;X),

2. QmeQp e [P (0,1;X) & e e WmP(0,1;X) & p € (X,D(QM)),

mpp

Set, for a given function g from (0,1) to X and for z € (0, 1)

G0 = [ glo)is, Ko@) = [ eyl
Applying [4], a remark in [13, p. 25| and using the closed graph theorem, we obtain
Proposition 2. Assume (6)~(9). Let g€ LP(0,1;X),1 <p < oco. Then
K(g),G(g) € W' (0,1; X) N L¥ (0,1; D(M)),
and this tmplies that
(36)
Moreover, for a.e. x € (0,1)
G'(9)(x) = MG(g)(x) + g(x) and K'(g)(x) = —LK(g)(z) — g(z),

and there exists C' > 0 such that

||G<9)||Lp( xX) S <C ||g||LP 0,1;X) , 1K (g )”LP 0,1;X) <0 ||g||LP 0,1;X)
|z MG(Q)@)HLP 0,1;X) < C ||9||Lp(o1X)
|2 — LK (g )(w)HLp(o,l,X) < Cllgllrox) -

Proposition 3. Assume (6)~(9) and (18)~(14). Let g € LP(0,1; X) with 1 < p < 0.
Then the following functions

Uy (g) == e™(L+H)A K (9)(0),

Uy (g) == e™(L+ H)A e G(g)(1),

Wy (g) := e IEeM (L + H) A'erG(g)(1),
Wy (g) := LM (L+ H) A7 K (g)(0),
U5 (g) := e IEG(g)(1),
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belong to LP (0,1; D(L)) and there exists C' > 0, such that

H\I;i(g)HLp 0.1,x) = CHgHLp ©01x)t =19,
HxHM\I’( )(z )||Lp01X)<CHgHLp01X) =1,2,
[z = LYi(9) (@) o01.x) < C N9l o018 = 3,4, 5.

Proof. We study only ¥;(g) (the other functions are similarly treated). In the following,
C' denotes various constants which can depend on p but do not depend on g). Clearly
Ui(g) € LP(0,1;X) and [|[W1(9)ll1o01.x) < Cll9lloo,x)- Let us show that Wi(g) €
LP(0,1; D (M)). We have

V@) = M mat [ e
= /O @M esM (1, L HY A Lestg(s)ds + €™ (L + H) A~ /: e*Ly(s)ds,
that is U (g) (z) = G (§) (x) + U1 (g9) (z), where
3(s) = M (L + H) A-'e"Cg(s) and ¥y (g) = ™ (L + H) A~ / oL g(s)ds

But g € L? (0,1; X), so due to Proposition 2, G(g) € L? (0,1; D(M)) and
[ = MG(@) (@) Lro,1x) < CllgNLro1x) < Cll9l Lo o,1:x) - (37)
Now, from Lemma 3, statement 5, we have

(L+H)AN ' =(L+M)A +ele™(L+H)A ! -

Tilg)(@) = M Ladat [ ety(s)ds (39)

1 1
+ eMeleM(L+ HYA™ | eg(s)ds — e’”M/ e*fg(s)ds
= Li(z)+ L(z)+ I;(x).

Since eX(X) Cc D(M) we have MeleM (L + H)A™! € £(X) and we can write

/01 ML ()P dv = /

p

1
M MeteM (L+H)A‘1e“/ eI g(s)ds|| dx

P

1 1
< o [ [ e tats)as| do < UK < Cloltor
similarly
JIM L (@) da = [ ||es™ M (L = 1) (L = 1) [* esLg(s)ds| da
1 1 p P
<cj, Lo(s)ds| " dr < C (ILK(9) ooy + 1K @) < Cllglxy
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For I;, we use (14) which shows that M (L + M)A~ (L —I)~" € £(X) and then
Jo 11y ()" dee = f;
<0y

Finally, the previous estimates concerning [y, Is and I3 together with (37) and (38) prove
that Wy(g) € LP (0,1; D(M)) and

[ = MY1(9)(@)|| 1oo.1x) < Cllgllzoo,1.3) -

MM (L + M)A (L — I)’l L—1/f eng(s)dsHp dz
1) f} etg(s)ds|| d

< Cllglzrax) -

Proposition 4. Assume (6)~(14). Let f € L?(0,1;X), 1 <p < oo. Then -
F(f)e L*(0,1;X).
Proof. Using Propositions 2 and 3, we can write
F(f)() = (L+M)(M=1)""(M=1)G(f) + (L+ M) (L= 1)~ (L = ) [K(f)(.)]
(L+ M) (M —1)" (M = 1)Uy (f) + (L + M) (M - f)_( =)W (f) ()]
- (L+M)(L- f)_l(L D (f)+ (L+M)(L =17 (L= 1) [Ws(f) ()]
— (L+M) (L= (L=1)[Ws(f) ()]
But (L+M)(M —1)"" (L+M)(L—1)" e £(X).So F(f) € L? (0,1; X)..
([

Proposition 5. Assume (6)~(14). Let 1 < p < oo. Then R € L? (0,1; X)..
Proof. Set
U=L+M)(L-I)"elLX)and V:=(L+M)(M-1)"ecL(X).
It is well known that, for any n € N* and any & € X, we have
el¢ € D(L™) and eM¢ € D(M™),
thus (M — I)el, (L — I)eM € £(X) and also, using hypothesis (14),
(M —=1)(L+ M)A Yer =M (L+MAYL-1)"(L-1)e* - (L+ M)A el € L(X).
For z € (0,1), we can write

R(z) = Ve™(M — Ieke™ (L + H)A 1d0 —Ve™(M — 1) (L + M)A teleMd,
— Ve™M(M — et (L + H)A™ Mdo + Ve™M(M — IeFeMd,
— UL =D [T+ (L+H)A™ (I —e"e™)] dy
+ Ve xM(M DefeM (L + H)AN et (L+ M)u, — Ve™(M — Ie* (L + M) uy
— UYL - DeM (L + H)A ! (L + M),
+Ve™M(M — 1) (L + M) A 1eL(L+M)u1.

Then, from Proposition 1, statement 1, we obtain RelLr (0,1; X). O
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Proposition 6. Assume (6)~(13). Let 1 <p < oo. Then S € L?(0,1; X) if and only if
ur, A™dy € (X, D((L + M)Q))li%,p

Proof. For z € (0,1), we have
S(z) = (L+M)e*™ (L+ M)A dy+ (L+ M)e =L (L + M) w,
= (L+M)M —1)"Y(M — D)e®™ (L + M)A d,

+ (L+MYL—1)"YL =" " (L + M)uy = Si(z) + Sa(z).

Since (L4 M) (M — I)"" is invertible in £(X), then S; € L? (0,1; X) if and only if
— (M —1De™ (L+ M)A dy € L7 (0,1; X),

and this, from Proposition 1, is equivalent to

(L+ M)A dy € (X, D(M))l_%’p = (X, D(L+M)), .

pP’
Similarly, S € L? (0,1; X) if and only if
(L+M)u € (X, D(L),_1, = (X, D(L+ M)), 1

;7p‘

We have S| € LP (2,1,X) and S, € L? (0 X); then

Selr(0,1;X) < Sel”(0,5;X) and S € L” (3, 1)()
— S;eLr(0,3;X) andSQELP( 1; X)

DREaE

(L+M)A~"dy € (X, D(L+ M)),_1, and
{ (L+M)ui € (X, DL+M), 1,

pP’
and, by using the reiteration property, we then get
S € LP(0,1;X) <= u, A"y € (X, D((L+ M)?)), .

2p'P

Now, we need the dependence of w. Operators R, R, F(f) and S become R, R, FW(B
and S, where M and L are replaced by M, and L,,.

We must estimate ||R,|| in order to invert I + R, for w large enough and obtain the
following representation formula for the classical solution u to (3), (4):

u(l) = (Lo + M) {(1 + R, (Fw(f) YR+ sw) (.)] . (39)

Proposition 7. Assume (6)~(16). Let 1 < p < +oo. Then R, € L(L*(0,1; X)) and
there exits w* > wy such that, for each w > w*, I + R, is invertible in L (LP (0,1; X)).

Proof. Let v € LP(0,1; X) . Since Cr, p, € L£(X) then Cr p,v € LP(0,1; X). Using the
notation of Propositions 2 and 3, we can write

2R,(v)(.) = (Lo+ M) (M, — [)_1 (M, = 1) G (Cr,m,v()) (1)
(LwWLMw)(Lw_I)il(L — 1)K (Cy, MU())()

- (Lw+Mw)(Mw ) ( _I)‘III(CLNMW ())()

= (Lo + M) (My = 1) (Myy = 1) W (Crar,v()) ()

+ (Lw+Mw)(Lw ]) 1(L _])\IIB(OL MU<))()

+ (Lo + M) (L = D)7 (Lo = 1) W (Cran,0()) ()

= (Lo + M) (Lo = D)7 (Lo = 1) W5 (Cra0() (-
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Recall that (L, 4+ M,) (M, —I)"", — (Lo + M,) (L, —I)™" € L(X). Then, due to
Propositions 2 and 3, we have R,(v) € LP(0,1; X) and there exists a constant b > 0
such that, for every w > wy

HRw(U)HLp(o,1;X) <b ”CLw,Mng(X) HUHLP(OJ;X) )
and by hypothesis (16), we have

”RW(U)HLP(O,LX) < COx (w) HU”LP(O,I;X) ]

*

with liril X (w) = 0. Therefore, there exists w* > wy such that for every w > w
w—r+00

1Rl £ermo.1.x00) < 1-

So I + R,, is invertible in £(L? (0,1; X)) for any w > w*.

4. Proof of Theorem 1

We consider the fixed number w* built above and let w > w*.

4.1. Statement 1 Implies Statement 2

Assume statement 1, that is u, defined by (39), is the classical solution of (3), (4).
Then

w3 (Ly + M) u(z) = (I + R,)™ (Fw(f)(x) 4 Ro(z) + Sw(x)) e L7 (0,1 X)

and we get F,(f) + R,+S, €Lr (0,1; X). So, by Propositions 4, 5 and 6, statement 2 is
satisfied.
4.2. Statement 2 Implies Statement 1
Assume statement 2. We have to prove that u, defined by (39), is the classical solution
of (3), (4). Set
o(@) = (L+ Ro) ™ (Ful)(@) + Bulw) + Sul@)) = (L + M) u(z).

e First step: u € L? (O, 1; D((L,, — MM)Q)). From Proposition 4 — 7, we get that
ve LP(0,1; X). Since
(L — M,,)* (Lo + M) € L(X),

we have
& (Ly — M) u(x) = (Ly — M) (L + M) > v(x) € LP (0,1; X).

e Second step: (L, — M,)u' € L?(0,1; X).
Since v = F,(f) + 'y, — Ry (v), we have

u(-) = (Lo + M) (F(f) () + Tu() = (Lo + M) ™ Ru(v) (), (40)
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so, using (32), (33) and (34), we can write u in the following form u = @ + @ + u where

(T(x) = (Ly+M.)'G(f) (@) + (Lo + M) K (f) (@)

—%(Lw + M,)'G (O, v()) (2) + %(Lw + M) UK (Cryag,0()) (2),

ﬂ(ﬂ?) = (Lw + Mw)_lexwam

L u(z) = (L, + M) tet—oke f)

)AL e G(N)(D) + (Lo + H)AZK () (0)

fO = — (Lo +H
+ H)AS' (1 —ePveM) dy + e (Lo, + M,,) ur] + do

(Lo + H)YAJ'K (Cp,a,v(.) (0) + % (Lo + H) AL e G (Cr, ar,v(2)) (1),

and

fi = =M (Ly+ H)AS'K () (0) + (—e™edy + (M., + L) u)
—[I =€ (L, + H)A'e™] G(f)(1)
—eM (L, + H) A [(I = eeMe) dy + e (M, + Lu) uq]

+% [[ — eMe (L, + H) A;leL“} G (Cr,m,v(.)) (1)
_%eMw (Lo + H) AZ'K (Cro i, 0(.)) (0).

We have

(Lot MT() = MGU)() ~ LoK(£)(w) ~ 5 MG (Crono() (1)

_ %LWK (Croanv()) (@) = Croav (@),

but f € LP(0,1; X) and also v (see first step) so, in virtue of Proposition 2 and Lemma
2, statement 5, we obtain (L., + M,,)@'(.) € L? (0,1; X). Since

(Ly — M)W () = (Ly — M) (L + M)~ (Lo, + M) (),

we get
x> (L, — M,)u(z) € L?(0,1; X) . (41)

Now in fi, putting together the terms containing e*«; we write
1
fl = (Mw + Lw) Ul - G(f)(l) + §G (OLw7va(')> (1) + eMw/’L17
where 11 € X. So, from (20) and (36), we deduce that

fre (D(My), X ),

;JJ’

Bectuuk FOYpI'Y. Cepusa «MaTteMaTudecKoe MoJejinpoBaHUe 87
u nporpammupoBanues (Bectunk FOYpI'Y MMII). 2017. T. 10, Ne 1. C. 70-96



M. Cheggag, A. Favini, R. Labbas, S. Maingot, Kh. Ould Melha

and thus
x> (L, — M,) E’(w) € LP(0,1;X). (42)

It remains to study u. For fy, we use Lemma 3, statement 5; then, we can write
fo = (Lo + M)A fwy + em<eMe (L, + H) A (wo + dy) + e*~e™d,
1
— el (Ly + My)up + e G(f)(1) — §eLwG (Crya,v(2) (1)

— K ()0) ~ 5K (Crun o)) (0) + (Lo + M)A dy,
where
wy = —elveMedy + et (L, + My)u, — e G(f)(1)
PR (1) 0) 4 5K (Cranv()) (0) + 565G (Couag,o()) (1)
So

fo= (L, + M)A 'wy — K (f) (0) — %K (Cro,a,v() (0) + (Ly + M) A do + e o,

where o € X. It's easily seen that wo € (D (M,,),X)1 , so that
fo & (D(Mo), X )1,
and
z— (L, — M,)u'(x) € LP(0,1; X). (43)

Finally, (41), (42) and (43) prove that z — (L, — M,,) u'(z) € L? (0,1; X) .
e Third step: u satisfies (3). From this step and the others, we will deduce that
u e W?P(0,1; X) since

r—u'(x) = — (L, — M,)u'(z) + % (L,M, + M,L,)u(z) + f(x) € L?(0,1; X) .

Moreover, we have for almost all = € (0, 1)

o) = (Lot M)G()@) + (L + M) K (/) (44)
5 (Lt M) G (Crn () (@) + 5 (L + M) K (Crano() (2)
+ (Lo + M) ™ fo + (L + M,,) e fy,

and
1
(Lo + M) ' (z) = MuG(f)(2) = L K (f) (@) = 5 MG (Crom,v()) (@)
1
—5 Lo K (Cron,v()) (2) + Mue™ fo = L= fy — O, v (2).
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Therefore, inserting (44) in (L, + M,)u'(x) , and using Lemma 3 , statement 6, we have
for almost all x € (0,1)

u'(r) = M, (L, + Mw)il G(f)(z) — L (Lo + Mw)il K(f)(x) (45)
_ %Mw (Lo + M) G (Cr () () — %Lw (Lo + M) K (Crnio() ()
+ My, (Ly+ M) " e™e fy — L, (Ly + M)~ el Lo gy

Then for almost all z € (0, 1)

u'(z) = f(x)+ M, (L, + M) M,G(f)(2) + Ly, (L + M) LK (f)(2) (46)
- %Mw(Lw+Mw)—IMwG (Cronv() (@%Lw (Lo M) Lok (Crav()) ()
+ % (Ly — M) (Ly 4+ M)~ Cpa,v()

+ Mw (Lw + Mw)il MwexwaO + Lw (Lw + Mw)fl Lwe(l_x)wal,

we insert (44) in (46), so we obtain for almost all x € (0, 1)

u'(x) = f(x)+ E\G(f) (@) + TLK(f)(2) — %ElG (Croav) (7) (47)
F5TAK (Croan) (@) + Bie™ fy 4+ Toel =2,
where, on the domain D(L,, + M,,)

_ 1 _
By, = M, (L,+ M,)"" M, + 3 (Ly — M) (Ly + M) " Cp, (Lo + M)
1 1

= §Mw - 5 (Lw - Mw) Mw (Lw + Mw)il 5

and

_ 1 _
Ty = L, (Ly+ M) "L, + 5 (Lo = M.y) (Ly + M,,) YO, (L + M)
1 1
- §Lw + 5 (Lw - Mw) Lw (Lw + Mw>_1 )

in virtue of Lemma 3, statement 6. Using (40), (45) and (47), we have for almost all
z € (0,1)

u'(z) + (Lo — Mo)u'(z) — % (LM + My L) u(x) f(z) + E2G(f)(x) + ToK(f)(2)

_%E2G (Croav() () + %TQK (Cr,m,v(.)) (x) + Eye™e fo 4 Thell=0 e £
where
By, = %Mw — % (Lo — M) My, (Lo + M) ™" + (L — M) M,, (L, + M)~
—% (LuM, + MyL,) (L, + M)~
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and
1 1
T, = §Lw +5 (Lo — M) Ly, (Ly 4+ M) ™" — (L, — M,,) Ly, (L, + M)~
1
_5 (Lwa + MwLw) (Lw + Mw>_1 '

But in virtue of Lemma 3, statement 8, we obtain
EG(f)()=To,K(f)(.)=0 in LP(0,1;X).
We finally get

(@) + (Lo — M) (z) — % (LMo + MyL) u(z) = f(x).

We conclude that u, determined by (39), is the classical solution of (3), (4).

5. Go Back to the Commutative Case

This section is devoted to some comparison with the recent paper [1]. We will show
that this work improves the results contained in [1]. In fact, instead of considering families
(L) sy » (M) 5, of linear operators, we consider L, M two closed linear operators in X
such that

{ D(M) = D(L), 48)

LM = ML,

as assumptions (11) and (12) in [1, p. 59]. But we do not assume the commutativities
between L and H and between M and H, as (15) and (16) in [1, p. 59].
Note that here, in virtue of (48), we have

A=(M—-H)+eeML+H)=(M-H)+e"™M(L+ H),
and since C p = 0 we have R = 0. Then, by formula (21), the solution of Problem

u(x) + (L — M)u'(x) — LMu(x) = f(x), = € (0,1), (49)
uw'(0) — Hu(0) = do, u(l) = uy,
u(.) = (L+ M) (F(f)() +T(),
(here (I + R)™" = I). Moreover, for = € [0, 1]
(L + M)2F(f) (2)

= (L+M)_1/Om e(‘”S)Mf(s)der(LJrM)_l/l e L f(5)ds

1
—(L+ M) ™ (L+H) A_leL/ eU=IM £ (5)ds
0
1

+(L+ M) eM (L+H)A_1/ el f(s)ds

0

1
— (L + M) e EeM ([ 4 H)AT? / et f(s)ds
0

1
— (L + M)tk [I—e"(L+H)A e / UM £(5)ds,
0
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and

(L+M)7T (x)

= (L+M)'eM[(L+H)A +1—(L+H) A "] dy
—(L+ M)e" ™M [(L+ HYA™ + 1 — (L+ H)A ™ e"™M] d
+(L+ M) "™ (L+ HYA " (L + M),
+(L+ M) [T — M (L+ H)A "] (L+ M) w

Now, using the fact that
(L+ M)A =L+ M)A M (L HYA — T
(see Lemma 3, statement 5), we deduce

eMdy +eM (L + H)AN dy — M (L + H) A teH My,
= Mdy+ e [(L+ M)A+ M (L+ H)AT = 1] dy
o M(L+H)A_1€L+Md0
= M(L+M)Ady+ MM (L + H)A Y,
. M(L_i_H)AfleLJer
= M (L+ M)A dy+ ™ [e"M (L + H)A™ ] do,

and since

) 1d0 + d() (L + H) A_1€L+Md0

(L
[ (L
[(L+ M)+ "™ (L+H)] A dy— (L+ H)A 'e"™Md,
(L+ M)A do+ [e"™ (L + H)A™] do,

then we obtain

(L + M)™*T(x)

= eMA o + (L + M)~ te™ [ (L + H) A do
_(1=2)L M p— 1d0—(L—|—M)_ e1= x)LeM[ L+M, (L+ H)A™ }do
+(L+M)e"M(L+H)A e (L+ M)
+(L+ M) eI —eM(L+ H)A "] (L+ M) w

+H)+(M—H)+e""M(L+H)|A'dy— (L+ H) A 'e"™Md,
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Finally, the representation solution of Problem (49), for a.e x € (0, 1), is

u(z)
= eMA g+ (L+ M) e (L+ H)A e" (L+ M)u

(L+M) 1 mM(L—l—H)A /16(18)Mf(5)d8
0

1
+(L+ M) ™M (L + H)A™ / et f(s)ds
0
—e0TEM ATy + (L + M)~ E [T — e (L + H) A™'e"] (L + M) u

1
— (L4 M) et EM (L 4 HYA? / et f(s)ds
0
1
— (L + M) etE [I—e(L+H)A e / eI=IM £(5)ds
0

+(L+ M)~ / T @I f(s)ds 1 (L + M) / et f(s)ds
+(L+ M) (;M — Db [ M (L + H;A "do.
This representation generalizes the one used in [1, p. 63]. Note that, the last term
(L + M)~ (61;M _ e(1—3;)L€M) XM (L 4+ H) A~Ydy,

vanishes when H and operators L and M commute in the sense of the resolvent operators
and then, our solution coincides with the one used in [1].

Corollary 1. Let L, M be closed linear operators in X satisfying (48). Assume (6)~(14)
where L, = L, M, = M for any w > wq. Let f € LP(0,1; X) with 1 < p < oo. Then, the
two following assertions are equivalent

1. Problem (49) has a unique classical solution.

2. w, A"y € (X, D((L + M)*), .

?p7p

Remark 6. Note that, instead of commutativity between H and operators L and M, we
have assumed the following hypothesis

V¢ € D(L) = D(M) = D(L+ M), A~*¢ € D((L+ M)?),

which is obviously verified when the operator H commutes with L and M in the sense of
the resolvent operators. Notice also that (48) implies (10).

6. Application
Let X = L*(R) . Define operators L, M, and H by

D(L,) = D(M,) = H*(R), D(H)=H'(R),
Lop(y) = ¢"(y) + a(y)¢'(y) —wo(y), Mop(y) = ¢"(y) —we(y),
Ho(y) = ¢'(v),
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where @ > 0,w > 0 and a € C? (R), a # 0. It is not difficult to prove that L, M,, generate

analytic semigroups and that
L., + M, is boundedly invertible.

On the other hand, we have the following properties:

{ D((Lo + M,)*) = H*(R) C D((Ly, — M.))*) = H*(R),
D(M,L,) = D(L,M,) = H* (R),

(MuL,)e (y) = ¢ (y)+a(y)e® () +2(d (y) —w) ¢ (y)
+(a" (y) —wa(y)) ¢ (y) + W0 (y)

(LuMu)e (y) = o9 (y) +aly)e® (y) — 207" (y) — W (y) + W™ (y) ;
note that L, M, # M,L,. We have

{ D(M,, — H) = H? (R),
(M, — H)p(y) = ¢"(y) — w¥(y) — ¢'(y) = ¥(y).

From the Fourier transform, M, — H is invertible and

2mYE )y
[(Mw B H)_l Qﬂ () = _/R (we + 4#25%20(5)2175)6[&

So
A, = (M, —H)+eeM (L, + H)
= (I +eMe™ (L, +H) (M, - H)™") (M, — H),
and
= Lo [(My — H) 9] (y > n (M, = H) 0] ()
L[ anReerm (¢ 2imEemE (¢)
N /R (W + 47282 + 2i77§)d£ — (aly) +1) /R (w4 47282 + 2iﬂ'§)d€
. o2imyé 1;(5) .
T /]R (w> 4+ 47282 + 2i7r£)d§’
then
H(Lw + H) [(Mw - H)_l 1/}} HL2(R) < ¢ Hl/) L2(R) +Cw"
= C+w) ¥l
and

Jete (L ) Ot~ B 0]] € O u) et ] e | el

C (6%
< (L) 6l
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Therefore, for a large w, we deduce that A, is boundedly invertible.
Now, notice that

Vo € D(L,) = H* (R), A ¢ € D((Ly + M)*) = H* (R).
Set AJlp =1, then
=AY = [(M - H) + eLw€M<Lw =+ H)] ¥,
thus
(My — H)p = ¢" = —¢' € D(L,) = H* (R),

which implies

Aty =v e H'(R).
Moreover, there exists C' > 0 such that, for any w > 0,

H [Mwa Lw] (Lw + ]Mw)i2

where vy =2a if O<w<landy=a«a if w>1.
Therefore, all our results apply for a large w > 0, to the following boundary value
problem:
( 0%u Pu 0%u M
- (z,y) + a(y)ayax (z,y) — N (z,y)
1
5@

—a(y)a—yg (z,y) — a’(y)a—y2 (z,y) —

~<y>§—; (2.9) + w“a(y)?—z (z,)

0 0
+w“a—z () + 2w“a—yz (@.9) —ule,y) = fo,y), v e (0,1), yer, OV
ou ou
ot _ 4 - R
ax (Ovy) 8yu(ovy> d07 Yy € y

\ U(l,y) =u, Y eR.

Proposition 8. Let f € L?(0,1; L? (R)) with 1 < p < +oo. Then, for a large w > 0, the
two following assertions are equivalent.

1. Problem (50) has a classical solution u.

2w, AJ'dy € (H* (R), L2 (R))

1
Tp’p7

where (H* (R), L (R)) . , = By, "/ (R) (see [6, p. 680-681]).

P
Let us explicit A 'dy. Setting V, = e’~eM (L, + H) (M, — H)"" and noting that
IT+V) ' =1-V,(I+V,)",
we have
Aldy = (My—H)" (I+V,) "do
(M, — H) "dy — (M, — H) 'V, (I + V)" do.

But V,, contains the regularizing operator e®~, then Aj'd, € Béfpl‘”?p’ (R) if and only if
(M, — H)" " dy € B0/ (R), that is

e2imys C/l:)(f) 4(1-1/2
— d¢ € B ) (R) .
4 /R (W 4 47282 + 2im§) € By (R)
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HOBDBIE PE3VYJ/IBTATDHI O IIOJIHBIX JIJIMIITUYECKNX
YPABHEHUAX C KOOPUIMMEHTHO-OIIEPATOPHBIMUN
I'PAHNYHBIMUA YCJIOBUAMMN TUIIA POBUH

B HEKOMMYTATUBHOM CJIVHAE

M. Yezeaz, A. @asunu, P. Jlabbac, C. Menzo, X.¥Y. Meaxa

B crarhe IOKa3bIBAIOTCS HEKOTOPHIE HOBBIE PE3YALTATHI JJIst I depeHnaIhHbIX
YPaABHEHUH 3JITUITHIECKOTO THUIIA BTOPOrO MOPSIIKA ¢ OOIUMH TPAHUYHBIMU YCIOBUSIMEU TH-
na Pobuna ¢ HEKOMMYTATUBHBIME CTPYKTypaMu. VccaemoBanne BHIMOTHEHO MMPU YCIOBUH,
9TO BTOPOMH wieH npuHamaexut npocrpancrBam Cobosnesa. CyiiecTBoBaHUe, €IMHCTBEH-
HOCTB ¥ ONTAMAJILHAS PETYISIPHOCTD KJIACCHIECKOTO PENEHNS TOKA3AHbI C UCIIOIb30BAHNEM
TEOPUM MHTEPIOJANNN, U IOy I€HbI PE3YIBTATHI [/ KJIACCA OIEPATOPOB € OrPAHUIEHHbI-
MU MHUMBIMH cTeneHsMu. B pabore TpUBOIUTCS MpUMEp MTPUMEHEHUs TaHHoM Teopuu. Pe-
3YJBTATHI, TIOJYYEHHBIE B 9TOH pabore, yaydliaoT HCCASI0BAHNS B KOMMYTATUBHOM CIydae
M. Yerara, A. ®asunu, P. JTab6aca, C. Menro u A. Menerpu. Beoasi B paccMoTpeHue HEKO-
TOpBIE ONMEPATOPHBIE KOMMYTATOPBI, 000OIIEHO IPEACTABICHRE PEIIEHAA 33391 B KOMMY-
TATHBHOM CJIy4a€ M JOKA3AHO, YTO 3TO MPEJCTABIECHUE 00JAI3eT CBORCTBOM PETyIAPHOCTH.

Karoueevte caosa: sanunmuneckoe duddepenyuanvnoe ypasuenue 6mopozo nopadka;
eparuyrbie Yyeaosus Pobun 6 cAywaaT KOMMYMAMUSHOCTNY; GHAAUMUNECKUE NOAYZPYNTDE;
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