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ÑÒÀÖÈÎÍÀÐÍÛÅ ÒÎ×ÊÈ ÓÐÀÂÍÅÍÈß

≪ÐÅÀÊÖÈß-ÄÈÔÔÓÇÈß≫ È ÏÅÐÅÕÎÄÛ

Â ÑÒÀÁÈËÜÍÛÅ ÑÎÑÒÎßÍÈß

À.Ñ. Êîðîòêèõ

Ðàññìîòðåíà áåñêîíå÷íîìåðíàÿ äèíàìè÷åñêàÿ ñèñòåìà, çàäàííàÿ óðàâíåíèåì
≪ðåàêöèÿ-äèôôóçèÿ≫ ñ êóáè÷åñêîé íåëèíåéíîñòüþ ïðè êðàåâîì óñëîâèè Íåéìàíà è
ôèêñèðîâàííîì çíà÷åíèè ñðåäíåé âåëè÷èíû. Èçëîæåíà ìåòîäèêà ïðèáëèæåííîãî âû-
÷èñëåíèÿ áèôóðöèðóþùèõ ðåøåíèé ïðè ìàëûõ è êîíå÷íûõ çíà÷åíèÿõ çàêðèòè÷åñêî-
ãî ïðèðàùåíèÿ ïàðàìåòðà. Ïðåäëîæåíà òàêæå ìåòîäèêà ≪òðàññèðîâêè≫ òðàåêòîðèé
ñïóñêà èç ïðîèçâîëüíîãî ñîñòîÿíèÿ (ñ ïðîèçâîëüíîé êîíöåíòðàöèåé) â ñòàáèëüíîå ñî-
ñòîÿíèå (ñ êîíöåíòðàöèåé, ðåàëèçóþùåé ìèíèìóì ôóíêöèîíàëà ýíåðãèè). Ìåòîäèêà
îñíîâàíà íà âû÷èñëåíèè ñóæåíèÿ ôóíêöèîíàëà ýíåðãèè íà ëèíåéíóþ îáîëî÷êó îñ-
íîâíûõ ñîáñòâåííûõ ôóíêöèé (ìîä) îïåðàòîðà Ëàïëàñà è ïðèáëèæåííîì ïîñòðîåíèè
òðàññû ñïóñêà â âèäå ïîñëåäîâàòåëüíîñòè òî÷åê, ñîïðîâîæäàþùèõ òðàåêòîðèþ äè-
íàìè÷åñêîé ñèñòåìû. Â ñëó÷àå ìàëîãî çàêðèòè÷åñêîãî ïðèðàùåíèÿ áèôóðêàöèîííîãî
ïàðàìåòðà âû÷èñëåíû àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ áèôóðöèðóþùèõ ðåøåíèé. Â
ñëó÷àå êîíå÷íîãî çàêðèòè÷åñêîãî ïðèðàùåíèÿ áèôóðêàöèîííîãî ïàðàìåòðà ïðèâåäå-
íû ïðèìåðû âû÷èñëåíèÿ òðàññû ñïóñêà â òî÷êè ìèíèìóìà ôóíêöèîíàëà ýíåðãèè.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ≪ðåàêöèÿ-äèôôóçèÿ≫; ãëàäêèé ôóíêöèîíàë; ýêñòðå-

ìàëü; áèôóðêàöèÿ ñòàöèîíàðíûõ ñîñòîÿíèé; ìîäû áèôóðêàöèè; âàðèàöèîííûé ìåòîä

Ëÿïóíîâà � Øìèäòà; òðàåêòîðèè ñïóñêà â òî÷êè ìèíèìóìà.

Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Êàê èçâåñòíî, ñòðóêòóðíûå èçìåíåíèÿ âåùåñòâà èçó÷àþòñÿ ïîñðåäñòâîì ñïåöè-
àëüíûì îáðàçîì ïîäîáðàííûõ ìîäåëüíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðè êðà-
åâûõ óñëîâèÿõ Ïóàññîíà. Íàïðèìåð, ïðè èçó÷åíèè äèíàìèêè ñïîíòàííîãî ðàçäåëå-
íèÿ ôàç (áèíàðíîãî) âåùåñòâà (ñïëàâà), ïðè èññëåäîâàíèè ñòàáèëüíûõ ðàñïðåäåëåíèé
êîíöåíòðàöèé âåùåñòâà è ò.ï. ÷àñòî èñïîëüçóåòñÿ ãðàäèåíòíàÿ äèíàìè÷åñêàÿ ñèñòåìà
òèïà ≪ðåàêöèÿ-äèôôóçèÿ≫ [1�3]

ẇ = −grad (V (w)− C[w]) = ∆w + λw − w3 − C , (1)

â êîòîðîé w = w(x, t) � îòíîñèòåëüíàÿ êîíöåíòðàöèÿ êîìïîíåíòû âåùåñòâà,
x ∈ U ⊂ R2,

V (w) :=

∫∫
U

(
|∇w|2

2
− λ

w2

2
+

w4

4

)
dx1dx2

� èíòåãðàë ýíåðãèè, U � îáëàñòü, çàíÿòàÿ âåùåñòâîì, t � âðåìÿ. Êàê ïðàâèëî, ðàçûñ-
êèâàþòñÿ òàêèå ðåøåíèÿ w = w(x, t), äëÿ êîòîðûõ âûïîëíåíî ãðàíè÷íîå óñëîâèå
Íåéìàíà

∂w

∂n

∣∣∣
∂ U

= 0 ,

ãäå ∂U � ãðàíèöà îáëàñòè U , n � âåêòîðíîå ïîëå íîðìàëåé ê ãðàíèöå.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 1. Ñ. 125�137

125



À.Ñ. Êîðîòêèõ

Ïåðâîî÷åðåäíîé èíòåðåñ ïðåäñòàâëÿþò ñòàöèîíàðíûå ñîñòîÿíèÿ � ðåøåíèÿ w =
w(x) ñòàöèîíàðíîãî óðàâíåíèÿ

∆w + λw − w3 − C , C = const , (2)

èëè, ÷òî îäíî è òî æå, ýêñòðåìàëè (êðèòè÷åñêèå òî÷êè) ôóíêöèîíàëà

V (w) := V (w)− C [w] ,

ãäå [w] :=
∫∫
U

w dx1dx2 � ñðåäíåå çíà÷åíèå w.

Ïîèñê ýêñòðåìàëåé V (w) ìîæíî îñóùåñòâëÿòü ïîñðåäñòâîì ðåäóêöèè Ëÿïóíîâà-
Øìèäòà ê êîíå÷íîìåðíîé çàäà÷å gradW (ξ) = 0, ξ ∈ Rn, ãäå

W (ξ) := inf
⟨w,ej⟩=ξj

V (w)

� êëþ÷åâàÿ ôóíêöèÿ, ïîñòðîåííàÿ ïî íà÷àëüíûì ñîáñòâåííûì ôóíêöèÿì (ìîäàì áè-
ôóðêàöèÿìè) ej , j = 1, . . . ,m îïåðàòîðà Ëàïëàñà íà îáëàñòè U (ïðè çàäàííûõ êðàå-
âûõ óñëîâèÿõ Ïóàññîíà) â ñîîòâåòñòâóþùèì îáðàçîì ïîäîáðàííîì ôóíêöèîíàëüíîì
ïðîñòðàíñòâå ñîñòîÿíèé [2, 3].

Îáðàòèìñÿ ê ôóíêöèîíàëüíûì ïðîñòðàíñòâàì Ĥ0 , Ĥ1 , Ĥ2 , ãäå H0 = L2(Ω), Ĥk �
çàìûêàíèå ïî íîðìå ∥w∥k (k = 1, 2) ìíîæåñòâà òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ âèäà

m∑
p+q=1

ξp,qep,q , p, q ≥ 0 , ep,q(x1, x2) � ñîáñòâåííàÿ ôóíêöèÿ îïåðàòîðà ∆ (ïðè êðàåâîì

óñëîâèè Íåéìàíà ∂w
∂n

∣∣∣
∂ U

= 0):

ep,0(x1, x2) =
√
2 cos(pπx1) , e0,q(x1, x2) =

√
2 cos(qπx2) ,

ep,q(x1, x2) = 2 cos(pπx1) cos(qπx2) , pq ̸= 0 .

Ñîáñòâåííàÿ ôóíêöèÿ ep,q îòâå÷àåò ñîáñòâåííîìó çíà÷åíèþ λp,q = −π2(p2 + q2), ñî-
âîêóïíîñòü ôóíêöèé {ep,q} ÿâëÿåòñÿ îðòîíîðìèðîâàííîé ñèñòåìîé âåêòîðîâ â L2(Ω).
Äëÿ òðèãîíîìåòðè÷åñêîãî ïîëèíîìà w íîðìà ∥w∥k îïðåäåëåíà ñëåäóþùèìè ñîîòíî-
øåíèÿìè:

∥w∥21 := −
∫∫
Ω

w∆(w) dx1dx2 =

∫∫
Ω

|∇(w)|2 dx1dx2 ,

∥w∥22 :=
∫∫
Ω

w∆2(w) dx1dx2 =

∫∫
Ω

(∆(w))2 dx1dx2 .

Ëèíåéíûé îïåðàòîð A := −∆ : Ĥ2 7−→ Ĥ0 ÿâëÿåòñÿ èçîìîðôèçìîì. Ïðè ýòîì
îïåðàòîð A ïîëîæèòåëüíûé è äèàãîíàëèçèðóåìûé:

A :
∑
p,q

ξp,qep,q 7−→
∑
p,q

|λp,q| ξp,qep,q , p, q ≥ 0 , p+ q ≥ 1 .

Ïóñòü B � ïîëîæèòåëüíûé è ñèììåòðè÷íûé îïåðàòîð, äëÿ êîòîðîãî B2 = A (òî åñòü
B � ïîëîæèòåëüíûé êâàäðàòíûé êîðåíü èç A). Îïåðàòîð B èçîìîðôíî äåéñòâóåò èç

Ĥ2 íà Ĥ1 è èç Ĥ1 íà Ĥ0 :

B :
∑
p,q

ξp,qep,q 7−→
∑
p,q

√
|λp,q| ξp,qep,q = π

∑
p,q

√
p2 + q2 ξp,qep,q , p+ q ≥ 1 .
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Èç ýòîãî ñîîòíîøåíèÿ ñëåäóåò, ÷òî ∥w∥2 = ∥B (w)∥1 . Òàê êàê óðàâíåíèå ≪ðåàêöèÿ-
äèôôóçèÿ≫ äîïóñêàåò îïåðàòîðíîå ïðåäñòàâëåíèå

ẇ = −gradV (w) , w ∈ Ĥ2 ,

òî çàìåíîé w̃ = Bw îíî ñâîäèòñÿ ê ýêâèâàëåíòíîìó, íî íåãðàäèåíòíîìó, óðàâíåíèþ

dw̃

dt
= −B gradV (B−1 w̃) , w̃ ∈ Ĥ2 . (3)

Åñëè ðàññìîòðåòü ãðàäèåíò ôóíêöèîíàëà Ṽ (w̃) := V (B−1 w̃) â òðîéêå Ĥ1 ⊆ Ĥ1 ⊆ Ĥ0

(ñì. îïðåäåëåíèå ãðàäèåíòà â [2, 3]), òî ìîæíî ðàññìîòðåòü ãðàäèåíòíîå óðàâíåíèå

dw̃

dt
= B−1 gradV (B−1 w̃) , w̃ ∈ Ĥ1 . (4)

Ñòàöèîíàðíûå ðåøåíèÿ óðàâíåíèé (1) è (4) ñîâïàäàþò. Ôîðìàëüíî, äèíàìè÷å-
ñêèå óðàâíåíèÿ (1) è (4) íå ýêâèâàëåíòíû, íî ýòè óðàâíåíèÿ ÿâëÿþòñÿ â íåêîòîðîì
ñìûñëå ðîäñòâåííûìè. Âî âñÿêîì ñëó÷àå, òðàåêòîðèè ðåøåíèé óðàâíåíèÿ (4) äàþò
ïðåäñòàâëåíèå î äèíàìèêå êîíöåíòðàöèé ïðè ïåðåõîäå âåùåñòâà â ñòàáèëüíîå ñîñòîÿ-
íèå (ïî ìîäåëüíîìó óðàâíåíèþ (1)). Ìàòåìàòè÷åñêîå æå ïðåèìóùåñòâî èññëåäîâàíèÿ
ðåøåíèé óðàâíåíèÿ â ôîðìå (4) ñîñòîèò â òîì, ÷òî ïðàâàÿ ÷àñòü (4) ÿâëÿåòñÿ íåëè-
íåéíûì îïåðàòîðîì êëàññà Ëåðå � Øàóäåðà, òî åñòü äîïóñêàþùèì ïðåäñòàâëåíèå â
âèäå ≪åäèíèöà ïëþñ âïîëíå íåïðåðûâíûé≫:

−B−1 gradV (B−1 w̃) = w̃ + B−1 g(B−1 w̃) = w̃ + g̃(w̃) ,

g̃(w̃) := λ̃A−2 w̃ − B−1 (B−1 w̃)3 − 3K B−1 (B−1 w̃)2 + α ,

α =

∫∫
Ω

(
B−1 (B−1 w̃)3 + 3K B−1 (B−1 w̃)2

)
dx1dx2 .

Äëÿ òàêîãî êëàññà óðàâíåíèé íåòðóäíî ïðîâåñòè îáîñíîâàíèå ïðèìåíèìîñòè ìåòî-
äà êîíå÷íîìåðíîé ðåäóêöèè, îñíîâàííîãî íà êîìáèíàöèè äâóõ ðåäóêöèé � ðèòöåâñêîé
àïïðîêñèìàöèè ôóíêöèîíàëà ýíåðãèè è ðåäóêöèè Ïóàíêàðå � Ëÿïóíîâà � Øìèäòà
[2, 3].

Ïðÿìîå îáîñíîâàíèå ïðèìåíèìîñòè ðåäóêöèè Ïóàíêàðå � Ëÿïóíîâà � Øìèäòà ê
óðàâíåíèþ (1) èëè (3), ïî-âèäèìîìó, ìîæíî ïðîâåñòè, îïèðàÿñü íà ôîðìóëó Äþàìåëÿ
äëÿ íåëèíåéíûõ ïîëóãðóïï (ñì., íàïðèìåð, [4, ñ. 158]).

Çàìåòèì, ÷òî â íåäàâíåé îïóáëèêîâàííîé ðàáîòå À.Â. Êàçàðíèêîâà è Ñ.Â. Ðå-
âèíîé [5] ïîëó÷åíû ôîðìóëû àñèìïòîòè÷åñêèõ ïðèáëèæåíèé ê áèôóðöèðóþùåìó èç
íóëÿ ïåðèîäè÷åñêîìó ðåøåíèþ â ñèñòåìå Ðåëåÿ ñ äèôôóçèåé, èìåþùåé áîëåå îáùèé
âèä, ÷åì ñèñòåìà (1) äàííîé ðàáîòû. Ïîëó÷íèå çàêðèòè÷åñêîé âåòâè àâòîêîëåáàíèé
ïðîâåäåíî â íåé íà îñíîâå (íåâàðèàöèîííîé) ñõåìû Ëÿïóíîâà � Øìèäòà, ðàíåå ïðåä-
ëîæåííîé Â.È. Þäîâè÷åì.

Ïðåäñòàâëåííûé â äàííîé ñòàòüå ïîäõîä äîïóñêàåò ïðèìåíåíèå â çàäà÷å, ðàññìîò-
ðåííîé â ðàáîòå [5]. Áîëåå òî÷íîå è ýôôåêòèâíîå ïðèáëèæåíèå âû÷èñëåíèÿ òðàññû
ñïóñêà ìîæíî ïîëó÷èòü, èñïîëüçóÿ ïîäõîäû, ðàçðàáîòàííûå Ã.À. Ñâèðèäþêîì è åãî
ó÷åíèêàìè íà îñíîâå òåîðèè ïîëóãðóïï [6�8].

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 1. Ñ. 125�137
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1. Ëîêàëüíûé àíàëèç áèôóðöèðóþùèõ ñòàöèîíàðíûõ

ðåøåíèé óðàâíåíèÿ ≪ðåàêöèÿ-äèôôóçèÿ≫

Ðàññìîòðèì âíîâü óðàâíåíèå äèôôóçèè ñ êóáè÷åñêîé íåëèíåéíîñòüþ, çàïèñàííîå
â ôîðìå

ẇ = −grad (V (w)− C[w]) = ∆w + λw − w3 − C ,

ãäå w = w(x, t) � êîíöåíòðàöèÿ èçó÷àåìîãî êîìïîíåíòà, x = x(x1, x2), x ∈ U =
[0, 1]× [0, 1] ⊂ R2,

V (w) :=

∫∫
Ω

(
|∇w|2

2
− λ

w2

2
+

w4

4

)
dx1dx2

� èíòåãðàë ýíåðãèè ïî îáëàñòè U = [0, 1]×[0, 1] ⊂ R2. Áóäåì ïðåäïîëàãàòü âûïîëíåíèå

ãðàíè÷íîãî óñëîâèÿ Íåéìàíà ∂w
∂n

∣∣∣
∂ U

= 0 è âûïîëíåíèå åñòåñòâåííîãî îãðàíè÷åíèÿ íà

êîíöåíòðàöèþ âåùåñòâà â öåëîì (ñì., íàïðèìåð, [1]):

[w] :=

∫∫
Ω

w(x1, x2)dx1dx2 = K > 0. (5)

Ïðè èññëåäîâàíèè ëîêàëüíûõ áèôóðêàöèé ýêñòðåìàëåé ÷àñòî èñïîëüçóåòñÿ ëî-
êàëüíàÿ êîíå÷íîìåðíàÿ ðèòöåâñêàÿ àïïðîêñèìàöèÿ ôóíêöèîíàëà ýíåðãèè

W (ξ) := V (K + ξ1e1 + ξ2e2 + . . . + ξnen),

ïîñòðîåííàÿ ïî ≪ãëàâíûì≫ ñîáñòâåííûì ôóíêöèÿì (ìîäàì) ej îïåðàòîðà Ëàïëàñà íà
îáëàñòè U (ïðè çàäàííûõ êðàåâûõ óñëîâèÿõ, â ñîîòâåòñòâóþùèì îáðàçîì ïîäîáðàí-
íîì ôóíêöèîíàëüíîì ïðîñòðàíñòâå ñîñòîÿíèé):

e0 = 1, e1 =
√
2 cos(πx1), e2 =

√
2 cos(πx2), e3 = 2 cos(πx1) cos(πx2)),

e4 =
√
2 cos(2πx1), e5 =

√
2 cos(2πx2), e6 = 2 cos(2πx1) cos(πx2)),

e7 = 2 cos(πx1) cos(2πx2)), e8 = 2 cos(2πx1) cos(2πx2)), . . . .

Â íåëîêàëüíûõ çàäà÷àõ òàêæå ìîæíî èñïîëüçîâàòü ðèòöåâñêóþ àïïðîêñèìàöèþ, íî
ïðè ýòîì äëÿ äîñòèæåíèÿ òðåáóåìîé òî÷íîñòè ðåøåíèÿ íåîáõîäèìî èñïîëüçîâàòü
áîëüøîå êîëè÷åñòâî ìîä, ÷òî ïðèâîäèò ê áîëüøîé ðàçìåðíîñòè àïïðîêñèìèðóþùåé
ñèñòåìû. Ñíèçèòü åå ðàçìåðíîñòü ìîæíî çà ñ÷åò èñïîëüçîâàíèÿ íåëèíåéíîé ðèòöåâ-
ñêîé àïïðîêñèìàöèè, íàïðèìåð, â âèäå íåëîêàëüíî ïðîäîëæåííîé êëþ÷åâîé ôóíêöèè.
Äàëüíåéøèé àíàëèç ìîæíî îñóùåñòâèòü ïåðåõîäîì ê êîíå÷íîìåðíîé çàäà÷å

gradW (ξ) = 0 , ξ ∈ Rn ,

ãäå
W (ξ) := inf

⟨w,ej⟩=ξj
V (w)

� íåëîêàëüíî ïðîäîëæåííàÿ êëþ÷åâàÿ ôóíêöèÿ Ëÿïóíîâà � Øìèäòà.
Çàïèøåì èñêîìóþ ôóíêöèþ êîíöåíòðàöèè w â âèäå

w = K + w̃,

∫∫
Ω

w̃ dx1dx2 = 0. (6)
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Ñóæåíèå ôóíêöèîíàëà V íà ïîäïðîñòðàíñòâî ôóíêöèé ñ ôèêñèðîâàííûì ñðåä-
íèì (ðàâíûì K) îñóùåñòâëÿåòñÿ ïîäñòàíîâêîé (2), â ðåçóëüòàòå êîòîðîé ïîëó÷àåì

Ṽ (w̃) := V (K + w̃) íà Ĥ2:

Ṽ (w̃) =

∫∫
Ω

(
|∇w̃|2

2
− λ̃

w̃2

2
+

w̃4

4
+K w̃3

)
dx1dx2 , λ̃ = λ− 3

2
K2 , (7)

è, ñîîòâåòñòâåííî,

−grad (Ṽ )(w̃) = ∆w̃ + λ̃ w̃ − w̃3 − 3K w̃2 − α , (8)

α =
∫∫
Ω

(w̃3 + 3K w̃2) dx1dx2 (â òðîéêå ïðîñòðàíñòâ Ĥ2 ⊆ Ĥ0 ⊆ Ĥ0 [2�3]). Äëÿ îòûñ-

êàíèÿ êðèòè÷åñêîãî çíà÷åíèÿ ïàðàìåòðà λ ðàññìîòðèì ëèíåàðèçîâàííîå óðàâíåíèå
(â òî÷êå w̃ = 0) ∆w̃ + λ̃ w̃ = 0. Ìèíèìàëüíûì êðèòè÷åñêèì çíà÷åíèåì ïàðàìåòðà λ̃
ÿâëÿåòñÿ ÷èñëî π2 (ñîîòâåòñòâåííî λ = λ∗ = π2 + δ). Ìîäàìè áèôóðêàöèè ïðè òàêîì
çíà÷åíèè λ ÿâëÿþòñÿ ôóíêöèè

e1 =
√
2 cos(πx1) , e2 =

√
2 cos(πx2).

Òåîðåìà 1. Ïðè ìàëûõ çíà÷åíèÿõ êîíöåíòðàöèè è ïðè ìàëûõ δ := λ−λ∗ ãëàâíîé ÷à-
ñòüþ êëþ÷åâîé ôóíêöèè, ñîîòâåòñòâóþùåé ôóíêöèîíàëó (3), ÿâëÿåòñÿ ìíîãî÷ëåí
(4-îé ñòåïåíè)

U(ξ1, ξ2) = −δ

2
(ξ21 + ξ22) +

3

8
(ξ41 + ξ42) +

1

2
ξ21ξ

2
2 .

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî âûòåêàåò èç îïðåäåëÿþùåãî êëþ÷åâóþ ôóíêöèþ
ñîîòíîøåíèÿ

Wδ(ξ1, ξ2) := inf
⟨w̃,e1⟩=ξ1,⟨w̃,e2⟩=ξ2

Ṽ (w̃) ,

è èç òîãî, ÷òî

Wδ(ξ1, ξ2) = Ṽ (ξ1e1 + ξ2e2) + o
(
|ξ1|2 + |ξ2|2

)2
=

= −δ

2
(ξ21 + ξ22) +

a

4
(ξ41 + ξ42) +

b

2
ξ21ξ

2
2 + o

(
|ξ1|2 + |ξ2|2

)2
(9)

(ñì. [9 � 10]). Çäåñü ó÷òåíî, ÷òî
∫∫
Ω

w̃3dx1dx2 = 0, åñëè w̃ = ξ1e1 + ξ2e2 . Íåñëîæíûå

âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî

a =

∫∫
Ω

e41 dx2dx1 =

∫∫
Ω

e42 dx2dx1 =
3

2
,

b =

∫∫
Ω

e21e
2
2dx1dx2 =

 1∫
0

e21dx1

 1∫
0

e22dx2

 = 1 .

Òàêîé âèä ãëàâíîé ÷àñòè êëþ÷åâîé ôóíêöèè ñâÿçàí, âî-ïåðâûõ, ñ åå ñèììåòðèåé
îòíîñèòåëüíî ïðåîáðàçîâàíèÿ (ξ1, ξ2) → (ξ2, ξ1) è, âî-âòîðûõ, ñ òåì, ÷òî êóáè÷å-
ñêàÿ ÷àñòü â òåéëîðîâñêîì ðàçëîæåíèè ôóíêöèîíàëà V îáíóëÿåòñÿ íà ξ1e1 + ξ2e2. Èç
òåîðåìû 1 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Äëÿ ôóíêöèîíàëà (3) âáëèçè íóëÿ ïðè ìàëûõ êîíöåíòðàöèÿõ èìååòñÿ
âåòâü óñòîé÷èâûõ ôóíêöèé êîíöåíòðàöèé âèäà
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w̃ = K + ε(e1 + e2) + o(ε),

ãäå ε = c δ
1
2 � ìàëûé ïàðàìåòð ïðè c =

√
2
5
.

Òàêèì îáðàçîì, óäàëîñü ïîëó÷èòü ïåðâîå àñèìïòîòè÷åñêîå ñëàãàåìîå çàêðèòè÷å-
ñêîé âåòâè áèôóðöèðóþùèõ ýêñòðåìàëåé � ïî èíôîðìàöèè î ãëàâíîé ÷àñòè êëþ÷åâîé
ôóíêöèè.

2. Ïîñòðîåíèå íåëîêàëüíîé êëþ÷åâîé ôóíêöèè ìåòîäîì

ãðàäèåíòíîãî ñïóñêà

Ïðè ïîñòðîåíèè íåëîêàëüíîé êëþ÷åâîé ôóíêöèè ìîæíî òàêæå âîñïîëüçîâàòüñÿ
ïðÿìîé ïðîöåäóðîé êðàò÷àéøåãî ñïóñêà (ñì. [10�13]) â òî÷êó ìèíèìóìà V ïðè óñëî-
âèè, ÷òî íàïðàâëåíèå ñïóñêà çàâèñèò îò ïàðàìåòðà. Ïåðâûì øàãîì ýòîé ïðîöåäóðû
ÿâëÿåòñÿ âûáîð âåëè÷èíû ñäâèãà âäîëü ãðàäèåíòà èç íà÷àëüíîé (ïîðîæäàþùåé) òî÷-
êè, ñ öåëüþ óìåíüøåíèÿ çíà÷åíèÿ ôóíêöèîíàëà ýíåðãèè.

Ïóñòü e1, . . . , en � ôèêñèðîâàííûé áàçèñ ðèòöåâñêîé àïïðîêñèìàöèè (áàçèñ Ðèòöà),
ñîñòàâëåííûé èç ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Ëàïëàñà (â ïîðÿäêå âîçðàñòàíèÿ
íîìåðîâ ñîáñòâåííûõ ôóíêöèé áåç ïðîïóñêîâ îòäåëüíûõ ôóíêöèé), è ïóñòü e1, e2 �
îñíîâíûå ìîäû, ïî êîòîðûì äîïóñêàåòñÿ âûðîæäåíèå. Ïóñòü ïðè ýòîì VRitz(ξ) :=

V

(
n∑

k=1

ξk ek

)
� ðèòöåâñêàÿ àïïðîêñèìàöèÿ ôóíêöèîíàëà ýíåðãèè (ïî áàçèñó Ðèòöà).

Â êà÷åñòâå íóëåâîãî ïðèáëèæåíèÿ ê ôóíêöèè

W (ξ̂) := inf
⟨w,ej⟩=ξj ,, j=1,2

VRitz(w) , ξ̂ = (ξ1, ξ2) ,

ðàññìàòðèâàåòñÿ ôóíêöèÿ
W0(ξ̂) := V (ξ1 e1 + ξ2 e2)

(ðèòöåâñêàÿ àïïðîêñèìàöèÿ ïî ìîäàì e1, e2).
Ïåðâûé øàã çàêëþ÷åí â âûáîðå ≪ïîïðàâêè≫ ê W0, äàþùåé ïåðâîå ïðèáëèæåíèå

ê W (ξ̂) â âèäå
W1(ξ̂) := VRitz(a(ξ̂)) ,

ãäå

a(ξ̂)) = a0 − so g0 , a0 = (ξ1, ξ2, 0, . . . , 0), g0 := gradξ3,...,ξn VRitz(a0), s0 =
∥g0∥2

⟨G0 g0, g0⟩
,

ãäå G0 = hessξ3,...,ξnVRitz(a0) � ìàòðèöà Ãåññå (â íóëåâîé ïîðîæäàþùåé òî÷êå a0) ôóíê-
öèè VRitz ïî ïåðåìåííûì ξ3, . . . , ξn.

Âòîðîé øàã � ïîâòîðåíèå ïåðâîãî øàãà äëÿ íîâîé ïîðîæäàþùåé òî÷êè a1 = a0 −
so g0 , è ò.ä. Íà øàãå ñ íîìåðîì k + 1 ïîëó÷àåì

ak+1 = ak − sk gk , gk := g(ak) .

Âûáîð ôóíêöèîíàëüíîé âåëè÷èíû ñäâèãà sk = sk(ξ̂) âäîëü àíòèãðàäèåíòà äåëàåòñÿ
ïîñðåäñòâîì ôîðìóëû

sk =
∥gk∥2

⟨Gk gk, gk⟩
, (10)
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ãäå Gk = hessξ3,...,ξnVRitz(a0) � ìàòðèöà Ãåññå (â òî÷êå ak) ôóíêöèè VRitz ïî ïåðåìåííûì
ξ3, . . . , ξn.

Ê ñîæàëåíèþ, âûáîð ôóíêöèîíàëüíîé âåëè÷èíû sk = sk(ξ̂) ñäâèãà (âäîëü àí-
òèãðàäèåíòà) â âèäå (6) ïðèâîäèò ê ïîâûøåííîìó ðîñòó èíôîðìàöèîííîãî ïîòîêà,
ñîïðîâîæäàþùåãî âû÷èñëåíèÿ, è, êàê ñëåäñòâèå, ê ñóùåñòâåííîìó çàìåäëåíèþ ðà-
áîòû àëãîðèòìà è ê áûñòðîìó äîñòèæåíèþ ïðåäåëà âîçìîæíîñòåé âû÷èñëèòåëüíûõ
óñòðîéñòâ. Ýòî ïðåïÿòñòâèå ìîæíî ïðåîäîëåòü, çàìåíèâ ôóíêöèîíàëüíûé ìíîæèòåëü
(6) ÷èñëîâûì ìíîæèòåëåì σ, ñëóæàùèì óíèâåðñàëüíîé îöåíêîé ñíèçó âñåõ ôóíê-
öèîíàëüíûõ ìíîæèòåëåé âèäà (6). Ïîäáîð òàêîãî îãðàíè÷èòåëÿ ñíèçó ìîæíî îñó-
ùåñòâèòü, èñïîëüçóÿ ñëåäóþùèå ëåãêî ïðîâåðÿåìûå íåðàâåíñòâà (äëÿ ïðîèçâîëüíîé
ñèììåòðè÷íîé ìàòðèöû G = (gj,k)):

∥G∥1 ≤ ∥G∥2 ≤ ∥G∥3 ,

ãäå

∥G∥1 := max{µ : µ ∈ spec(G)} , ∥G∥2 :=
√

tr (G⊤G) , ∥G∥3 :=
∑
j,k

|gj,k|.

Íèæå èçîáðàæåíû ãðàíèöû êëàñòåðîâ êîíöåíòðàöèè ïðè ñîîòâåòñòâóþùèõ êîýô-
ôèöèåíòàõ Ôóðüå ôóíêöèè êîíöåíòðàöèè ak (ïîëó÷åííûå âûäåëåíèåì íóëåâûõ ëè-
íèé óðîâíÿ ñîîòâåòñòâóþùèõ ïðîìåæóòî÷íûõ è ôèíàëüíîé ôóíêöèé). Âû÷èñëåíèÿ,
ïðîâîäèìûå íà îñíîâàíèè èçëîæåííûõ âûøå òåîðåòè÷åñêèõ ïîëîæåíèé, äàþò âîç-
ìîæíîñòü âèçóàëèçèðîâàòü êðèòè÷åñêèå òî÷êè (âû÷èñëèòü ñêîëü óãîäíî òî÷íî êî-
îðäèíàòû, îïðåäåëèòü èõ õàðàêòåð è ðàñïîëîæåíèå), è ñ ëþáîé íàïåðåä çàäàííîé
òî÷íîñòüþ ëîêàëèçîâàòü ïðèòÿãèâàþùèå òî÷êè: ñíà÷àëà âû÷èñëèòü òî÷êè ìèíèìó-
ìà êëþ÷åâîé ôóíêöèè, à çàòåì ïî ñâÿçûâàþùåé ôîðìóëå îïðåäåëèòü ïðèòÿãèâàþùèå
òî÷êè óðàâíåíèÿ (1). Ïðÿìàÿ ãðàôè÷åñêàÿ ëîêàëèçàöèÿ ïîçâîëÿåò ñêîëü óãîäíî òî÷íî
îïðåäåëèòü êîîðäèíàòû òî÷åê ìèíèìóìà äëÿ êëþ÷åâîé ôóíêöèè (ðèñ. 1 � 3).

Â ïðåäåëàõ çàäàííîãî óðîâíÿ òî÷íîñòè ïîëó÷àåì êîîðäèíàòíîå èçîáðàæåíèå
(0, 093; 0, 093) äëÿ òî÷êè ìèíèìóìà, ëåæàùåé íà áèññåêòðèñå êîîðäèíàòíîãî óãëà.
Ýòîé òî÷êå ñîîòâåòñòâóåò ñòàáèëüíàÿ êîíöåíòðàöèÿ (ðèñ. 4).
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Ðèñ. 1. Ëèíèè óðîâíÿ êëþ÷åâîé ôóíêöèè è ëîêàëèçàöèÿ åå òî÷êè ìèíèìóìà ïðè
K = 0, 5, λ = π2 + 0, 4
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3. Òðàññèðîâêà ñïóñêà èç ïðîèçâîëüíîãî ñîñòîÿíèÿ

â ñòàáèëüíîå

Åñëè w � íà÷àëüíàÿ êîíöåíòðàöèÿ, íàõîäÿùàÿñÿ â îáùåì ïîëîæåíèè, òî âûõî-
äÿùàÿ èç íåå òðàåêòîðèÿ äèíàìè÷åñêîé ñèñòåìû (1) ñòðåìèòñÿ ê êîíöåíòðàöèè, ðå-
àëèçóþùåé ìèíèìóì ôóíêöèîíàëà ýíåðãèè. Ñ ïîìîùüþ ïîøàãîâîãî ìåòîäà Êîøè �
Ïèêàðà èç òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è åãî âàðèàíòà äëÿ
ãðàäèåíòíûõ óðàâíåíèé (â âèäå ãðàäèåíòíîãî ñïóñêà) ìîæíî íàáëþäàòü èçìåíåíèÿ
ôóíêöèè êîíöåíòðàöèè ïîñðåäñòâîì âèçóàëüíîãî èçó÷åíèÿ ñòðîåíèÿ ëèíèé óðîâíÿ
ôóíêöèè êîíöåíòðàöèè â ≪êîíòðîëüíûõ≫ òî÷êàõ òðàåêòîðèè ñïóñêà. Ýòî ïîçâîëÿåò
ïîëó÷èòü ïðåäñòàâëåíèå î äèíàìèêå èçìåíåíèÿ êîíöåíòðàöèè.

Èòàê, ïóñòü çàäàíà îñíîâíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à

ẇ = ∆w + λw − w3 − C = 0,

w = w(x, t) � ôóíêöèÿ êîíöåíòðàöèè, x = x(x1, x2), x ∈ U = [0, 1]× [0, 1] ⊂ R2.
Ðàññìîòðèì ñîáñòâåííûå ôóíêöèè îïåðàòîðà A = −∆ :

e0 = 1, e1 =
√
2 cos(πx1), e2 =

√
2 cos(πx2), e3 = 2 cos(πx1) cos(πx2)),

e4 =
√
2 cos(2πx1), e5 =

√
2 cos(2πx2), e6 = 2 cos(2πx1) cos(πx2)),

e7 = 2 cos(πx1) cos(2πx2)), e8 = 2 cos(2πx1) cos(πx2)),

e9 =
√
2 cos(3πx1), e10 =

√
2 cos(3πx2) . . . .

è ñîîòâåòñòâóþùèå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà A:

λ1 = λ1 = π2 , λ3 = 2 π2, λ4 = λ5 = 4 π2 ,

λ6 = λ7 = 5 π2 , λ8 = 8π2, λ9 = λ10 = 9 π2 . . . .

Ôóíêöèþ êîíöåíòðàöèè çàïèøåì â âèäå

w = K + w̃,

∫∫
Ω

w̃ dx1dx2 = 0. (11)

Îñíîâíûå èòåðàöèîííûå ôîðìóëû: a0 � íà÷àëüíàÿ êîíöåíòðàöèÿ. Äëÿ îïðåäå-
ëåííîñòè ïîëîæèì K = 0, 5,

a0 = 0, 5 + 0, 3 cos(3πx1) + 0, 4 cos(3πx2) + cos(πx1) + 2 cos(πx2).

Äàëåå èìååì

an+1 = an − σ fn, fn = f(an)). (12)

Äëÿ ðèòöåâñêîé àïïðîêñèìàöèè ôóíêöèîíàëà V èìååì ïðåäñòàâëåíèå

VRitz(ξ) = V

(
K +

10∑
k=1

ξk ek

)
.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 1. Ñ. 125�137

133



À.Ñ. Êîðîòêèõ

Ñóòü ïåðâîãî øàãà ïðîöåäóðû ãðàäèåíòíîãî ñïóñêà çàêëþ÷åíà â âûáîðå ñäâèãà
âäîëü àíòèãðàäèåíòà VRitz èç íà÷àëüíîé (ïîðîæäàþùåé) òî÷êè a0 â òî÷êó, äàþùóþ
óìåíüøåíèå çíà÷åíèÿ ôóíêöèîíàëà ýíåðãèè

w = a0 − s f0, f0 := f(a0) .

Âòîðîé øàã ïðîöåäóðû ãðàäèåíòíîãî ñïóñêà ÿâëÿåòñÿ ïîâòîðåíèåì ïåðâîãî øàãà â
òî÷êå a1 (ñ ñîîòâåòñòâóþùåé ìîäèôèêàöèåé). Òðåòèé øàã � ïîâòîðåíèå âòîðîãî øàãà
â òî÷êå a2 := a1 − σ f1, a2 = a1 − σ f1, f1 := f(a1), è òàê äàëåå.

Ïîñëå k-ãî øàãà ïîëó÷àåì ak+1 = ak − σ fk , fk := f(ak). Ïîñëåäîâàòåëüíîñòü
òî÷åê ak, k = 1, 2, . . . íàçûâàåòñÿ òðàññîé ïðÿìîãî ñïóñêà. Ïðîöåññ ïîñòðîåíèÿ òðàññû
íàçûâàòü òðàññèðîâêîé òðàåêòîðèè ñïóñêà.

Ðàññìîòðåíèå ëèíèé óðîâíÿ ôóíêöèé ak äàåò ïðåäñòàâëåíèå î äèíàìèêå êîíöåí-
òðàöèåé (ðèñ. 5).
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x[1]

1,0
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0,0
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x[1]

1,0
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x[1]

1,0

0,75

x[2] 0,5

0,25

0,0
1,00,750,50,250,0

x[1]

Ðèñ. 5. Èçìåíåíèå ëèíèé óðîâíÿ ôóíêöèè êîíöåíòðàöèè âäîëü òðàññû ñïóñêà (èç
íà÷àëüíîé òî÷êè a0 = 0, 5 + e1 + 2 e2 + 0, 3 e3 + 0, 4 e4 äî òðåòüåãî øàãà a3, K = 0, 5,
λ = 15)
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STATIONARY POINTS OF THE "REACTION-DIFFUSION"

EQUATION AND TRANSITIONS TO STABLE STATES

A.S. Korotkih, Voronezh State University, Voronezh, Russian Federation,
korotkikh.andrey@gmail.com

Of concern is a stationary "reaction-di�usion" equation with cubic non-linearity is
Neumann boundary conditions and �xed average value of the desired bifurcating solutions.
A method of approximate calculation of bifurca-ting solutions for small and �nite values
of supercritical parameter increment are presented. Computing is based on the Lyapunov-
Schmidt reducing procedure and is leaning on key functions Ritz' approximation of the set
of eigenfunctions (modes) of main linear part of gradient energy functional. A technique
of evaluating of a functional space size, where Lyapunov � Schmidt reduction can be
applied is performed. In case of local reduction the main part of the key function has been
found and asymptotic presentation of bifurcating solutions for small supercritical increment
of bifurcation parameter is calculated. The relation between solutions search procedures
for "reaction-di�usion" equations and Cahn � Hilliard equation (with extended Neumann
boundary conditions) is also performed. Graphs are presented.

Keywords: continuously di�erentiable functional; extremal; bifurcation; Lyapunov �

Shmidt method.
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