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The theory of Sobolev type equations experiences an epoch of blogsoming. In this
article the theory of higher order Sobolev type equations with relatively spectrally bounded
operator pencils, previously developed in Banach spaces, is transferred to quasi-Banach
spaces. We use already well proved for solving Sobolev type equations phase space method,
consisting in reduction of singular equation to regular one defined on some subspace of initial
space. The propagators and the phase space of complete higher order Sobolev type equations
are constructed. Abstract results are illustrated by specific examples. The Boussinesq-Love
equation in quasi-Banach space is considered as application.
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Introduction. Let i F be Banach spaces, operators L, M € L(;F) (i.e. linear,
continuous, defined on 4 and acting into §). Consider a Sobolev type equation (the term
was introduced by R.E. Showalter [1])

Au" = Byu' + Byu, ker A # {0}. (1)

Sobolev type equations have been already well researched. The first monograph devoted
to such equations was published in 2003 [2]. Here degenerate analytical (semi)group, and
degenerate Cy-semigroups used in the study of equations of the first order were constructed.
Linear Sobolev type equations of higher order in Banach spaces were studied in [3]. The
results of Sobolev type equations theory are used in the theory of dynamical measurements
[4], optimal control theory [5, 6], in the study of dichotomies of equations of the form
(1) |7, 8]. In addition, the theory of degenerate groups and semigroups of operators was
transferred into a locally convex spaces.

Equations that are not solved with respect to the highest derivative in time were
studied for the first time by A. Poincare, however, a systematic study of them was started in
the middle of the last century after the fundamental work of S.L.. Sobolev. Now the Sobolev
type equations theory is actively studied area of nonclassical equations of mathematical
physics, and a number of monographs, completely devoted to them, or in part, is growing
like an avalanche.

In this paper Sobolev type equations of the second order of the form (1) are considered
in quasi-Banach spaces. As it is well known [9, p. 3.10|, a quasi-Banach space is not a
normed one, but it can be made metrizable. One of the examples of a quasi-Banach space
is a space of sequences ¢;, ¢ € (0,1). In [10] there was constructed a quasi-Banach space
tr, q€(0,1), meR, Kg = {, which was called a quasi-Sobolev space. These spaces we will
be used to illustrate the abstract results of the paper.

The authors consider it their pleasant duty to express there sincere gratitude to
Professor G. A. Sviridyuk for the statement of the problem and fruitful discussions.

1. Relatively Bounded Operator Pencils in Quasi-Banach Spaces. A lineal 4l over

a field R is called a quasi-normed, if there is a function || - || : 4 — R with the following
properties:
(i) ullull > Ofor all u € YU, and y|lu|| = 0 exactly when u = 0, where 01is a zero in
lineal i1;
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(i) uljoul| = |ayl|ul for all u € U, o € R;

(iii) gllu + v|] < C(yljul| +y ||v]]) for all u,v € 4, where the constant C' > 1.

A function gl - || with properties (i) — (iii) is called a quasi-norm. In particular, if
C' =1 a quasi-norm || - || is called a norm, and lineal 4l with the norm || - || is a normed
one. A quasi-normed lineal (&; || - ||) is metrizable (see |9, Lemma 3.10.1]), so we have
a conception of the fundamental (or Cauchy) sequence {ui} C h: y|lur, — wl| — 0 for
k,l — oo. Define the quasi-Banach space as a full quasi-normed lineal.
Example 1. Let {\;} C R; be a monotonic sequence such that kILm A = +oo, and

qER+ Put
m q
K’q”:{u:{uk}CR: Z()\k? |u;€|> <+oo}.

k=1

Lineal £7" for all m € R, ¢ € Ry with a quasi-norm of element u = {up} € by

™l - <fj (3 |uk|)q> N

k=1

is a quasi-Banach space (for ¢ € [1,400) it is a Banach space). Note that if ¢ € (0, 1),
then constant C' = 2'/9 in (iii). The spaces (" are called quasi-Sobolev in [10].

Let 46 || - ||) and (§; 5]l - ||) be quasi-Banach spaces, a linear operator L : ${ — § with

the domain dom/ZL = 4 is called continuous if klim Lu, =L <klim uk> for any the sequence
— 00 — 00

{ux} C Y which is convergent in 4l. Note that in this case the linear operator L : 4 — §
is continuous precisely when it is bounded (i.e., displays bonded sets to bounded sets).
Denote by L£(4;F) a lineal (over the field R) of linear bounded operators. It is a quasi-
Banach space with quasi-norm

cap Ll = sup gl Lul.
al[ul|=1
Now let the operators A, By, By € L(4; ). Following [3], introduce the sets pA(B) =
{pneC : (BA—puB; — By) ™ € L(F: W)} and o4(B) = C\p*(B), which are called an
A-resolvent set and an A-spectrum of the pencil g, respectively.
The operator-function Rf}(é) — (A — uB; — By)~! with domain p?(B) is called an

A-resolvent of pencil B.

Definition 1. A pencil of operators B is called polynomially relatively bounded with
respect to operator A (or polynomially A-bounded) if

Ja € Ry Yp € C (|ul > a) = (RA(B) € L(F;1)).

Fix v = {i € C: /u| = r > a} which is a contour bounding a disk containing o*(B).
We require additional condition

| BBy =o (4)

Y

This condition was introduced in [3] and is very important in considering of the Sobolev
type equations of higher order. Note that if there exists an operator A~ € L(F;U) or
operator B; = O (equation is incomplete), then condition (A) holds; and if operator
A = O and there exists an operator By € L(F; ), then condition (A) is not fulfilled.
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Let the pencil B be polynomially A bounded, and (A) be fulfilled. Then there exist
the following integrals of analytic operator functions:

1 1 .
P =g [ mRB)Adn @ = / WARMNB)dp.
27rz 271

Lemma 1. Let the pencil B be polynomially A-bounded and (A) be fulfilled. Then the
operators P € L(U) and Q € L(F) are projectors.

Denote U° = ker P, §° = kerQ, ! =im P, §' = im . By lemma 4 = 4° U § =
5 @ F. By A% (BF) denote restriction of operator A (B;) onto U*, k,1 =0, 1.

Theorem 1. Let the pencil B be polynomially A bounded, and (A) be fulfilled. Then actions
of operators split:

(i) A* € LU F0), &k =0,1;

(ii) Bf € LIUFFF), k,1=0,1;

(iii) there exists an operator (A1)t € L(F';Ub);

(iv) there exists an operator (BY)™' € L(F;U).

Example 2. Using formula Au = {A\zug}, u € £y we introduce a Laplace quasi-operator.

It is easy to show [10] that operator A : £;""2 — (" is a toplinear isomorphism for all

m € R, ¢ € R,. The inverse operator A~y = {)\,gluk} is called a Green quasi-operator.
Next, construct the operators A = A — A and By = a(A — X), By = (A —\)
a,feR,.

Lemma 2. Let .

(i) N & { e} or (it) (N € {\)AN#N). Then the pencil B = (By, By) is polynomially
A-bounded, moreover, co is a removable singularity of A-resolvent of B.

(iii) (A € {u}) A (A= X)A (X% N). Then the pencil B = (By, By) is polynomially
A-bounded moreover, oo is a pole of order 1 of A-resolvent of B.

Remark 1. In case (i) A-spectrum of pencil B ¢4(B) = {17 : k € N}, where p,* are
the roots of equation

A= X)) + a(N = M)+ B(AN) = 0. (2)

In case (i) o4(B) = {® k€ N, e # AU {w 1 €N, N\ = A}, where 1,
are the roots of (2) when A = \g, and gy is the root of (2) when A = \;. In case (iii)

oA(B) = {m?  keN, \ # A}

Remark 2. It is easy to see that if (A € {\}) A (A= XN = )\”) then the pencil B is not
polynomially A-bounded.

Now let’s check the condition (A). In case (i) there exists an operator A™' € L(F; ),
so that condition (A) holds. In case (ii)

< Qr, - > Prdp < Pk, *
_ 0,
2i /Z A= A)p? 4+ a(N = A+ B(AA) ; a(N — ) o7

i.e. (A) is not fulfilled, so this case is excluded from further considerations. In case (iii)
(A) holds.
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2. The Phase Space and Propagators. Now consider the Sobolev type equation of the
second order (1) with the initial condition

w™(t) = u(m, m =0, 1. (3)

Definition 2. The operator-function U* € C*°(R; L(LU)) is called a propagator of equation
(1) if for any u € $k vector- function u(t) = U'u is a solution of this equation.

Lemma 3. Let the pencil B be polynomially A-bounded and condition (A) be fulfilled.
Then there exist propagators of equation (1):

1 —
Ul = — RA(B)Aeru,tE]R, Ul =
271

1
RA( V(A — By)eMdu,t € R.
2mi

Further, if the pencil B is polynomially A-bounded, condition (A) holds and oo is a
pole of order p € {0} [JN of A-resolvent of B, then the pencil Bis called (A, p)-bounded.

Definition 3. The Set 3 C U is called a phase space of equation (1) if

(i) for any u; € P, j =0,1, there exists a unique solution of (1), (3);

(1) any solution u = u(t) of equation (1) lies in P as a trajectory (i.e., u(t) € P for
allt e R).

Theorem 2. Let the operator M be (L,p)-bounded, p € {0} UN. Then the subspace
U is a phase space of equation (1). Moreover, for any u; € U, j = 0,1, there exists a
unique solution of the Cauchy problem (3) for equation (1) which can be represented as:
u(t) = Ubug + Utuy.

Example 3. Let 4 = ("2 F = (", m € R, q € (0,1), where ¢} is a quasi-Sobolev space
defined in example 1, and A, By, By are the operators constructed in example 2.

Consider the Boussinesq—Love equation as one of the most well-known non-classical
equations of mathematical physics of the second order in time [11]

(A=A =a(A—=XN)a+ B(A—N)u, u(t) €Ll (4)
Theorem 3. Let A& {\} or (A€ {MPH)AAN=XN)AN#N"). Then for any sequence

- LM #£ N, kEN; -
—{U(Jk}eu _{ {uEL[: ul:(), /\:/\l}a 3—071

there exists a unique solution of (3), (4), which also has the form

2
el | ugper+

N (A= M) FaN =N A = A oV = A
w0 =3 | e e

et — ehit
+ 1 g9y W1k€k,
Z (Mk oy )

where the smgle quote at the sum means the absence of terms with numbers k such that
A = \,. Here /% are the roots of (2), the vectors e, = (0,0,...,0,1,0,...), where unit
stands on the k-th place. The set ' is a phase space of Pquatwn (4)
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OB OJTHON MATEMATNYECKOW MOJIEJIN
COBOJIEBCKOI'O THUIIA B KBASMIBAHAXOBBIX
IIPOCTPAHCTBAX

A.A. Bamviwasesa, X.M. Aa Xearu

Teopust ypaBHeHH#T cOBOJIEBCKOrO THIIA MEPEKUBAELT 3MOXY OypHOro pacipsera. B nan-
HOI1 paboTe Teopus ypaBHeHnit cOO0JIEBCKOTO THIIA BHICOKOI'O ITOPSIKA C OTHOCUTEILHO CIIEeK-
TPATHHO OMPAHUYEHHBIM IYYKOM OIEPATOPOB, PAa3BUTasd B DAHAXOBBIX MPOCTPAHCTBAX, TIe-
pPEHOCUTCA B KBa3MOAHAXOBBI MPOCTPAHCTBA. MBI MCIOIB3YEM yIKe XOPOIIO 3apeKOMEeH0-
BaBINii cebg TIPU PeIeHnn yPaBHEeHuit cODOIEBCKOr0 TUIA MeTO I, (ha30BOT0O MPOCTPAHCTBA,
BaKJTIOYAONIUNCS B PEIYKINH CHHTYISIPHOTO YPABHEHUS K PETYJISPHOMY, ONPEIeIeHHOMY Ha,
HEKOTOPOM TIOANPOCTPAHCTBE UCXOIHOTO TPOCTPAHCTBA. 1locTpoensl mponaraTopsl u ¢ha3o-
BOE MPOCTPAHCTBO TIOJHOrO ypaBHEeHUs! COOOJEBCKOrO THUIE, BTOPOrO MOpPsiaka. ABGCTpakT-
HbIE Pe3YJIhTATH WJLIIOCTPUPOBAHBI KOHKPETHBIMU MpUMepaMu. B KadecTBe MPUIOKEHUS
paccmorpeno ypasaernue Byccunecka — JlaBa B kBa3ubaHaXOBOM MIPOCTPAHCTBE.

Karouesvie caosa: ypasuenus coboie8ckozo muna 6bcok020 nopaike; £6a3ubaHaross

NPOCMPAHCMEA; NPONG2GMOPDL; PA3060€ NPOCMPAHCITEO.
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