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This article studies a mixed control problem for Sobolev-type equations in the case of

a relatively radial operator. We use the Showalter�Sidorov initial condition. The di�erence

in the statement of our problem from those studied previously by other researchers amounts

to the form of the quality functional, which, in the authors' opinion, is more adequate to

model applications in economics and technology. We prove an existence and uniqueness

theorem for the solution to this problem.
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Sviridyuk and Efremov posed and studied [1, 2] an optimal control problem for
Sobolev-type equations for the �rst time, proving the existence of a unique solution to
this problem with the Cauchy initial condition in the cases of relative boundedness and
relative sectoriality of the operator. It is proved in [3] that there exists a unique solution
to the Showalter�Sidorov problem for Sobolev-type equations with strongly (L, p)-radial
operator. Fedorov and Plekhanova continued [4] the study of various optimal control
problems for linear Sobolev-type equations. The approach in these articles is similar to [5].
Manakova studied [6] su�cient conditions for the solvability of the Showalter�Sidorov
optimal control problem for certain semilinear Sobolev-type equations. The goal of this
article is to prove the existence of a unique solution to the Showalter�Sidorov mixed
optimal control problem for Sobolev-type equations with strongly (L, p)-radial operator.

Consider the Sobolev-type equation

Lẋ(t) = Mx(t) +Bu(t) + y(t), (1)

assume that the functions x(t), y(t), and u(t) lie in some Hilbert spaces X, Y, and U
respectively. Consider two operators M and L; more exaclty, L ∈ L(X,Y), where L(X,Y)
is the set of continuous linear operators acting from X to Y, and kerL ̸= {0}, while
M ∈ Cl(X;Y) (that is, a closed operator M : domM → Y whose domain domM is dense
in X. Consider also B ∈ L(U;Y). Assume in addition that the operator M is strongly
(L, p)-radial [5, ch. 2].

Introduce in considering three spaces,
the states H1(X) = {x ∈ L2 ((0; τ);X) : ẋ ∈ L2 ((0; τ);X)} ;
and the controls U = Hp+1(U) =

{
u ∈ L2 ((0; τ);U) : u̇

(p+ 1) ∈ L2 ((0; τ);U)
}
and U0

is space X or subspace is it equipped with another norm.
Distinguish in U0 a compact convex set U0

ad of initial admissible controls, as well as
a compact convex set Uad in U.

Denote by Z the Hilbert space of observations Each selfadjoint operator C ∈ L(X,Z)
determines the observation z(t) = Cx(t). If x ∈ H1(X) then z ∈ H1(Z). De�ne positive
de�nite selfadjoint operators Nθ ∈ L(U) for θ = 0, 1, . . . , p+ 1.
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Consider the mixed optimal control problem for (1) with the Showalter�Sidorov initial
condition [

RL
µ(M)

]p+1
(x(0)− u0) = 0, (2)

where RL
µ(M) = (µL−M)−1L is the right L-resolution of M . Furthermore,

J (v(t), v0) = min
(u0,u)∈U0

ad×Uad

J (u(t), u0) , (3)

where

J (u(t), u0) = α
1∑

q=0

∫ t

0

∥∥∥Cx(q) (t, u0, u(t))− Cx
(q)
0 (t)

∥∥∥
H1(X)

dt+

+β

θ∑
q=0

∫ τ

0

⟨
Nqu

(q)(t), u(q)(t)
⟩
U
dt+ γ ∥u0∥2U0 , (4)

where α+β+γ = 1, θ = 0, 1, . . . , p+1, p ∈ {0}∪N, t ∈ (0; τ), τ ∈ R+ = {τ ∈ R, τ > 0}.
Note that Islamova [7] studied the existence of a unique solution of mixed optimal

control problem for Sobolev type equations with functional in di�erent form

J (x, u0, u(t)) =
1

2
∥x− x̃∥2Hr1 (X) +

N1

2
∥u− ũ∥2Hr2 (U) +

N2

2
∥u0 − ũ0∥2X → inf,

where ũ, ũ0 and ũ are given.
Interpretation of such functional, for example in economic models, raises questions

about the adequacy of the model based on it. The subject is to �nd such mixed optimal
control for which the goal is to achieve the planned system states and the planned start
and current controls, while the weights indicate the equivalence of criteria to achieve
the planned states and the planned control. Thus by �nding such "compromise optimal
control" we get one of two situations: 1) the found control, being close to the given one,
is not optimal for achieving of the planned parameters; 2) the assumption that the given
controls are some sort of Etalon, make the problem of �nding of optimal control irrelevant.
Thus, in our view, the criterion for the e�ectiveness of control in economic systems is not
obvious. As for technical systems such compromise situations are hardly acceptable as well,
since the receive of inaccurate system states and external in�uence, which is the control,
is meaningless. However, recognizing the value of mathematical result obtained in [7], we
can assume that, the functional of this type can be useful in some applications.

In this paper, the quality functional has a de�nite economic meaning in achieving of
the planned parameters at the lowest control and various weights for control criteria. It
continues to develop investigations [8].

Put
ρL(M) =

{
µ ∈ C : (µL−M)−1 ∈ L(F;U)

}
, σL(M) = C\ρL(M),

RL
µ(M) = (µL−M)−1L,LL

µ(M) = L(µL−M)−1, µ ∈ ρL(M),

RL
(λ,p)(M) =

p∏
k=0

RL
λk
(M), LL

(λ,p)(M) =

p∏
k=0

LL
λk
(M), λk ∈ ρL(M).

De�nition 1. An operator M is called p-radial with respect to L (or (L, p)-radial)
whenever
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(i) ∃ω ∈ R ∀µ > ω ⇒ µ ∈ ρL(M);
(ii) ∃K > 0 ∀µk > ω, k = 0, p, ∀n ∈ N

max
{∥∥(RL

(µ,p)(M)
)n∥∥

L(X) ,
∥∥(LL

(µ,p)(M)
)n∥∥

L(X)

}
≤ K∏p

k=0(µk − ω)n
.

In addition, put

X0 = kerRL
(µ,p)(M),Y0 = kerLL

(µ,p)(M), L0 = L|X0 ,M0 = M |domM∩X0 ,

X1 = imRL
(µ,p)(M),Y1 = imLL

(µ,p)(M), X̃ = X0 u imRL
(µ,p)(M), Ỹ = Y0 u imLL

(µ,p)(M)

De�nition 2. A strongly continuous mapping V • : R+ → L(V) is called a strongly
continuous semigroup of resolving operators whenever
(i) V sV t = V s+t for all s, t > 0;
(ii) v(t) = V tv0 is a solution for every v0 in a dense linear subspace of V.
(iii) ∃ lim

t→0+
V t for every v ∈ V.

Theorem 1. [5] Given an (L, p)-radial operator M , there exists a strongly continuous
resolving semigroup for the equation (1) considered on the subspace X̃.

Remark 1. We can express the operators in the resolvent semigroup for (1) with t > 0
as

X(t) = s− lim
k→∞

((
L− t

k
M

)−1

L

)k

= s− lim
k→∞

(
t

k
RL

k/t(M)

)k

.

De�nition 3. An operator M is called strongly (L, p)-radial whenever the following
conditions are ful�lled for arbitrary λ, µ0, µ1, . . . , µp > ω:

(i) there exists a dense linear subspace
o

Y of Y such that

∥∥M(λL−M)−1LL
(µ,p)(M)y

∥∥
Y
≤ const(y)

(λ− ω)
∏p

k=0(µk − ω)

for all y ∈
o

Y;
(ii) we have ∥∥RL

(µ,p)(M)(λL−M)−1
∥∥
L(Y;X)

≤ K

(λ− ω)
∏p

k=0(µk − ω)
.

Theorem 2. Given a strongly (L, p)-radial operator M , the following claims hold:
(i) X = X0 ⊕ X1 and Y = Y0 ⊕Y1;
(ii) Lk = L|Xk ∈ L(Xk;Yk) and Mk = M |domMk

∈ Cl(Xk;Yk), domMk = domM ∩Xk for
k = 0, 1;
(iii) the inverse operators M−1

0 ∈ L(Y0;X0) and L−1
1 ∈ L(Y1;X1) exist.

De�nition 4. Call a triple (v(t), v0, x (v0, v(t))) ∈ Uad × U0
ad ×X a solution to the mixed

optimal control problem (1)�(4) whenever

J (v(t), v0) = min
(u0,u)∈U0

ad×Uad

J (u(t), u0) ,
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where (v(t), v0, x (v0, v(t))) ∈ Uad × U0
ad ×X satisfy (1) and (2).

Let us verify the existence of a unique solution (v(t), v0, x (v0, v(t))) ∈ Uad × U0
ad × X

for (1)�(4). Consider the inner product in the space Hp+1(Y):

[w, u] =
θ∑

q=1

∫ τ

0

⟨
w(q), u(q)

⟩
U
dt,

where w(q) = Nqu
(q).

Theorem 3. Given a strongly (L, p)-radial operator M with p ∈ 0 ∪ N, for every y ∈
Hp+1(Y) there exists a unique strong solution (v(t), v0, x (v0, v(t))) ∈ Uad ×U0

ad ×X to the
mixed optimal control problem (1)�(4). Furthermore,

x(v(t), v0) = X tPv0 +

∫ t

0

X t−sL−1
1 Q (y(s) +Bv(s)) ds−

−
p∑

k=0

(M−1
0 L0)

kM−1
0 (I −Q) (y(t) +Bv(t))(k) . (5)

Proof. Fix y ∈ Hp+1(Y) and consider (5) as a continuous mapping

D : (u(t), u0) → x(t, u(t), u0). (6)

Using (6), write down the quality functional (3):

J (u, u0) = ∥Cx(t, u, u0)− z0∥2H1(Z) + [w, u] + ∥u0∥2H1(Z) ,

where
∥Cx(t, u, u0)− z0∥2H1(Z) =

= ∥Cx(t, u, u0)− Cx(t, 0, u0) + Cx(t, 0, u0)− Cx(t, 0, 0) + Cx(t, 0, 0)− z0∥2H1(Z) 6

6 ∥Cx(t, u, u0)− Cx(t, 0, u0)∥2H1(Z) + ∥Cx(t, 0, u0)− Cx(t, 0, 0)∥2H1(Z) +

+ ∥Cx(t, 0, 0)− z0∥2H1(Z)+

+2 ⟨Cx(t, u, u0)− Cx(t, 0, u0), Cx(t, 0, u0)− Cx(t, 0, 0)⟩H1(Z) +

+2 ⟨Cx(t, u, u0)− Cx(t, 0, u0), Cx(t, 0, 0)− z0⟩H1(Z)

+2 ⟨Cx(t, 0, u0)− Cx(t, 0, 0), Cx(t, 0, 0)− z0⟩H1(Z) ,

z0 = Cx(0, 0, 0).

Introducing on Hp+1(U) the continuous coercive bilinear form

π ((u;u0), (u;u0)) =

= ∥Cx(t, u, u0)− Cx(t, 0, u0)∥2H1(Z) + ∥Cx(t, 0, u0)− Cx(t, 0, 0)∥2H1(Z) +

+2 ⟨Cx(t, u, u0)− Cx(t, 0, u0), Cx(t, 0, u0)− Cx(t, 0, 0)⟩H1(Z) +
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+ [w, u] + ∥u0∥2

and the continuous linear forms

λ(u) = ⟨z0 − Cx(t, 0, 0), Cx(t, u, u0)− Cx(t, 0, u0)⟩H1(Z),

λ(u0) = ⟨z0 − Cx(t, 0, 0), Cx(t, 0, u0)− Cx(t, 0, 0)⟩H1(Z),

we obtain the functional

J (u0, u(t)) = π ((u;u0), (u;u0))− 2λ(u)− 2λ(u0) + ∥z0 − Cx(t, 0, 0)∥2H1(Z) .

Hence, the hypotheses of the theorem in the �rst chapter of [9] hold.
The proof of the theorem is complete.
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ÑÓÙÅÑÒÂÎÂÀÍÈÅ ÅÄÈÍÑÒÂÅÍÍÎÃÎ ÐÅØÅÍÈß
ÎÄÍÎÉ ÇÀÄÀ×È ÑÌÅØÀÍÍÎÃÎ ÓÏÐÀÂËÅÍÈß
ÄËß ÓÐÀÂÍÅÍÈÉ ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ

À.Â. Êåëëåð, À.À. Ýáåëü

Â ðàáîòå ðàññìîòðåíà çàäà÷à ñìåøàííîãî óïðàâëåíèÿ äëÿ óðàâíåíèé ñîáîëåâñêîãî

òèïà â ñëó÷àå îòíîñèòåëüíî ðàäèàëüíîãî îïåðàòîðà. Â êà÷åñòâå íà÷àëüíîãî èñïîëüçó-

åòñÿ óñëîâèå Øîóîëòåðà�Ñèäîðîâà. Îòëè÷èåì ïîñòàíîâêè çàäà÷è îò ðàíåå èçó÷åííûõ

äðóãèìè èññëåäîâàòåëÿìè çàêëþ÷àåòñÿ â âèäå ôóíêöèîíàëà êà÷åñòâà, êîòîðûé, ïî

ìíåíèþ àâòîðîâ, ÿâëÿåòñÿ áîëåå àäåêâàòíûì ìîäåëèðóåìûì ýêîíîìè÷åñêèì è òåõíè-

÷åñêèì çàäà÷àì. Äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè åäèíñòâåííîãî ðåøåíèÿ óêàçàííîé

çàäà÷è.

Êëþ÷åâûå ñëîâà: çàäà÷à ñìåøàííîãî óïðàâëåíèÿ; îïòèìàëüíîå óïðàâëåíèå; ñè-

ñòåìà ñîáîëåâñêîãî òèïà; óñëîâèå Øîóëòåðà�Ñèäîðîâà.
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