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The mathematical model of inert porous materials sintering was proposed. As an initial
data, the model uses the initial distribution of pore surface elements and time-temperature
conditions of sintering. Sintering is modelled by the system of kinetic equations describing
shrinkage of a material depending on its initial properties and a time-temperature condition
of the process. Experiments on aluminum oxide powder sintering have been carried out in
several time-temperature conditions in which linear shrinkage was traced in time. The initial
powder particles size distribution was previously measured. A value of main parameters
used in the model was determined according to the sample linear shrinkage data measured
at the 10 ◦C/min heating rate. Time dependences of linear shrinkage were calculated for
the heating rates of 5 and 15 ◦C/min. Comparison of the calculated dependences with
experimental data for heating rates 5 and 15 ◦Ñ/min has shown the good qualitative and
quantitative concordance.
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Introduction

Sintering process is an important and di�cult stage of the ceramics manufacturing
process. Main characteristics of a targeted ceramic product, i.e. its composition, structure,
form, and sizes, are determined at the sintering stage [1]. So, estimation the optimal
sintering mode and the appropriate input parameters of the initial material is very
important for ceramic manufacturing optimization. Currently, mathematical simulation
turns out to be a promising and e�cient way of process optimization as it enables series
of numerical experiments for targeted conditions thus reducing the number of physical
experiments and also identi�cation of main factors preconditioning the process result.

A good few approaches to sintering modelling are currently available. Many of them
describe the process by applying a certain set of stages and the system state � using a
simpli�ed geometry of particles [2�5].

This paper proposes a sintering process model as applied to the alumina ceramics. Key
points in this model are the following. The entire process is presented to be continuous
and the system is described through the general-surface state that is characterized by the
distribution of elements having certain curvature and volume.

1. Description of the Model

A phenomenological model is proposed to describe the powder sintering process. This
model is based on a set of the following assumptions:

1. A porous body is characterized by a single surface with the area being equal to the
total surface area of all particles;
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2. The general surface of the porous body can be broken up into a great number of
spherical elements with certain radii and volumes corresponding there too (in the strict
sense, a pair of radii must correspond to each element in the case of a three-space surface
but the given approach uses only one radius);

3. Any state of the porous body can be presented as a certain distribution of the above
spherical elements depending on curvature radii:

dnr = ϕ(r) · dr, (1)

where nr is the number of fraction elements of radius r, φ(r) is the density function;
4. The driving force of the mass-transfer is directed from the smaller-radius elements

to the greater-radius elements as the greater capillary pressure pc (Pa) corresponds to the
less radius

pc =
σ

2r
, (2)

where σ is the surface tension (J/m2), r is the surface curvature radius (m);
5. Sintering kinetics depends on the vacancy �ux between each combination of element

fractions; the vacancy �ux from the i-th fraction of elements into the j-th fij is proportional
to the vacancy mobility k, the permeability of the porous body for the vacancy �ux p,
the driving force ∆Hij (di�erences in curvature values for elements of the i-th and j-th
fractions) and the product of volumetric concentrations of interacting elements Ci and Cj

fij = k · p ·∆Hij · Ci · Cj. (3)

The vacancy mobility k is determined from the Arrhenius equation:

k = A · exp
[
− E

RT

]
, (4)

where A is the pre-exponential factor (m11/s), E is the activation energy (J/mole), R is
the gas constant (8,314 J · mole −1 ·K−1), and T is the temperature (K).

The surface di�usion is considered to be the main transport mechanism and,
correspondingly, the permeability of the porous body p for the vacancy �ux is taken to be
proportional to the speci�c surface of the body

p =
Sg

Vp + Vc

. (5)

where Sg is the general surface of the porous body (m2), Vp is the total volume of pores
(m3), Vc is the volume of the crystalline material (m

3).
The spherical elements curvature H (m−1) is determined from the formula

H =
1

r
, (6)

where r is the sphere radius (m). The volumetric concentration of elements C is determined
from the formula

C =
n

Vp + Vc

, (7)

where n is the number of elements.
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Then, the rate of changes in the number of elements of the i-th fraction will be

∂ni

∂t
= −

∑
j

fij

Vi

, (8)

where t is the time (s), Vi is the volume of one element of the i-th fraction (m3).
Pursuant to the assumption on the external-to-internal surface equivalency, the

external surface is considered as the only element with the negative curvature (in the
strict sense, if the compact set has a complicated shape, the external surface must be also
described by a certain distribution of elements). Here, the curvature sign depends on a
frame of reference. In the model, the surface normal is assumed to be directed towards
the free volume of the pore. Since the normal direction towards the free volume around
the compact set is contrary to the direction towards the external-surface curvature center,
the curvature sign is negative. Then, changes in the volume of this element V0 (m

3) will
be expressed by the formula:

∂V0

∂t
= −

∑
j

f0j. (9)

The initial size distribution of pores elements and the temperature-time mode of
sintering are used as the input data in our model that makes it possible to obtain size
distribution of pores elements for each time instant in the sintering process. Integral
characteristics of the sample i.e. density, surface area with consideration for pores, and
linear shrinkage can be calculated from this distribution.

In our model, sintering is considered as redistribution of the surface-elements volume
between fractions of these elements and also as the change in the external surface of the
sample to be sintered similarly to the change in the internal surface. In other words,
vacancies are moving from small pores (large-curvature elements) to large pores (less-
curvature elements), and to the external surface (negative-curvature element). Within the
model, material properties are described by two constants, i.e. the pre-exponential factor
and the activation energy. As the form of equations does not depend on properties of
the selected material and also on the powder's initial conditions, then, using appropriate
constants, the model must describe sintering kinetics for di�erent materials consisting of
chemically stable and chemically non-interacting powders.

At present, it is not quite clear how values of used constants are related to the material
properties. Therefore, values of constants are taken so that they could ensure qualitative
and quantitative agreement between the calculated and experimental relationships.

2. Ceramics Sintering Experiments

A series of experiments was performed to determine how sintering of alumina ceramics
depends on the temperature-time mode. Experiments included preparation and sintering
of aluminum-oxide compact sets in di�erent temperature-time modes. The initial powder
was a mixture of 80% Al2O3 (Pechini)+20% ZrO2 (3% mol.Y2Î3).

The laser di�raction method and Malvern Mastersizer 2000 analyzer were used to
determine the volumetric distribution of particles in initial powders. Fig. 1 and 2 show
dispersiveness measurement results for powders Al2O3 è ZrO2(Y2Î3). Powder compact
sets with the mass of about 0,5 g manufactured with the use of an organic binder were
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Fig. 1. Volumetric distribution of particles in Al2O3 powder

Fig. 2. Volumetric distribution of particles in ZrO2(Y2Î3) powder

preliminarily sintered at about 1000 ◦Ñ in order they could acquire transport strength.
The binder evaporated in the process of presintering. Then, compact sets obtained in this
way were sintered in the air in the following temperature-time modes:

1) 25 to 150 ◦Ñ � heating at the rate of 5 ◦Ñ/min ensures the technological mode when
a furnace is warmed up and the high-temperature thermocouple operation begins;

2) 150 to 1150 ◦Ñ � heating at the rate of 10 ◦Ñ/min with the sintering curve recording
(linear shrinkage versus time); practically no changes in the samples sizes are observed
within this interval;

3) 1150 to 1700 ◦Ñ - heating of samples at the rate of 5, 10 è 15 ◦Ñ/min min with the
curve recording;

4) at 1700 ◦Ñ � exposure during 2 hours with the curve recording; main shrinkage of
the sample is observed within this interval;

5) cooling in the furnace down to the room temperature at the rate of about 30 ◦Ñ/min
without the curve recording.

In the course of sintering, the dilatometer measured the current temperature and the
linear shrinkage of samples. Fig. 3 shows "shrinkage versus time" relationships. On the
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same time scale, Fig. 4 shows "temperature versus time" relationships for the considered
modes.
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Fig. 3. Shrinkage curves for three temperature-time modes
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Fig. 4. Temperature-time modes

3. Model Calculations

In order to validate the model and obtain key parameters, we performed series of
computations and compared results thereof with the experiment.

Based on the particle-size distribution, it was assumed that radii of pore-forming
elements are varying from 0,1 to 100 µm and these elements have the logarithmic-normal
size distribution with the maximum at the 10 µm radius. The total number of elements
in the considered porous body is taken to be 104. All elements were subdivided into 50
fractions depending on their radii (it is generally thought that each pore can be described
as a totality of several elements wherein the number of elements can be less than one). So,
the initial distribution took on the form shown in Fig. 5.

Since it is not quite clear how parameters A and E relate to the material properties,
several computations were performed with di�erent values of these parameters. The value
of activation energy was determined to be responsible for the tangent tilt to the sintering
curve in the coordinates "relative linear dimensions of the sample � temperature". The time
of high-intensity shrinkage onset depends on the value of the pre-exponential factor. With
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Fig. 5. Initial size distribution of surface elements

consideration for the role of these parameters and on the ground of agreement between the
computational and experimental results, we used the activation energy E = 440 kJ/mole,
and the pre-exponential factor A = 4, 4 · 10−31(m11/s).

In order to understand how the pore volume relates to the total volume of the sample,
it is necessary to know the volume ratio of a crystalline material in a porous body. Using
the 3,97 g/cm3 crystalline density of the initial powder (this corresponds to α − Al2O3)
[6] and the density of compact sets measured to be 2,18 g/cm3, the volume fraction of the
crystalline material was calculated from the formula:

ωc =
ρ

ρc
, (10)

where ωc is the volume fraction of the crystalline material, ρ is the measured density of
the compact set (g/cm3), ρc is the crystalline density of the material (g/cm

3). The volume
fraction of the material was about 54% for all samples.

Using the accepted values of the pre-exponential factor and the activation energy, as
well as the initial volume fraction of the crystalline material and the initial distribution of
surface elements, the sintering process was calculated for three temperature-time modes
realized in the experiment.

Figures 6�8 show experimental (dashed line) and model calculation results (solid lines),
as well as the linear thermal expansion calculated for a solid crystal (points). Figures
demonstrate that the proposed model enables good qualitative agreement between the
calculated shrinkage and the one experimentally observed for the considered temperature-
time sintering modes. The maximum di�erence between the calculated and experimental
shrinkage ratings is observed in the experiment with the 5 ◦Ñ/min heating rate and is
equal to 2%.

Conclusion

The paper presents the simpli�ed mathematical model of the sintering process
for powders consisting of chemically stable and chemically non-interacting particles
(Equations (1), (3) � (9)). The model enables description of the porous material state and
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Fig. 6. Calculated and experimental "shrinkage rating versus time" at the 5 ◦Ñ/min heating
rate. Dots show the calculated linear thermal expansion for the solid crystal
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Fig. 7. Calculated and experimental "shrinkage rating versus time" at the 10 ◦Ñ/min
heating rate. Dots show the calculated linear thermal expansion for the solid crystal
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Fig. 8. Calculated and experimental "shrinkage rating versus time" at the 15 ◦Ñ/min
heating rate. Dots show the calculated linear thermal expansion for the solid crystal

time evolution of this material depending on the temperature-time mode of the sintering
process.

Alumina ceramics sintering experiments were performed to obtain "shrinkage versus
time" relationships for several temperature-time modes.
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The experimentally recorded data were used to determine parameters of the model for
alumina ceramics. The model is shown to be applicable to alumina ceramics in the range
of temperature-time modes realized in the experiment.

For useful comments, authors express their gratitude to V.F. Kuropatenko, Doctor of

Science, Professor, Member of St. Petersburg Academy of Sciences.
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ÌÎÄÅËÜ ÑÏÅÊÀÍÈß ÏÎÐÈÑÒÛÕ ÌÀÒÅÐÈÀËÎÂ

Î.Â. Øóëüö, Â.À. Ñèìîíåíêî, Ñ.Ï. Äðîâîñåêîâ, Ï.Â. Êàïóñòèíà,

È.À. Áåëîáðîâà

Ðîññèéñêèé ôåäåðàëüíûé ÿäåðíûé öåíòð � ÂÍÈÈ òåõíè÷åñêîé ôèçèêè èìåíè àêàäå-
ìèêà Å.È. Çàáàáàõèíà, ã. Ñíåæèíñê

Ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü ñïåêàíèÿ ïîðèñòûõ õèìè÷åñêè ñòàáèëüíûõ
ìàòåðèàëîâ. Èñõîäíûìè äàííûìè äëÿ ìîäåëè ñëóæàò íà÷àëüíîå ðàñïðåäåëåíèå ýëå-
ìåíòîâ ïîð ïî ðàçìåðàì è òåìïåðàòóðíî-âðåìåííîé ðåæèì ñïåêàíèÿ. Ñïåêàíèå ìîäå-
ëèðóåòñÿ ñèñòåìîé êèíåòè÷åñêèõ óðàâíåíèé, îïèñûâàþùèõ óñàäêó ìàòåðèàëà â çàâè-
ñèìîñòè îò åãî èñõîäíîãî ñîñòîÿíèÿ è òåìïåðàòóðíî-âðåìåííîãî ðåæèìà ïðîöåññà. Áû-
ëè âûïîëíåíû ýêñïåðèìåíòû ïî ñïåêàíèþ àëþìîîêñèäíîãî ïîðîøêà ïðè íåñêîëüêèõ
òåìïåðàòóðíî-âðåìåííûõ ðåæèìàõ, â êîòîðûõ îòñëåæèâàëàñü âî âðåìåíè ëèíåéíàÿ
óñàäêà. Ïðåäâàðèòåëüíî ýêñïåðèìåíòàëüíî áûëî îïðåäåëåíî íà÷àëüíîå ðàñïðåäåëåíèå
÷àñòèö èñõîäíûõ ïîðîøêîâ ïî ðàçìåðàì. Íà îñíîâå äàííûõ î ëèíåéíîé óñàäêå êîì-
ïàêòîâ ïîðîøêà ïðè ñêîðîñòè íàãðåâà 10 ◦C/ìèí áûëè ïîëó÷åíû çíà÷åíèÿ îñíîâíûõ
ïàðàìåòðîâ, èñïîëüçóåìûõ â ìîäåëè. Äëÿ ñêîðîñòåé íàãðåâà 5 è 15 ◦C/ìèí áûëè ðàñ-
ñ÷èòàíû çàâèñèìîñòè ëèíåéíîé óñàäêè îò âðåìåíè. Ñðàâíåíèå ðàññ÷èòàííûõ çàâèñè-
ìîñòåé ñ ýêñïåðèìåíòàëüíûìè äàííûìè äëÿ ñêîðîñòåé íàãðåâà 5 è 15 ◦Ñ/ìèí ïîêàçàëî
õîðîøåå êà÷åñòâåííîå è êîëè÷åñòâåííîå ñîãëàñèå.

Êëþ÷åâûå ñëîâà: ñïåêàíèå; êåðàìèêà; ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå.

140 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2017, vol. 10, no. 3, pp. 133�141



ÏÐÎÃÐÀÌÌÈÐÎÂÀÍÈÅ

Ëèòåðàòóðà

1. Randall, M.G. Sintering Theory and Practice / M.G. Randall. � N.Y.: Wiley, 1996.

2. Rahaman, M.N. Sintering of Ceramics / M.N. Rahaman. � Raton: CRC Press, Taylor and
Fracis Group, 2007.

3. Ãåãóçèí, ß.Å. Ôèçèêà ñïåêàíèÿ / ß.Å. Ãåãóçèí. � Ì.: Íàóêà, 1984.

4. Ñêîðîõîä, Â.Â. Ðåîëîãè÷åñêèå îñíîâû òåîðèè ñïåêàíèÿ / Â.Â. Ñêîðîõîä. � Êèåâ: Íàóêîâà
Äóìêà, 1972.

5. Bo Fan. Numerical Modelling of Sintering of Alumina Pore Shrinkage and Grain Growth.
Master of Science Thesis / Bo Fan. � Delft University of Technology, 2013.

6. Ñàìñîíîâ, Ã.Â. Ôèçèêî-õèìè÷åñêèå ñâîéñòâà îêèñëîâ: ñïðàâî÷íèê / Ã.Â. Ñàìñîíîâ,
À.Ë. Áîðèñîâà, Ò.Ã. Æèäêîâà è äð. � Ì.: Ìåòàëëóðãèÿ, 1978.

Îëåã Âèêòîðîâè÷ Øóëüö, Ðîññèéñêèé ôåäåðàëüíûé ÿäåðíûé öåíòð � ÂÍÈÈ òåõ-
íè÷åñêîé ôèçèêè èì. àêàäåìèêà Å.È. Çàáàáàõèíà (ã. Ñíåæèíñê, ×åëÿáèíñêàÿ îáë.,
Ðîññèéñêàÿ Ôåäåðàöèÿ), o.v.shults@vniitf.ru.

Âàäèì Àëåêñàíäðîâè÷ Ñèìîíåíêî, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåñ-
ñîð, Ðîññèéñêèé ôåäåðàëüíûé ÿäåðíûé öåíòð � ÂÍÈÈ òåõíè÷åñêîé ôèçèêè èì. àêà-
äåìèêà Å.È. Çàáàáàõèíà (ã. Ñíåæèíñê, ×åëÿáèíñêàÿ îáë., Ðîññèéñêàÿ Ôåäåðàöèÿ),
v.a.simonenko@vniitf.ru.

Ñåðãåé Ïåòðîâè÷ Äðîâîñåêîâ, Ðîññèéñêèé ôåäåðàëüíûé ÿäåðíûé öåíòð � ÂÍÈÈ
òåõíè÷åñêîé ôèçèêè èì. àêàäåìèêà Å.È. Çàáàáàõèíà (ã. Ñíåæèíñê, ×åëÿáèíñêàÿ îáë.,
Ðîññèéñêàÿ Ôåäåðàöèÿ), s.p.drovosekov@vniitf.ru.

Ïîëèíà Âàäèìîâíà Êàïóñòèíà, Ðîññèéñêèé ôåäåðàëüíûé ÿäåðíûé öåíòð � ÂÍÈÈ
òåõíè÷åñêîé ôèçèêè èì. àêàäåìèêà Å.È. Çàáàáàõèíà (ã. Ñíåæèíñê, ×åëÿáèíñêàÿ îáë.,
Ðîññèéñêàÿ Ôåäåðàöèÿ), p.v.kapustina@vniitf.ru.

Èðèíà Àíäðååâíà Áåëîáðîâà, Ðîññèéñêèé ôåäåðàëüíûé ÿäåðíûé öåíòð � ÂÍÈÈ
òåõíè÷åñêîé ôèçèêè èì. àêàäåìèêà Å.È. Çàáàáàõèíà (ã. Ñíåæèíñê, ×åëÿáèíñêàÿ îáë.,
Ðîññèéñêàÿ Ôåäåðàöèÿ), i.a.belobrova@vniitf.ru.

Ïîñòóïèëà â ðåäàêöèþ 12 ÿíâàðÿ 2017 ã.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 3. Ñ. 133�141

141




