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ÎÃÐÀÍÈ×ÅÍÍÛÅ ÐÅØÅÍÈß ÌÎÄÅËÈ
ÁÀÐÅÍÁËÀÒÒÀ � ÆÅËÒÎÂÀ � ÊÎ×ÈÍÎÉ
Â ÊÂÀÇÈÑÎÁÎËÅÂÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

Ì.À. Ñàãàäååâà, Ô.Ë. Õàñàí

Óðàâíåíèÿ ñîáîëåâñêîãî òèïà â áàíàõîâûõ ïðîñòðàíñòâàõ èçó÷åíû äîâîëüíî ïîë-

íî. Êâàçèñîáîëåâû ïðîñòðàíñòâà � ýòî êâàçèíîðìèðóåìûå ïîëíûå ïðîñòðàíñòâà ïîñëå-

äîâàòåëüíîñòåé. Óðàâíåíèÿ ñîáîëåâñêîãî òèïà â òàêèõ ïðîñòðàíñòâàõ íà÷àëè èçó÷àòüñÿ

ñîâñåì íåäàâíî. Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ âîïðîñ ñóùåñòâîâàíèÿ îãðàíè÷åííûõ

íà âñåé îñè ðåøåíèé äëÿ ìîäåëè Áàðåíáëàòòà � Æåëòîâà � Êî÷èíîé.

Êðîìå ââåäåíèÿ è ñïèñêà ëèòåðàòóðû, ñòàòüÿ ñîäåðæèò äâå ÷àñòè. Â ïåðâîé ñîäåð-

æàòñÿ ïðåäâàðèòåëüíûå ñâåäåíèÿ î ñâîéñòâàõ îïåðàòîðîâ â êâàçèáàíàõîâûõ ïðîñòðàí-

ñòâàõ, à òàêæå îá îòíîñèòåëüíî îãðàíè÷åííûõ îïåðàòîðàõ. Âî âòîðîé ÷àñòè ïðèâåäåí

îñíîâíîé ðåçóëüòàò ñòàòüè î ñóùåñòâîâàíèè îãðàíè÷åííûõ ðåøåíèé äëÿ ìîäåëè Áàðåí-

áëàòòà � Æåëòîâà � Êî÷èíîé â êâàçèñîáîëåâûõ ïðîñòðàíñòâàõ. Ñïèñîê ëèòåðàòóðû íå

ïðåòåíäóåò íà ïîëíîòó è îòðàæàåò ëèøü âêóñû è ïðèñòðàñòèÿ àâòîðîâ.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñîáîëåâñêîãî òèïà; ïðîñòðàíñòâà ïîñëåäîâàòåëüíî-

ñòåé; êâàçèîïåðàòîð Ëàïëàñà; ôóíêöèÿ Ãðèíà; àíàëîã óðàâíåíèÿ Áåðåíáëàòòà � Æå-

òîâà � Êî÷èíîé.

Ââåäåíèå. Ïóñòü ïîñëåäîâàòåëüíîñòü {λk} ⊂ R+ òàêîâà, ÷òî lim
k→∞

λk = +∞. Â êâà-

çèñîáîëåâûõ ïðîñòðàíñòâàõ ïîñëåäîâàòåëüíîñòåé ℓrq [1] (r ∈ R, q ∈ R+) ðàññìîòðèì
àíàëîã ìîäåëè Áàðåíáëàòòà � Æåëòîâà � Êî÷èíîé

(λ− Λ)u̇(t) = αΛu(t) + g(t), (1)

ãäå ïàðàìåòðû α, λ ∈ R, âåêòîð-ôóíêöèÿ g : R → ℓrq, îïåðàòîð Λ : ℓr+2
q → ℓrq �

êâàçèîïåðàòîð Ëàïëàñà [2]. Â ñèëó òîãî, ÷òî îïåðàòîð â ïðàâîé ÷àñòè óðàâíåíèÿ (1)
ìîæåò çàíóëÿòüñÿ, òî îíî îòíîñèòñÿ ê óðàâíåíèÿì ñîáîëåâñêîãî òèïà [3]. Óðàâíåíèÿ
ñîáîëåâñêîãî òèïà â êâàçèáàíàõîâûõ ïðîñòðàíñòâàõ íà÷àëè èçó÷àòüñÿ ñîâñåì íåäàâ-
íî [4]. Èíòåðåñ ê òàêèì óðàâíåíÿì â ýòèõ ïðîñòðàíñòâàõ ïðîäèêòîâàí íå ñòîëüêî
ïðàêòè÷åñêèìè ïðèëîæåíèÿìè, ñêîëüêî æåëàíèåì ïîïîëíèòü òåîðèþ, ðàñïðîñòðàíèâ
åå ðåçóëüòàòû â ýòè ïðîñòðàíñòâà.

Âîïðîñû ðàçðåøèìîñòè óðàâíåíèÿ (1), à òàêæå çàäà÷è Êîøè

u(0) = u0 (2)

äëÿ íåãî â êâàçèñîáîëåâûõ ïðîñòðàíñòâàõ ðàññìîòðåíû, íàïðèìåð, â ðàáîòàõ [4, 5].
Ýêñïîíåíöèàëüíûå äèõîòîìèè äëÿ óðàâíåíèÿ (1) ðàññìîòðåíû â ðàáîòå [6]. Öåëüþ
äàííîé ñòàòüè ÿâëÿåòñÿ èçó÷åíèå îãðàíè÷åííûõ ðåøåíèé ìîäåëè (1) è çàäà÷è Êîøè
(2) äëÿ íåãî. Ïðè ýòîì áóäåì îðèåíòèðîâàòüñÿ íà àíàëîãè÷íûå ðåçóëüòàòû, ïîëó÷åí-
íûå ïðè ðàññìîòðåíèè äàííûõ âîïðîñîâ â áàíàõîâûõ ïðîñòðàíñòâàõ [7].

1. Îòíîñèòåëüíî îãðàíè÷åííûå îïåðàòîðû â êâàçèñîáîëåâûõ ïðîñòðàí-
ñòâàõ. Êâàçèáàíàõîâî ïðîñòðàíñòâî � ýòî ïîëíîå ëèíåéíîå ïðîñòðàíñòâî, íàäåëåí-
íîå êâàçèíîðìîé. Ïóñòü ìîíîòîííàÿ ïîñëåäîâàòåëüíîñòü {λk} ⊂ R+ òàêîâà, ÷òî
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lim
k→∞

λk = +∞, à q ∈ R+. Ðàññìîòðèì

ℓrq =

{
u = {uk} :

∞∑
k=1

(
λ

r
2
k |uk|

)q
< +∞

}
.

Ëèíåéíîå ïðîñòðàíñòâî ℓrq ïðè âñåõ r ∈ R, q ∈ R+ ñ êâàçèíîðìîé ýëåìåíòà u = {uk} ∈
ℓrq

r
q∥u∥ =

(
∞∑
k=1

(
λ

r
2
k |uk|

)q)1/q

ÿâëÿåòñÿ êâàçèáàíàõîâûì ïðîñòðàíñòâîì (ïðè q ∈ [1,+∞) � áàíàõîâûì). Â [1] ïðî-
ñòðàíñòâà ℓmq ïðåäëîæåíî íàçûâàòü êâàçèñîáîëåâûìè. Êðîìå òîãî, ýòè ïðîñòðàíñòâà
ÿâëÿþòñÿ ìåòðèçóåìûìè [4]. Ïðè÷åì, èìåþò ñèëó ïëîòíûå è íåïðåðûâíûå âëîæåíèÿ
ℓlq ↪→ ℓrq ïðè r ≤ l.

Ïóñòü ïðîñòðàíñòâà (U; U∥ · ∥) è (F; F∥ · ∥) ÿâëÿþòñÿ êâàçèñîáîëåâûìè, ëèíåé-
íûé îïåðàòîð L : U → F, îïðåäåëåííûé íà domL = U, íàçîâåì íåïðåðûâíûì, åñëè

lim
k→∞

Luk = L
(
lim
k→∞

uk

)
äëÿ âñåõ ïîñëåäîâàòåëüíîñòåé {uk} ⊂ U, ñõîäÿùèõñÿ â ïðî-

ñòðàíñòâå U. Îòìåòèì, ÷òî, êàê è âñëó÷àå áàíàõîâûõ ïðîñòðàíñòâ, ëèíåéíûé îïåðà-
òîð L : U → F íåïðåðûâåí òîãäà è òîëüêî òîãäà, êîãäà îí îãðàíè÷åí (ò.å. îòîáðà-
æàåò îãðàíè÷åííûå ìíîæåñòâà â îãðàíè÷åííûå). Îáîçíà÷èì ÷åðåç L(U;F) ëèíåéíîå
ïðîñòðàíñòâî íåïðåðûâíûõ îïåðàòîðîâ (ëèíåàë íàä ïîëåì R). Îíî áóäåò ÿâëÿòüñÿ
êâàçèáàíàõîâûì ïðîñòðàíñòâîì ñ êâàçèíîðìîé

L(U;F)∥L∥ = sup
U∥u∥=1

F∥Lu∥.

Òåïåðü, ïóñòü îïåðàòîðû L,M ∈ L(U;F). Ïî àíàëîãèè ñ [3, ï. 2.1], ðàññìîò-
ðèì L-ðåçîëüâåíòíîå ìíîæåñòâî ρL(M) = {µ ∈ C : (µL − M)−1 ∈ L(F;U)} è L-
ñïåêòð σL(M) = C \ ρL(M) îïåðàòîðà M . Àíàëîãè÷íî áàíàõîâîìó ñëó÷àþ (ñì. çàìå-
÷àíèå 2.1.2 [3]), ìíîæåñòâî ρL(M) îòêðûòî, ïîýòîìó L-ñïåêòð σL(M) îïåðàòîðà M
çàìêíóò. Êðîìå òîãî, åñëè ρL(M) ̸= ⊘, òî L-ðåçîëüâåíòà (µL − M)−1 îïåðàòîðà M
àíàëèòè÷íà â ρL(M) [3, òåîðåìà 2.1.1]. Îïåðàòîð M íàçûâàåòñÿ (L, σ)-îãðàíè÷åííûì,
åñëè ∃a ∈ R+ ∀µ ∈ C (|µ| > a) ⇒ (µ ∈ ρL(M)).

Òåïåðü, ïóñòü M (L, σ)-îãðàíè÷åí. Òîãäà, âûáðàâ êîíòóð γ = {µ ∈ C : |µ| = h >
a}, ïîñòðîèì ñëåäóþùèå îïåðàòîðû

P =
1

2πi

∫
γ

RL
µ(M)dµ è Q =

1

2πi

∫
γ

LL
µ(M)dµ,

ãäå èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå Ðèìàíà è ñóùåñòâóþò ïî òåîðåìå 2 [8] â ñèëó
àíàëèòè÷íîñòè ïðàâîé RL

µ(M) = (µL − M)−1L è ëåâîé LL
µ(M) = L(µL − M)−1 L-

ðåçîëüâåíò îïåðàòîðà M . Òàêæå â ñèëó àíàëèòè÷íîñòè RL
µ(M) è LL

µ(M) îïåðàòîðû
P è Q íå çàâèñÿò îò ðàäèóñà h êîíòóðà γ. Ðàññóæäàÿ àíàëîãè÷íî äîêàçàòåëüñòâó [3,
ëåììà 4.1.1], íåòðóäíî ïîêàçàòü, ÷òî îïåðàòîðû P ∈ L(U) (≡ L(U;U)) è Q ∈ L(F) �
ïðîåêòîðû. Ïîëîæèì U0 = kerP , U1 = imP , F0 = kerQ, F1 = imQ; è ÷åðåç Lk (Mk)
îáîçíà÷èì ñóæåíèå îïåðàòîðà L (M) íà Uk, k = 0, 1.
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Òåîðåìà 1. [4] Ïóñòü îïåðàòîðû L,M ∈ L(U;F), ïðè÷åì îïåðàòîð M (L, σ)-
îãðàíè÷åí. Òîãäà

(i) îïåðàòîðû Lk,Mk ∈ L(Uk;Fk), k = 0, 1;
(ii) ñóùåñòâóþò îïåðàòîðû L−1

1 ∈ L(F1;U1) è M−1
0 ∈ L(F0;U0).

Ïîëîæèì H = M−1
0 L0, S = L−1

1 M1. Î÷åâèäíî, îïåðàòîðû H ∈ L(U0), S ∈ L(U1).

Îïðåäåëåíèå 1. Îïåðàòîð M íàçîâåì
(i) (L, 0)-îãðàíè÷åííûì, åñëè H ≡ O;
(ii) (L, p)-îãðàíè÷åííûì, åñëè Hk ̸= O ïðè k = 1, p, è Hp+1 ≡ O;
(iii) (L,∞)-îãðàíè÷åííûì, åñëè Hk ̸= O ïðè k ∈ N.

2. Îãðàíè÷åííûå ðåøåíèÿ ìîäåëè Áàðåíáëàòòà � Æåëòîâà � Êî÷èíîé. Ðàñ-
ñìîòðèì óðàâíåíèå (1) êàê êîíêðåòíóþ èíòåðïðåòàöèþ óðàâíåíèÿ ñîáîëåâñêîãî òèïà

Lu̇(t) = Mu(t) + g(t),

ðàññìàòðèâàåìîãî â ïðîñòðàíñòâàõ U è F. Ìîäåëü Áàðåíáëàòòà � Æåëòîâà � Êî-
÷èíîé ÿâëÿåòñÿ îäíîé èç íàèáîëåå èçâåñòíûõ íåêëàññè÷åñêèõ ìîäåëåé ìàòåìàòè÷å-
ñêîé ôèçèêè [9]. Áóäåì ðàññìàòðèâàòü óðàâíåíèå (1) â êâàçèñîáîëåâûõ ïðîñòðàíñòâàõ
U = ℓr+2

q è F = ℓrq ïðè r ∈ R è q ∈ R+. Ïîëîæèì îïåðàòîðû L = λ − Λ è M = αΛ,
êîòîðûå ïðèíàäëåæàò êëàññó L(U;F) ïî ïîñòðîåíèþ.

Ëåììà 1. [4] Ïóñòü α ∈ R \ {0} è λ ∈ R, òîãäà îïåðàòîð M ÿâëÿåòñÿ (L, 0)-
îãðàíè÷åíûì.

Â ñèëó ðåçóëüòàòîâ [4, 5] îòíîñèòåëüíûé L-ñïåêòð îïåðàòîðà M èìååò âèä

σL(M) =

{
µk =

αλk

λ− λk

, λk ̸= λ

}
, ðàçðåøàþùàÿ ãðóïïà îïåðàòîðîâ äëÿ ëþáîãî

u ∈ U

U tu =


∞∑
k=1

eµkt⟨u, ek⟩ek, åñëè λk ̸= λ äëÿ âñåõ k ∈ N,∑
k ̸=l

eµkt⟨u, ek⟩ek, åñëè λl = λ äëÿ íåêîòîðîãî l ∈ N,

à ïðîñòðàíñòâî U1 óðàâíåíèÿ (1) èìååò âèä

U1 =

{
ℓr+2
q , åñëè λk ̸= λ äëÿ âñåõ k ∈ N;
{u ∈ ℓr+2

q : uk = 0, λk = λ}.

Òàê êàê α ̸= 0, òî îòíîñèòåëüíûé L-ñïåêòð îïåðàòîðà M íå ïåðåñåêàåòñÿ ñ ìíè-
ìîé îñüþ, òî â ñèëó çàìêíóòîñòè îòíîñèòåëüíîãî ñïåêòðà [4] ñóùåñòâóþò êîíå÷íûå
êîíòóðû γ+ ⊂ {µ ∈ C : Reµ > 0} è γ− ⊂ {µ ∈ C : Reµ < 0}, îãðàíè÷èâàþùèå
σ+ = {µk ∈ σL(M) : µk > 0} è σ− = {µk ∈ σL(M) : µk < 0} ñîîòâåòñòâåííî. Â ñèëó
÷åãî ìû ìîæåì îïðåäåëèòü ôóíêöèþ Ãðèíà.
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Îïðåäåëåíèå 2. Îïåðàòîð-ôóíêöèþ

Gt =


− 1

2πi

∫
γ+

RL
µ(M)eµtdµ = −

∑
k: µk>0

eµktek, t < 0;

1

2πi

∫
γ−

RL
µ(M)eµtdµ =

∑
k: µk<0

eµktek, t > 0,

íàçîâåì ôóíêöèåé Ãðèíà óðàâíåíèÿ (1).

Èñïîëüçóÿ âèä ôóíêöèè Ãðèíà Gt, à òàêæå îòíîñèòåëüíî ñïåêòðàëüíóþ òåîðåìó
[10], ïîëó÷èì ñëåäóþùèå ðåçóëüòàòû.

Ëåììà 2. Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí è L-ñïåêòð îïåðàòîðà M íå ïåðåñå-

êàåòñÿ ñ ìíèìîé îñüþ. Òîãäà

(i) Gt : U → U1, è âûïîëíåíà îöåíêà r+2
q∥Gtu∥ ≤ C(u)eν|t|;

(ii) ïðè t ∈ R \ {0} ôóíêöèÿ Ãðèíà Gt íåïðåðûâíî äèôôåðåíöèðóåìà è óäîâëåòâî-

ðÿåò óðàâíåíèþ LdGt

dt
= MGt, êðîìå òîãî,

dGt

dt
: U → U1 îãðàíè÷åíà;

(iii) G0+ −G0− = P .

Äîêàçàòåëüñòâî. (i) Äåéñòâèå îïåðàòîð-ôóíêöèè Gt èç U â U1 ñëåäóåò èç âèäà ôóíê-
öèè Gt. Ðàññìîòðèì îöåíêó. Â ñèëó çàìêíóòîñòè σL(M), òàê êàê L-ñïåêòð íå ïåðåñåêà-
åòñÿ ñ ìíèìîé îñüþ, ñóùåñòâóþò ïîëîæèòåëüíûå êîíñòàíòû ν− = max{µk ∈ σL(M) :
µk < 0}, ν+ = min{µk ∈ σL(M) : µk > 0}. Ïðè îòðèöàòåëüíûõ t â ñèëó ìåòðèçóåìîñòè
ïðîñòðàíñòâ ℓrq ïîëó÷èì

r+2
q∥Gtu∥ρ =

r+2

q

∥∥∥∥∥−∑
k: µk>0

eµkt⟨u, ek⟩ek

∥∥∥∥∥
ρ

=

( ∑
k: µk>0

(
eµktλ

r+2
2

k |uk|
)q) ρ

q

≤

≤

( ∑
k: µk>0

(
eν+tλ

r+2
2

k |uk|
)q) ρ

q

≤ eρν+t

( ∑
k: µk>0

(
λ

r+2
2

k |uk|
)q) ρ

q

≤ C(u)e−ρν+|t|.

Àíàëîãè÷íî, ïðè t > 0 ïîëó÷èì r+2
q∥Gtu∥ρ ≤ C(u)eρν−t. Âîçüìåì ν = min{−ν−, ν+} è

ïîëó÷èì íóæíóþ îöåíêó.
(ii) Â ñèëó òîãî, ÷òî ðÿäû, îïðåäåëÿþùèå ôóíêöèþ Ãðèíà, ñõîäÿòñÿ ðàâíîìåðíî

è ñïðàâåäëèâû ðàâåíñòâà

dGt

dt
= −

∑
k: µk>0

µke
µkt

dGt

dt
=

∑
k: µk<0

µke
µktek, t > 0,

ñëåäóåò íåïðåðûâíàÿ äèôôåðåíöèðóåìîñòü Gt ïî ïàðàìåòðó. Êðîìå òîãî, ñïðàâåäëè-
âî ðàâåíñòâî

L
dGt

dt
−MGt = ∓ 1

2πi

∫
γ±

(µL−M)RL
µ(M)eµtdµ = 0,

ãäå γ± îãðàíè÷èâàåò ñîîòâåòñòâóþùóþ ÷àñòü îòíîñèòåëüíîãî ñïåêòðà σL(M).
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Îãðàíè÷åííîñòü
dGt

dt
ïðîâåðÿåòñÿ àíàëîãè÷íî (i).

(iii) G0+ = lim
t→0+

1

2πi

∫
γ−

RL
µ(M)eµtdµ =

∑
k: µk<0

ek = Q−.

Àíàëîãè÷íî, G0− = −Q+, à, ñëåäîâàòåëüíî, G
0+ −G0− = Q− +Q+ = Q.

Òàêæå â ñèëó ðåçóëüòàòîâ [4, 5] îïåðàòîð äëÿ ëþáûõ v ∈ F

L−1
1 v =


∞∑
k=1

(λ− λk)
−1⟨v, ek⟩ek, åñëè λk ̸= −λ äëÿ âñåõ k ∈ N,∑

k ̸=l

(λ− λk)
−1⟨v, ek⟩ek, åñëè λl = −λ äëÿ íåêîòîðîãî l ∈ N.

Ôóíêöèþ f : J → F, ãäå J ⊂ R, áóäåì íàçûâàòü îãðàíè÷åííîé, åñëè sup
t∈J

F∥f(t)∥ <

∞. Ïóñòü k ∈ N, Q ∈ L(F) � ïðîåêòîð. Îáîçíà÷èì ÷åðåç Ck,l(J,F;Q) êëàññ ôóíêöèé
f , òàêèõ, ÷òî f 0 = (I − Q)f ∈ Ck(J,F), f 1 = Qf ∈ C l(J,F). Ñèìâîëîì BCk(J,F)
îáîçíà÷èì ìíîæåñòâî ôóíêöèé f ∈ Ck(J,F), äëÿ êîòîðûõ f, f (1), . . . , f (k−1) : J → F �
îãðàíè÷åííûå ôóíêöèè. È íàêîíåö, ÷åðåç BCk,l(J,F;Q) îáîçíà÷èì ìíîæåñòâî òàêèõ
ôóíêöèé f , ÷òî (I −Q)f ∈ BCk(J,F), Qf ∈ BC l(J,F).

Â ñèëó ëåììû 2 ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 2. Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí è L-ñïåêòð îïåðàòîðà M íå ïå-

ðåñåêàåòñÿ ñ ìíèìîé îñüþ. Òîãäà äëÿ ëþáîé ôóíêöèè g ∈ BCp+1,1(R,F;Q) óðàâíåíèå
(1) èìååò åäèíñòâåííîå ðåøåíèå u ∈ BC1(R,U). Ýòî ðåøåíèå èìååò âèä

u(t) =

+∞∫
−∞

Gt−sL−1
1 Qg(s)ds−

p∑
q=0

HqM−1
0 g0(q)(t). (3)

Åñëè ê òîìó æå u0 ∈ U èìååò âèä u0 =

+∞∫
−∞

G−sL−1
1 Qg(s)ds −

p∑
q=0

HqM−1
0 g0(q)(0), òî

ôóíêöèÿ (3) ÿâëÿåòñÿ åäèíñòâåííûì îãðàíè÷åííûì íà R ðåøåíèåì çàäà÷è (1), (2).
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The Sobolev type equations are studied quite complete in Banach spaces. Quasi-Sobolev

spaces are quasi normalized complete spaces of sequences. Recently the Sobolev type
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equations began to be studied in these spaces. The paper is devoted to the study of boundary

on axis solutions for the Barenblatt�Zheltov�Kochina model.

Apart the introdsction and bibliograthy the paper contain two parts. In the �rst one gives

preliminary information about the properties of operators in quasi Banach spaces, as well as

about the relatively bounded operator. The second part gives main result of the paper about

boundary on axis solutions for the Barenblatt�Zheltov�Kochina model in quasi-Sobolev

spaces. Note that reference list re�ects the tastes of the author and can be supplemented.

Keywords: Sobolev type equation; spaces of sequances; Laplase quasi-operator; Grin

function; analogue of Barenblatt � Zheltov � Kochina model.
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