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ÊÎÝÔÔÈÖÈÅÍÒÎÌ, ÇÀÂÈÑßÙÈÌ ÎÒ ÂÐÅÌÅÍÈ

Ð.Ð. Ñàôèóëëîâà

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ðàçðåøèìîñòè îáðàòíîé çàäà÷è ñ íåèçâåñòíûì

êîýôôèöèåíòîì, çàâèñÿùèì îò âðåìåíè äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé âòîðîãî ïî-

ðÿäêà, åäèíñòâåííîñòè åå ðåøåíèÿ. Ñóòü çàäà÷è ñîñòîèò â òîì, ÷òî òðåáóåòñÿ âìåñòå

ñ ðåøåíèåì îïðåäåëèòü íåèçâåñòíûé êîýôôèöèåíò. Çàäà÷à ðàññìàòðèâàåòñÿ â ïðÿìî-

óãîëüíîé îáëàñòè, çàäàþòñÿ óñëîâèÿ îáû÷íîé íà÷àëüíî-êðàåâîé çàäà÷è è íåêîòîðîå

óñëîâèå ïåðåîïðåäåëåíèÿ, íåîáõîäèìîå äëÿ íàõîæäåíèÿ íåèçâåñòíîãî êîýôôèöèåíòà.

Ïðè ðåøåíèè èñõîäíîé çàäà÷è îñóùåñòâëÿåòñÿ ïåðåõîä îò îáðàòíîé çàäà÷è ê íåêîòî-

ðîé ïðÿìîé âñïîìîãàòåëüíîé çàäà÷å ñ íóëåâûìè ãðàíè÷íûìè óñëîâèÿìè. Äîêàçûâàåò-

ñÿ ðàçðåøèìîñòü âñïîìîãàòåëüíîé çàäà÷è â îïèñàííîì âûøå êëàññå ôóíêöèé. Çàòåì

âíîâü ïðîèçâîäèòñÿ ïåðåõîä ê èñõîäíîé çàäà÷å, â ðåçóëüòàòå äåëàåòñÿ âûâîä î ðàç-

ðåøèìîñòè îáðàòíîé çàäà÷è. Ïðè äîêàçàòåëüñòâå èñïîëüçóþòñÿ ìåòîä ïðîäîëæåíèÿ

ïî ïàðàìåòðó, ìåòîä íåïîäâèæíîé òî÷êè, ìåòîäû ñðåçêè è ðåãóëÿðèçàöèè. Â ðàáîòå

äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè ðåøåíèÿ â ðàññìàòðèâàåìûõ

êëàññàõ.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à; ãèïåðáîëè÷åñêîå óðàâíåíèå; íàãðóæåííûå óðàâ-

íåíèÿ; ìåòîä ïðîäîëæåíèÿ ïî ïàðàìåòðó; ìåòîä íåïîäâèæíîé òî÷êè; ìåòîä ðåãó-

ëÿðèçàöèè.

1. Ïîñòàíîâêà çàäà÷è

Ïóñòü D åñòü èíòåðâàë (0, 1), Q åñòü ïðÿìîóãîëüíèê D × (0, T ) êîíå÷íîé âûñîòû T , x
åñòü òî÷êà îáëàñòè D, t åñòü òî÷êà èíòåðâàëà (0, T ). Äàëåå, ïóñòü f(x, t), φ0(t), ψ0(t), u0(x),
u1(x), µ(t) åñòü çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ D, t ∈ [0, T ].

Îáðàòíàÿ çàäà÷à: íàéòè ôóíêöèè u(x, t), q(t), ñâÿçàííûå â Q óðàâíåíèåì

utt − uxx + q(t)ut = f(x, t), (1)

ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) óñëîâèé

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ D, (2)

ux(0, t) = φ0(t), ux(1, t) = ψ0(t), t ∈ (0, T ), (3)

u(0, t) = µ(t), t ∈ (0, T ). (4)

Çàäà÷àìè â áëèçêîé ïîñòàíîâêå çàíèìàëèñü Âàëèòîâ È.Ð. [1, 2] è Ïàâëîâ Ñ.Ñ. [3].
Â ðàáîòå [3] ðàññìàòðèâàëèñü ìíîãîìåðíûå îáðàòíûå çàäà÷è ñ íåèçâåñòíûì êîýôôèöè-

åíòîì q(t), îäíàêî óñëîâèÿ ïåðåîïðåäåëåíèÿ áûëè äðóãèå, à èìåííî çàäàâàëîñü èíòåãðàëüíîå
óñëîâèå ïåðåîïðåäåëåíèÿ ∫

Ω

K(x)u(x, t)dx = µ(t).

Â ðàáîòàõ [1, 2] ðàññìàòðèâàëèñü áëèçêèå ê ðàññìàòðèâàåìîé çàäà÷è, íî ñ òîæäåñòâåííî
íóëåâûìè ôóíêöèÿìè φ0(t) è ψ0(t).
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2. Ðàçðåøèìîñòü îáðàòíîé çàäà÷è

Ïðè äîêàçàòåëüñòâå òåîðåìû áóäåì ïîëüçîâàòüñÿ íåðàâåíñòâîì

v2(x) ≤ 2d20

1∫
0

v2xdx+

(
1 +

2

d20

) 1∫
0

v2dx,

ñïðàâåäëèâûì äëÿ ëþáîãî x ∈ D, çäåñü d0 � ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî.
Ïîëîæèì

A(t) =
f(0, t)− µ′′(t)

µ′(t)
, B(t) =

1

µ′(t)
, B0 = max

[0,T ]
|B(t)|,

α1(t) =
φ′
0(t)

µ′(t)
, β1(t) =

ψ′
0(t)

µ′(t)
,

a(x, t) =
x2

2
[β1(t)− α1(t)] + xα1(t),

b(x, t) = −a(x, t)axx(0, t)− att(x, t) + axx(x, t),

w0(x) = u′′0(x)−
{
x2

2
[β1(0)− α1(0)] + xα1(0)

}
u′′0(0),

w1(x) = u′′1(x)− u′′1(0)

{
x2

2
[β1(0)− α1(0)] + xα1(0)

}
−

−u′′0(0)
{
x2

2
[β1t(0)− α1t(0)] + xα1t(0)

}
,

g̃(x, t) = fxx(x, t)− a(x, t)fxx(0, t),

m1 = max
Q

[bx(x, t)− axt(x, t)A(t)]
2, m = max

Q
[bt(x, t)− at(x, t)A(t)]

2,

n0 = 16max
Q

a2x +
1

2
m1 + 2max

Q
a2xt, n1 =

1

2
+ n0,

n2 =
1

2
+

1

4
n0 +

1

2
max
[0,T ]

A(t), n3 = n1 +
1

2
max
[0,T ]

A(t),

n4 =
1

32
+ 2max

Q
a2x, n5 = 1 + 2m1, n6 = 1 + 4max

Q
a2xt,

ñ1 = 1 + 8max
Q

a2(x, t) +
1

2
m+max

Q
a2t (x, t),

s1 = max
Q

|at(x, t)|B0, s2 = max
Q

|axt|B0,

k1 =

(
2d20 + 1 +

2

d20

)
[s1 +

3

2
s2] +

1

2

(
√
2d0 +

√
1 +

2

d20

)
B0,

k2 = 8s2

{
4d40 +

(
1 +

2

d20

)2
}
,

r1 =
1

2
−
(
n4 +

1

32

)
, r2 =

1

2
+

(
n5 +

1

2

)(
1 +

2

d20

)
, r3 =

(
n3 +

1

2

)
+ 2d20(n6 + 1),
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r4 = ñ1 + (n6 + 1)

(
1 +

2

d20

)
, r =

1

32
(11− 2s2)) ,

k0 = max

{
r2, r3, r4,

(
n2 +

5

2

)
, 2d20

(
n5 +

1

2

)}
,

R1 =
1

2

1∫
0

[w2
1(x) + w′2

0 (x) + w2
0(x)]dx+

3

4

1∫
0

[w′2
1 (x) + w′′2

0 (x)]dx+

+
1

2

1∫
0

[w′′2
1 (x) + w′′′2

0 (x)]dx+
1

2

t∫
0

1∫
0

g̃2dxdτ +
21

8

t∫
0

1∫
0

g̃2xdxdτ,

ci = 4ki−1, i = 1, 2, 3, c0 = 4R1,

A1 = c3 +
c1
2

+
3c2
4
, A0 = c0 +

T

4
[c2 + 2] , T ∗ =

1

A0A1
.

Òåîðåìà 1. Ïóñòü äëÿ ôóíêöèé f(x, t), φ0(t), ψ0(t), µ(t), u0(x) è u1(x) âûïîëíÿþòñÿ

âêëþ÷åíèÿ f(x, t) ∈ W 3
2 (Q), φ0(t) ∈ W 4

2 ([0, T ]), ψ0(t) ∈ W 4
2 ([0, T ]), u0(x) ∈ W 5

2 (D), u1(x) ∈
W 4

2 (D), µ(t) ∈W 3
2 ([0, T ]). Êðîìå òîãî, ïóñòü âûïîëíÿþòñÿ óñëîâèÿ

µ(0) = u0(0), φ
′
0(0) = u

′
1(0), u

′
0(1) = ψ0(0), µ′(t) ̸= 0, 0 < t < T,

φ′′
0(t) +A(t)φ′

0(t)− fx(0, t) ≡ 0, ψ′′
0(t) +A(t)ψ′

0(t)− fx(1, t) ≡ 0,

r1 > 0, r > 0, T < T ∗, A(t) ≥ α0 > 0, 0 ≤ t ≤ T,

A0

1−A1TA0
≤ α0

B0

[√
2d0 +

√
1 + 2

d20

] . (6)

Òîãäà îáðàòíàÿ çàäà÷à (1) � (4) èìååò ðåøåíèÿ {u(x, t), q(t)} òàêèå, ÷òî u(x, t) ∈ V , q(t) ∈
L∞([0, T ]).

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó: íàéòè ôóíêöèþ w(x, t), ÿâëÿ-
þùóþñÿ â ïðÿìîóãîëüíèêå Q ðåøåíèåì óðàâíåíèÿ

wtt − wxx + [A(t) +B(t)w(0, t)]wt = g̃(x, t)− a(x, t)wxx(0, t)+ (7)

+b(x, t)w(0, t)− 2at(x, t)wt(0, t)− at(x, t)[A(t) +B(t)w(0, t)]w(0, t),

è óäîâëåòâîðÿþùóþ óñëîâèÿì:

wx(0, t) = wx(1, t) = 0, (8)

w(x, 0) = w0(x), wt(x, 0) = w1(x). (9)

Îïðåäåëèì íåîáõîäèìîå íèæå ïðîñòðàíñòâî V :

V = {v(x, t) : v(x, t) ∈W 2
2 (Q), vxx(x, t) ∈W 1

2 (Q), vxxxt(x, t) ∈ L2(Q)}.

Íîðìó â ýòîì ïðîñòðàíñòâå îïðåäåëèì åñòåñòâåííûì îáðàçîì

||v||V = ||v||W 2
2 (Q) + ||vxx||W 1

2 (Q) + ||vxxxt||L2(Q).

Ïîëîæèì
Φ = −a(x, t)wxx(0, t)− at(x, t)[A(t) +B(t)w(0, t)]w(0, t)−
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−[A(t) +B(t)w(0, t)]wt(x, t) + b(x, t)w(0, t)− 2at(x, t)wt(0, t).

Ïóñòü ε åñòü ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî. Ðàññìîòðèì çàäà÷ó: íàéòè ôóíêöèþ
w(x, t), ÿâëÿþùóþñÿ â ïðÿìîóãîëüíèêå Q ðåøåíèåì óðàâíåíèÿ

wtt − wxx − εwxxt = g̃(x, t) + Φ (10ε)

è óäîâëåòâîðÿþùóþ óñëîâèÿì (8) è (9).
Îïðåäåëèì ñðåçûâàþùóþ ôóíêöèþ G(ξ) ñëåäóþùèì îáðàçîì:

G(ξ) =


ξ, |ξ| ≤M0,
M0, ξ > M0,
−M0, ξ < −M0,

ãäå M0 =
α0
B0
.

Ïóñòü W (x, t) åñòü çàäàííàÿ ôóíêöèÿ èç ïðîñòðàíñòâà V .
Ïîëîæèì

Φ1(x, t, w,W (0, t)) = −a(x, t)wxx(0, t)− at(x, t)[A(t) +B(t)G(W (0, t))]w(0, t)−

−[A(t) +B(t)G(W (0, t))]wt(x, t) + b(x, t)w(0, t)− 2at(x, t)wt(0, t).

Ðàññìîòðèì çàäà÷ó: íàéòè ôóíêöèþ w(x, t), ÿâëÿþùóþñÿ â ïðÿìîóãîëüíèêå Q ðåøåíè-
åì óðàâíåíèÿ

wtt − wxx − εwxxt = g̃(x, t) + Φ1 (10
′
ε)

è óäîâëåòâîðÿþùóþ óñëîâèÿì (8) è (9).
Äàëåå ïðè ε ôèêñèðîâàííîì âîñïîëüçóåìñÿ ìåòîäîì ïðîäîëæåíèÿ ïî ïàðàìåòðó. Ïóñòü

λ åñòü ÷èñëî èç îòðåçêà [0,1]. Ðàññìîòðèì çàäà÷ó: íàéòè ôóíêöèþ w(x, t), ÿâëÿþùóþñÿ â
ïðÿìîóãîëüíèêå Q ðåøåíèåì óðàâíåíèÿ

wtt − wxx − εwxxt = g̃(x, t) + λΦ1 (10
′
ε,λ)

è óäîâëåòâîðÿþùóþ óñëîâèÿì (8) è (9).
Îáîçíà÷èì ÷åðåç Λ ìíîæåñòâî òåõ ÷èñåë λ èç îòðåçêà [0, 1], äëÿ êîòîðûõ êðàåâàÿ çàäà÷à

(10
′
ελ), (8), (9) ðàçðåøèìà â ïðîñòðàíñòâå V ïðè ïðîèçâîëüíîé ôóíêöèè g̃(x, t) èç ïðîñòðàí-

ñòâà L2(Q).
Êàê èçâåñòíî, åñëè ìíîæåñòâî Λ íå ïóñòî, îòêðûòî è çàìêíóòî îäíîâðåìåííî, òî îíî

ñîâïàäàåò ñî âñåì îòðåçêîì [0, 1]. À ýòî è áóäåò îçíà÷àòü, ÷òî êðàåâàÿ çàäà÷à (10
′
ελ), (8), (9)

èìååò ðåøåíèå èç ïðîñòðàíñòâà V .
Ìíîæåñòâî Λ íå ïóñòî, ïîñêîëüêó ÷èñëî λ = 0 ïðèíàäëåæèò åìó [4]. Äîêàçàòåëüñòâî îò-

êðûòîñòè è çàìêíóòîñòè Λ óñòàíàâëèâàåòñÿ ïðè ïîìîùè àïðèîðíûõ îöåíîê ðåøåíèé çàäà÷è
(10

′
ελ), (8), (9) èç ïðîñòðàíñòâà V .
Ïóñòü Qt åñòü ïðÿìîóãîëüíèê {(x, τ) : x ∈ D, 0 < τ < t, t ≤ T}.
Äèôôåðåíöèðóÿ óðàâíåíèå (10

′
ελ) ïî ïåðåìåííîé x, ïîëó÷àåì:

wxtt − wxxx − εwxxxt = g̃x(x, t) + λΦ1x(x, t).

Óìíîæàÿ ýòî óðàâíåíèå íà ôóíêöèþ wxt−(x− 1
2)wxx−εwxxxt, óðàâíåíèå (10

′
ελ) íà ôóíêöèþ

wt(x, t), èíòåãðèðóÿ ïî Qt = {(x, τ) : x ∈ (0, 1), 0 < τ < t}, ïîëüçóÿñü ëåììîé Ãðîíóîëëà,
ïðèõîäèì ê àïðèîðíîé îöåíêå

1∫
0

[w2
t (x, t) + w2

x(x, t) + w2(x, t) + w2
xt(x, t) + w2

xx(x, t)]dx+
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+ε

t∫
0

1∫
0

w2
xτdxdτ + ε

1∫
0

w2
xxt(x, t)dx+

t∫
0

[w2
xx(1, τ) + w2

xx(0, τ)]dτ+

+ε

1∫
0

w2
xxx(x, t)dx+ ε

t∫
0

1∫
0

w2
xxτdxdτ + ε2

t∫
0

1∫
0

w2
xxxτdxdτ ≤ N, (11)

ãäå N � ïîñòîÿííàÿ, îïðåäåëÿåìàÿ ëèøü âõîäíûìè äàííûìè çàäà÷è è ÷èñëîì ε.
Èç äàííîé îöåíêè è ñëåäóåò îòêðûòîñòü è çàìêíóòîñòü ìíîæåñòâà Λ. Êàê óæå ãîâîðè-

ëîñü âûøå, íåïóñòîòà, îòêðûòîñòü è çàìêíóòîñòü ìíîæåñòâà Λ îçíà÷àþò [7] åãî ñîâïàäåíèå
ñ îòðåçêîì [0, 1]. Ñëåäîâàòåëüíî, êðàåâàÿ çàäà÷à (10

′
ε), (8), (9) ðàçðåøèìà â ïðîñòðàíñòâå V .

Äàëåå, îöåíêà (11) ïîçâîëÿåò ïðèìåíèòü ìåòîä íåïîäâèæíîé òî÷êè � èìåííî, âîñïîëü-
çîâàòüñÿ òåîðåìîé Øàóäåðà. Êðàåâàÿ çàäà÷à (10

′
ε), (8), (9) ïîðîæäàåò îïåðàòîð M , ïåðåâî-

äÿùèé ïðîñòðàíñòâî V â ñåáÿ: M(W ) = w.
Èç îöåíêè (11) ñ ïîìîùüþ ñòàíäàðòíûõ ðàññóæäåíèé (ñì., íàïðèìåð [5, 6]) çàêëþ÷àåì,

÷òî îïåðàòîðM áóäåò ïåðåâîäèòü íåêîòîðîå îãðàíè÷åííîå ìíîæåñòâî ïðîñòðàíñòâà V â ñåáÿ
è áóäåò âïîëíå íåïðåðûâíûì íà íåì.

Ñîãëàñíî òåîðåìåØàóäåðà, îïåðàòîðM áóäåò èìåòü íåïîäâèæíóþ òî÷êó â ïðîñòðàíñòâå
V : M(w) = w. Ýòà íåïîäâèæíàÿ òî÷êà w(x, t) ïðåäñòàâëÿåò ñîáîé ðåøåíèå óðàâíåíèÿ

wtt − wxx − εwxxt = g̃(x, t) + Φ1(x, t, w,w(0, t)), (12)

óäîâëåòâîðÿþùåå óñëîâèÿì (8) è (9).
Ïåðåéäåì òåïåðü ê îñóùåñòâëåíèþ ïðîöåäóðû ïðåäåëüíîãî ïåðåõîäà ïðè ε → 0 è â

äàëüíåéøåì ê ïîñòðîåíèþ ðåøåíèÿ çàäà÷è (100).
Ðàññìîòðèì ïðîäèôôåðåíöèðîâàííîå ïî x óðàâíåíèå (12), çàïèñàííîå â ïåðåìåííûõ x, τ .

Âíîâü óìíîæèì åãî íà ôóíêöèþ wxτ − (x − 1
2)wxx − εwxxxτ è ïðîèíòåãðèðóåì ïî îáëàñòè

Qt. Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ïðèìåíåíèÿ íåðàâåíñòâà Þíãà, ñ ó÷åòîì ââåäåííûõ
îáîçíà÷åíèé è ñ èñïîëüçîâàíèåì íåðàâåíñòâà A(t)+B(t)G(ζ) ≥ 0, ïðèõîäèì ê ñîîòíîøåíèþ:

1

4

1∫
0

[w2
xt(x, t) + w2

xx(x, t)]dx+
1

4

t∫
0

[w2
xx(1, τ) + w2

xx(0, τ)]dτ+

+
ε

2

1∫
0

w2
xxt(x, t)dx+

ε

2

1∫
0

w2
xxx(x, t)dx+ ε

t∫
0

1∫
0

w2
xxτdxdτ + ε2

t∫
0

1∫
0

w2
xxxτdxdτ ≤

≤
(
n3 +

1

2

) t∫
0

1∫
0

w2
xτdxdτ +

(
n2 +

5

2

) t∫
0

1∫
0

w2
xxdxdτ+ (13)

+
21

32
ε2

t∫
0

1∫
0

w2
xxxτdxdτ + n4

t∫
0

w2
xx(0, τ)dτ + n5

t∫
0

w2(0, τ)dτ+

+n6

t∫
0

w2
τ (0, τ)dτ +

t∫
0

1∫
0

B(τ)G(w(0, τ))wxτ

{
(x− 1

2
)wxx

}
dxdτ−

−
t∫

0

1∫
0

axτ (x, τ)B(τ)G(w(0, τ))w(0, τ)

{
wxτ − (x− 1

2
)wxx − εwxxxτ

}
dxdτ +K1,
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ãäå K1 � ïîñòîÿííàÿ, îïðåäåëÿåìàÿ ëèøü âõîäíûìè äàííûìè çàäà÷è.
Óìíîæèì ðàâåíñòâî (12) íà ôóíêöèþ wt(x, t) è ïðîèíòåãðèðóåì ïî öèëèíäðó Qt. Èíòå-

ãðèðóÿ ïî ÷àñòÿì, ïðèìåíÿÿ íåðàâåíñòâî Þíãà, ïðèõîäèì ê ñîîòíîøåíèþ:

1

2

1∫
0

[w2
t (x, t) + w2

x(x, t) + w2(x, t)]dx+ ε

t∫
0

1∫
0

w2
xτdxdτ ≤ ñ1

t∫
0

1∫
0

w2
τdxdτ+

+
1

2

t∫
0

1∫
0

w2dxdτ +
1

32

t∫
0

w2
xx(0, τ)dτ +

1

2

t∫
0

w2(0, τ)dτ +

t∫
0

w2
τ (0, τ)dτ−

−
t∫

0

1∫
0

aτ (x, τ)B(τ)G(w(0, τ))w(0, τ)wτdxdτ +K2, (14)

ãäå K2 � ïîñòîÿííàÿ, îïðåäåëÿåìàÿ ëèøü âõîäíûìè äàííûìè çàäà÷è.
Ñëîæèì íåðàâåíñòâà (13) è (14). Ïîëó÷èì:

1

2

1∫
0

[w2
t (x, t) + w2

x(x, t) + w2(x, t)]dx+
1

4

1∫
0

[w2
xt(x, t) + w2

xx(x, t)]dx+

+
1

4

t∫
0

[w2
xx(1, τ) + w2

xx(0, τ)]dτ + ε

t∫
0

1∫
0

w2
xτdxdτ+

+
ε

2

1∫
0

[w2
xxt(x, t) + w2

xxx(x, t)]dx+ ε

t∫
0

1∫
0

w2
xxτdxdτ + ε2

t∫
0

1∫
0

w2
xxxτdxdτ ≤

≤ ñ1

t∫
0

1∫
0

w2
τdxdτ +

1

2

t∫
0

1∫
0

w2dxdτ +

(
n4 +

1

32

) t∫
0

w2
xx(0, τ)dτ+

+

(
n3 +

1

2

) t∫
0

1∫
0

w2
xτdxdτ +

(
n2 +

5

2

) t∫
0

1∫
0

w2
xxdxdτ +

21ε2

32

t∫
0

1∫
0

w2
xxxτdxdτ−

−
t∫

0

1∫
0

aτ (x, τ)B(τ)G(w(0, τ))w(0, τ)wτ (x, τ)dxdτ+ (15)

+

t∫
0

1∫
0

B(τ)G(w(0, τ))wxτ (x− 1

2
)wxxdxdτ−

−
t∫

0

1∫
0

axτ (x, τ)B(τ)G(w(0, τ))w(0, τ)

(
wxτ − (x− 1

2
)wxx − εwxxxτ

)
dxdτ+

+

(
n5 +

1

2

) t∫
0

w2(0, τ)dτ + (n6 + 1)

t∫
0

w2
τ (0, τ)dτ +R1.
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Ðàññìîòðèì ïî îòäåëüíîñòè ïîñëåäíèå ïÿòü èíòåãðàëüíûõ ñëàãàåìûõ íåðàâåíñòâà (15).
Îáîçíà÷èì

J1 = −
t∫

0

1∫
0

aτ (x, τ)B(τ)G(w(0, τ))w(0, τ)wτ (x, τ)dxdτ.

Ïîñêîëüêó |G(ξ)| ≤ |ξ|, òî

|J1| ≤ max
Q

|at(x, t)|B0

t∫
0

w2(0, τ)

1∫
0

|wτ |dxdτ.

Âîñïîëüçóåìñÿ íåðàâåíñòâîì, ïðèâåäåííûì ïåðåä ôîðìóëèðîâêîé òåîðåìû. Èìååì

w2(0, τ) ≤ 2d20

1∫
0

w2
x(x, τ)dx+

(
1 +

2

d20

) 1∫
0

w2(x, τ)dx. (16)

Îòñþäà

|J1| ≤ s1

t∫
0

2d20 1∫
0

w2
x(x, τ)dx+

(
1 +

2

d20

) 1∫
0

w2(x, τ)dx

 · (|wτ |dx) dτ.

Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà, ïîëó÷èì

|J1| ≤ s1

t∫
0

2d20 1∫
0

w2
x(x, τ)dx+

(
1 +

2

d20

) 1∫
0

w2(x, τ)dx

 ·

 1∫
0

w2
τdx


1
2

dτ.

Îáîçíà÷èì

y(t) =

1∫
0

[w2(x, t) + w2
t (x, t) + w2

x(x, t) + w2
xx(x, t) + w2

xt(x, t)]dx.

Òîãäà

|J1| ≤ s1

(
2d20 + 1 +

2

d20

) t∫
0

y(τ)y
1
2 (τ)dτ = s1

(
2d20 + 1 +

2

d20

) t∫
0

y
3
2 (τ)dτ.

Àíàëîãè÷íûì îáðàçîì ìîæíî îöåíèòü ñëàãàåìûå J2 è J3:

J2 = −
t∫

0

1∫
0

axτ (x, τ)B(τ)G(w(0, τ))w(0, τ)

(
wxτ − (x− 1

2
)wxx − εwxxxτ

)
dxdτ.

|J2| ≤
3

2
s2(2d

2
0 + 1 +

2

d20
)

t∫
0

y
3
2 (τ)dτ+

+16s2

[
4d40 +

(
1 +

2

d20

)2
] t∫

0

y2(τ)dτ +
s2
32
ε2

t∫
0

1∫
0

w2
xxxτdxdτ.
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|J3| =

∣∣∣∣∣∣
t∫

0

1∫
0

B(τ)G(w(0, τ))wxτ (x− 1

2
)wxxdxdτ

∣∣∣∣∣∣ ≤ 1

2
B0

[
√
2d0 +

√
1 +

2

d20

] t∫
0

y
3
2dτ.

Ïîñëåäíèå äâà ñëàãàåìûõ íåðàâåíñòâà (15) îöåíèâàþòñÿ ñëåäóþùèì îáðàçîì

t∫
0

w2(0, τ)dτ ≤ 2d20

t∫
0

1∫
0

w2
xdxdτ +

(
1 +

2

d20

) t∫
0

1∫
0

w2dxdτ,

t∫
0

w2
τ (0, τ)dτ ≤ 2d20

t∫
0

1∫
0

w2
xτdxdτ +

(
1 +

2

d20

) t∫
0

1∫
0

w2
τdxdτ.

Ñ ó÷åòîì ïðîäåëàííûõ âûêëàäîê îò (15) íåòðóäíî ïåðåéòè ê íåðàâåíñòâó

1

2

1∫
0

[w2
t (x, t) + w2

x(x, t) + w2(x, t)]dx+
1

4

1∫
0

[w2
xt(x, t) + w2

xx(x, t)]dx+

+
1

4

t∫
0

w2
xx(1, τ)dτ + r1

t∫
0

w2
xx(0, τ)dτ + ε

t∫
0

1∫
0

w2
xτdxdτ+

+
ε

2

1∫
0

[w2
xxt(x, t) + w2

xxx(x, t)]dx+ ε

t∫
0

1∫
0

w2
xxτdxdτ + ε2r

t∫
0

1∫
0

w2
xxxτdxdτ ≤

≤ r4

t∫
0

1∫
0

w2
τdxdτ + r2

t∫
0

1∫
0

w2dxdτ + r3

t∫
0

1∫
0

w2
xτdxdτ+ (17)

+

(
n2 +

5

2

) t∫
0

1∫
0

w2
xxdxdτ + 2d20

(
n5 +

1

2

) t∫
0

1∫
0

w2
xdxdτ+

+k1

t∫
0

y
3
2 (τ)dτ + k2

t∫
0

y2(τ)dτ +R1.

Â ñèëó óñëîâèé òåîðåìû ñëåäñòâèåì ýòîãî íåðàâåíñòâà ìîæåò ñëóæèòü ñëåäóþùåå ñîîò-
íîøåíèå

y(t) ≤ c1

t∫
0

y(τ)dτ + c2

t∫
0

y
3
2 (τ)dτ + c3

t∫
0

y2(τ)dτ + c0. (18)

Îöåíèâàÿ ïåðâîå è âòîðîå ñëàãàåìûå ñîîòíîøåíèÿ (18) ñ ïîìîùüþ íåðàâåíñòâà Þíãà,
ïîëó÷àåì

y(t) ≤ A1

t∫
0

y2(τ)dτ +A0. (19)

Âîñïîëüçóåìñÿ îáîáùåííîé ëåììîé Ãðîíóîëëà, èëè ëåììîé Áèõàðè [8], ñîãëàñíî êîòî-
ðîé ôóíêöèÿ y(t) èç ñîîòíîøåíèÿ (19) áóäåò îãðàíè÷åíà ñâåðõó íåêîòîðîé ôóíêöèåé z(t),
ÿâëÿþùåéñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ z′(t) = A1z

2 è óäîâëåòâîðÿþùåé íà-
÷àëüíîìó óñëîâèþ z(0) = A0.
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Ðåøåíèåì äàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÿâëÿåòñÿ ôóíêöèÿ
z(t) = A0 · (1−A1tA0)

−1.
Ïðè T < T ∗ èìååì z(t) ≤ A0 · (1−A1TA0)

−1 = A, è äàëåå y(t) ≤ z(T ).
Âñïîìèíàÿ (17), ïîëó÷èì îêîí÷àòåëüíóþ îöåíêó

y(t) +

t∫
0

w2
xx(1, τ)dτ + 4r1

t∫
0

w2
xx(0, τ)dτ + 4ε

t∫
0

1∫
0

w2
xτdxdτ+

+2ε

1∫
0

[w2
xxt(x, t) + w2

xxx(x, t)]dx+ 4ε

t∫
0

1∫
0

w2
xxτdxdτ + 4rε2

t∫
0

1∫
0

w2
xxxτdxdτ ≤

≤ c1Tz(T ) + c2Tz
3
2 (T ) + c3Tz

2(T ) + c0 = R. (20)

Èç îöåíêè (20), ñâîéñòâà ðåôëåêñèâíîñòè ãèëüáåðòîâà ïðîñòðàíñòâà [7], òåîðåì âëîæå-
íèÿ è òåîðåìû î âîçìîæíîñòè âûáîðà èç ïîñëåäîâàòåëüíîñòè, ñõîäÿùåéñÿ ñèëüíî, ïîäïî-
ñëåäîâàòåëüíîñòè, ñõîäÿùåéñÿ ïî÷òè âñþäó [9], ñëåäóåò, ÷òî ïðè âûïîëíåíèè óñëîâèé òåî-
ðåìû ñóùåñòâóþò ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {εm}, ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü
{wm(x, t)} ðåøåíèé çàäà÷è (10

′
εm), (8), (9) è ôóíêöèÿ w(x, t) òàêèå, ÷òî ïðè m → ∞ èìåþò

ìåñòî ñõîäèìîñòè εm → 0, wm(x, t) → w(x, t) ñëàáî â ïðîñòðàíñòâå W 2
2 (Q), wm(0, t) → w(0, t)

ïî÷òè âñþäó íà îòðåçêå [0, T ], εmwmxxt(x, t) → 0 ñëàáî â ïðîñòðàíñòâå L2(Q). Î÷åâèäíî, ÷òî
äëÿ ôóíêöèè w(x, t) áóäóò âûïîëíÿòüñÿ óðàâíåíèå (10

′
0) è óñëîâèÿ (8) è (9).

Èìååò ìåñòî íåðàâåíñòâî

|w(0, t)| ≤

{
√
2d0 +

√
1 +

2

d20

}
z(T ).

Èç ýòîãî íåðàâåíñòâà è èç óñëîâèÿ (6) òåîðåìû ñëåäóåò, ÷òî äëÿ ôóíêöèè w(x, t) âûïîë-
íÿåòñÿ óðàâíåíèå (100).

Ñ ó÷åòîì âèäà z(T ), óñëîâèÿ (6) òåîðåìû, ïîëó÷èì, ÷òî G(w(0, t)) = w(0, t), â ñèëó ÷åãî
ïðèäåì ê ðåøåíèþ çàäà÷è (7) � (9).

Îïðåäåëèì ôóíêöèþ v(x, t): v(x, t) = w(x, t)+a(x, t)w(0, t). Î÷åâèäíî, ÷òî äëÿ ôóíêöèè
v(x, t) âûïîëíÿåòñÿ óðàâíåíèå

vtt − vxx + [A(t) +B(t)v(0, t)]vt = fxx,

à òàêæå óñëîâèÿ

vx(0, t) = α1(t)v(0, t), vx(1, t) = β1(t)v(0, t),

v(x, 0) = u
′′
0(x), vt(x, 0) = u

′′
1(x).

Îïðåäåëèì ôóíêöèþ u(x, t) êàê ðåøåíèå çàäà÷è Êîøè

uxx(x, t) = v(x, t), u(0, t) = µ(t), ux(0, t) = φ0(t).

Îáîçíà÷èì w1(x, t) = utt(x, t)− uxx(x, t) + [A(t) +B(t)uxx(0, t)]ut(x, t)− f(x, t).
Äëÿ ýòîé ôóíêöèè èìåþò ìåñòî ðàâåíñòâà

w1xx(x, t) = 0, w1(0, t) = w1x(0, t) = 0.

Ñëåäîâàòåëüíî, w1(x, t) åñòü òîæäåñòâåííî íóëåâàÿ ôóíêöèÿ.
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Ïîëîæèì q(t) = A(t) + B(t)uxx(0, t). Î÷åâèäíî, ÷òî ôóíêöèè u(x, t) è q(t) ñâÿçàíû â
ïðÿìîóãîëüíèêå Q óðàâíåíèåì (1). Âûïîëíåíèå óñëîâèé (2) äëÿ ôóíêöèè u(x, t) î÷åâèäíî.
Ïîêàæåì, ÷òî âûïîëíÿåòñÿ óñëîâèå ux(1, t) = ψ0(t).

Ïîëîæèì Φ(t) = ux(1, t)− ψ0(t). Èìååò ìåñòî ðàâåíñòâî

Φ
′′
(t) + q(t)Φ

′
(t) = 0.

Èç ýòîãî ðàâåíñòâà è èç óñëîâèé Φ(0) = Φ
′
(0) = 0 (ñëåäóþùèõ èç óñëîâèé ñîãëàñîâàíèÿ)

âûòåêàåò, ÷òî ôóíêöèÿ Φ(t) åñòü òîæäåñòâåííî íóëåâàÿ ôóíêöèÿ. À ýòî è îçíà÷àåò, ÷òî
âûïîëíÿåòñÿ óñëîâèå ux(1, t) = ψ0(t).

Ïðèíàäëåæíîñòü ôóíêöèé u(x, t) è q(t) òðåáóåìûì êëàññàì î÷åâèäíà. Òàêèì îáðàçîì,
íàéäåííûå ôóíêöèè u(x, t) è q(t) äàþò òðåáóåìîå ðåøåíèå èñêîìîé îáðàòíîé çàäà÷è. Òåîðåìà
äîêàçàíà.

Îïðåäåëèì êëàññ W1:

W1 = {{u(x, t), q(t)} : u(x, t) ∈ V, ux(x, t) ∈ V, uxx(x, t) ∈ V, q(t) ∈ L∞([0, T ]), q(t) ≥ 0} .

Òåîðåìà 2. Ïóñòü äëÿ ôóíêöèé f(x, t), φ0(t), ψ0(t), µ(t), u0(x) è u1(x) âûïîëíÿþòñÿ âñå

óñëîâèÿ òåîðåìû 1. Òîãäà â ìíîæåñòâå W1 îáðàòíàÿ çàäà÷à (1) � (4) íå ìîæåò èìåòü

áîëåå îäíîãî ðåøåíèÿ.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî îáðàòíàÿ çàäà÷à (1) � (4) èìååò â ìíîæåñòâå W1 äâà
ðåøåíèÿ {u1(x, t), q1(t)} è {u2(x, t), q2(t)}.

Ïîëîæèì u(x, t) = u1(x, t)−u2(x, t), q(t) = q1(t)−q2(t). Äëÿ ôóíêöèè u(x, t) âûïîëíÿþòñÿ
ðàâåíñòâà

utt − uxx + q1(t)ut +
1

µ′(t)
uxx(0, t)u2t = 0, (21)

u(x, 0) = ut(x, 0) = 0, ux(0, t) = ux(1, t) = 0.

Äèôôåðåíöèðóÿ óðàâíåíèå (21) ïî ïåðåìåííîé x, ïîëàãàÿ â ïîëó÷åííîì ðàâåíñòâå ñíà-
÷àëà x = 0, çàòåì x = 1, ïîëó÷àåì óñëîâèÿ

uxxx(0, t) = α1(t)uxx(0, t), uxxx(1, t) = β1(t)uxx(0, t).

Ïðîèçâåäåì ïîâòîðíîå äèôôåðåíöèðîâàíèå ïî ïåðåìåííîé x.
Ïîëîæèì

v(x, t) = uxx(x, t), φ(t) = α1(t)uxx(0, t), ψ(t) = β1(t)uxx(0, t).

Ïðèäåì ê ôóíêöèè v(x, t), äëÿ êîòîðîé áóäóò âûïîëíÿòüñÿ ñëåäóþùèå ðàâåíñòâà

vtt − vxx + q1(t)vt = − 1

µ′(t)
v(0, t)v2t, vx(0, t) = φ(t), vx(1, t) = ψ(t), v(x, 0) = vt(x, 0) = 0.

Ïîëîæèì v0(x, t) =
x2

2 [ψ(t)− φ(t)] + xφ(t).

w(x, t) = v(x, t)− v0(x, t),

b(x, t) = −a(x, t)axx(0, t) +
a(x, t)

µ′(t)
v2t(0, t)− att(x, t)+

+axx(x, t)− q1(t)at(x, t)−
1

µ′(t)
v2t(x, t).
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Èìåþò ìåñòî ðàâåíñòâà

wtt − wxx + q1(t)wt = −a(x, t)wxx(0, t)− 2at(x, t)wt(0, t) + b(x, t)w(0, t), (22)

wx(1, t) = wx(0, t) = 0, (23)

w(x, 0) = wt(x, 0) = 0. (24)

Äèôôåðåíöèðóÿ ðàâåíñòâî (22) ïî ïåðåìåííîé x, óìíîæàÿ íà ôóíêöèþ wxt−(x− 1
2)wxx,

èíòåãðèðóÿ ïî Qt, èñïîëüçóÿ óñëîâèÿ (23), (24), ïðèìåíÿÿ íåðàâåíñòâî Þíãà, ïîëó÷èì

1

4

1∫
0

[w2
xt(x, t) + w2

xx(x, t)]dx+
1

4

t∫
0

[w2
xx(1, τ) + w2

xx(0, τ)]dτ ≤

≤ p1

t∫
0

1∫
0

w2
xτdxdτ + p2

t∫
0

1∫
0

w2
xxdxdτ +

3δ21
4

t∫
0

w2
xx(0, τ)dτ+

+
3

2

t∫
0

w2
τ (0, τ)dτ +

3

4

t∫
0

w2(0, τ)dτ, (25)

ãäå δ1 > 0,
p1 =

1
2 + 3

2 max
[0,T ]

q1(t) +
1

2δ21
max
Q

a2x(x, t) + max
Q

a2xt(x, t) +
1
2 max

Q
b2x(x, t),

p2 =
1
2 +

1
2 max

[0,T ]
q1(t)+

1
4δ21

max
Q

a2x(x, t)+
1
2 max

Q
a2xt(x, t)+

1
4 max

Q
b2x(x, t) � íåêîòîðûå îãðàíè÷åí-

íûå âåëè÷èíû.
Óìíîæèì ðàâåíñòâî (22) íà wt, ïðîèíòåãðèðóåì ïî Qt.
Èñïîëüçóÿ óñëîâèÿ (24), ïîëó÷èì

1

2

1∫
0

[w2
t (x, t) + w2

x(x, t) + w2(x, t)]dx ≤ p3

t∫
0

1∫
0

w2
τdxdτ +

1

2

t∫
0

1∫
0

w2dxdτ+

+
δ21
2

t∫
0

w2
xx(0, τ)dτ +

1

2

t∫
0

w2(0, τ)dτ +

t∫
0

w2
τ (0, τ)dτ, (26)

ãäå p3 =
1
2+max

[0,T ]
q1(t)+

1
2δ21

max
Q

a2(x, t)+max
Q

a2t (x, t)+
1
2 max

Q
b2(x, t) � íåêîòîðàÿ îãðàíè÷åííàÿ

âåëè÷èíà.
Ñëîæèì ñîîòíîøåíèÿ (25) è (26). Ïðèìåíÿÿ íåðàâåíñòâî (16), âçÿâ δ1 =

1√
10
, èìååì

1

2

1∫
0

[w2
t (x, t) + w2

x(x, t) + w2(x, t)]dx+
1

4

1∫
0

[w2
xt(x, t) + w2

xx(x, t)]dx+

+
1

8

t∫
0

[w2
xx(0, τ)]dτ +

1

4

t∫
0

w2
xx(1, τ)]dτ ≤ s

t∫
0

1∫
0

[w2 + w2
x + w2

τ + w2
xτ + w2

xx]dxdτ,

ãäå p4 = 9
4 + 5

2d20
, p5 = 5

2d
2
0, p6 = p3 + 5

2 + 5
d20
, p7 = p1 + 5d20, s = max{p2, p4, p5, p6, p7} �

íåêîòîðûå îãðàíè÷åííûå âåëè÷èíû.

2013, òîì 6, � 4 83



Ð.Ð. Ñàôèóëëîâà

Èç ýòîãî íåðàâåíñòâà è ëåììû Ãðîíóîëëà ñëåäóåò îöåíêà

1∫
0

[w2
t (x, t) + w2

x(x, t) + w2(x, t) + w2
xx(x, t) + w2

xt(x, t)]dx ≤ 0.

Îòñþäà w(x, t) ≡ 0 â Q. Ñëåäîâàòåëüíî, ñ ó÷åòîì âèäà ôóíêöèè w(x, t), w(x, t) = v(x, t)−
v0(x, t) ≡ 0, ò.å. v(x, t) ≡ v0(x, t).

Ïðè x = 0 èìååì v0(0, t) ≡ 0, à çíà÷èò è v(0, t) ≡ 0.
Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî ôóíêöèÿ v(x, t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

vtt − vxx + q1(t)vt = 0,

è äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ

vx(0, t) = vx(1, t) = 0, v(x, 0) = 0, vt(x, 0) = 0.

Ðåøåíèåì ýòîé çàäà÷è ÿâëÿåòñÿ òîæäåñòâåííî íóëåâàÿ ôóíêöèÿ: v(x, t) ≡ 0. Ýòî ðàâíî-
ñèëüíî òîìó, ÷òî uxx(x, t) ≡ 0. Ãðàíè÷íûå óñëîâèÿ (21) äàþò òîæäåñòâî u(x, t) ≡ 0. Òàêèì
îáðàçîì u1(x, t) ≡ u2(x, t). Ïðè ýòîì q1(t) ≡ q2(t). Òåîðåìà äîêàçàíà.

Ñäåëàåì íåñêîëüêî çàìå÷àíèé.

Çàìå÷àíèå 1. Òî÷íîå çíà÷åíèå ÷èñåë r1, r è ò.ä. âî ìíîãîì îïðåäåëÿåòñÿ òåì, êàê àâòîð
ïîäáèðàåò êîýôôèöèåíòû â íåðàâåíñòâå Þíãà. Ïðè èíîì, íåæåëè ó àâòîðà, âûáîðå ýòè
÷èñëà èçìåíÿòñÿ.

Çàìå÷àíèå 2. Óñëîâèÿ φ′′
0(t) + A(t)φ′

0(t) − fx(0, t) ≡ 0, ψ′′
0(t) + A(t)ψ′

0(t) − fx(1, t) ≡ 0 íå
ÿâëÿþòñÿ ïðèíöèïèàëüíûìè; åñëè ýòè ôóíêöèè íå òîæäåñòâåííî íóëåâûå, òî ëèøü íåçíà-
÷èòåëüíî èçìåíÿòñÿ âûêëàäêè.

Çàìå÷àíèå 3. Ïåðåõîä îò íåðàâåíñòâà (18) ê íåðàâåíñòâó (19) âûïîëíåí ëèøü äëÿ óäîá-
ñòâà (èìåííî, äëÿ òî÷íîãî îïðåäåëåíèÿ ÷èñëà T ∗). Íà ñàìîì äåëå âïîëíå âîçìîæíî ñðàçó ê
íåðàâåíñòâó (18) ïðèìåíèòü îáîáùåííóþ ëåììó Ãðîíóîëëà.

Çàìå÷àíèå 4. Âûáîð ïàðàìåòðà M0 ïðè ïîñòðîåíèè ôóíêöèè G(ε) îïðåäåëÿåòñÿ æåëàíè-
åì ïîëó÷èòü íåèçâåñòíûé êîýôôèöèåíò q(t) íåîòðèöàòåëüíûì (÷òî ñîîòâåòñòâóåò ñâîéñòâó
íåîòðèöàòåëüíîñòè äèññèïàöèè). Îò óñëîâèÿ íåîòðèöàòåëüíîñòè q(t) ìîæíî îòêàçàòüñÿ, ïà-
ðàìåòð M0 ìîæíî ñ÷èòàòü ïðîèçâîëüíûì, ïðè ïîëó÷åíèè íåðàâåíñòâà (18) íóæíî áóäåò
ó÷èòûâàòü áîëüøåå ÷èñëî ñëàãàåìûõ â ïðàâîé ÷àñòè, è ÷èñëî T ∗, âîîáùå ãîâîðÿ, óâåëè÷èò-
ñÿ.
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Inverse Problems for the Second Order Hyperbolic Equation

with Unknown Time Depended Coe�cient

R.R. Sa�ullova, Bashkortostan State University, Sterlitamak, Russian Federation, regina-
saf@yandex.ru

We analyze the solvability of the inverse problem with an unknown time depended

coe�cient for a second-order hyperbolic equation. We also study uniqueness of the problem

solution. The problem is stated as follows: it is required to �nd a solution and an unknown

coe�cient of the equation. Here the problem is considered in a rectangle area, with a

set conditions being typical of the �rst boundary-value problem and an overdetermination

condition being necessary of the unknown coe�cient searching. To study solvability of

the inverse problem, we realize a conversion from the initial problem to a some direct

supplementary problem with trivial boundary conditions. We prove the solvability of the

supplementary problem in the class of the functions considered above. Then we realize a

conversion to the �rst problem again and as a result we receive the solvability of the inverse

problem. To prove solvability of the problem, we use the method of continuation on a

parameter, �xed point theorem, cut-o� functions, and the method of regularization. In the

article we prove the theorems of the existence and the uniqueness of the problem solution

in the class of the functions considered above.

Keywords: inverse problem; hyperbolic equation; weighted equation; continuation

method on parameter; method of a motionless point; regularization method.
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