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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå øèðîêî ïðèìåíÿåòñÿ äëÿ èññëåäîâàíèé âî âñåõ

åñòåñòâåííûõ íàóêàõ, â îòðàñëÿõ ïðîìûøëåííîñòè, â ýêîíîìèêå, áèîëîãèè è äðóãèõ

îáëàñòÿõ. Äëÿ ðåøåíèÿ êîíêðåòíûõ çàäà÷ èñïîëüçóþòñÿ óæå ñóùåñòâóþùèå èëè ñî-

çäàþòñÿ íîâûå ìîäåëè è ÷èñëåííûå ìåòîäû. Íàèáîëåå íàäåæíûì ñïîñîáîì ïðîâåðêè

êà÷åñòâà ðàçíîñòíîé ñõåìû ÿâëÿåòñÿ ñðàâíåíèå ÷èñëåííîãî ðåøåíèÿ, ãäå ýòî âîçìîæíî,

ñ òî÷íûì ðåøåíèåì çàäà÷è. Â êà÷åñòâå òàêîãî ≪ýòàëîííîãî≫ðåøåíèÿ ïîñòðîåíî òî÷íîå

ðåøåíèå çàäà÷è î ñõîäÿùåéñÿ óäàðíîé âîëíå è î äèíàìè÷åñêîì ñæàòèè ãàçà, íàõîäÿ-

ùåãîñÿ â ñôåðè÷åñêîì ñîñóäå ñ íåïðîíèöàåìîé ñòåíêîé. Â íà÷àëüíûé ìîìåíò âðåìåíè

íàðóæíàÿ ãðàíèöà ãàçà ñêà÷êîì íà÷èíàåò äâèãàòüñÿ ñ îòðèöàòåëüíîé ñêîðîñòüþ, è â ãàç

îò ãðàíèöû íà÷èíàåò ðàñïðîñòðàíÿòüñÿ óäàðíàÿ âîëíà. Óñêîðåíèå ãðàíèöû è ñôåðè÷-

íîñòü îïðåäåëÿþò äâèæåíèå óäàðíîé âîëíû è ñòðóêòóðó òå÷åíèÿ ãàçà ìåæäó ôðîíòîì

óäàðíîé âîëíû è ãðàíèöåé. Èçëîæåííàÿ ïîñòàíîâêà çàäà÷è ïðèíöèïèàëüíî îòëè÷àåòñÿ

îò ðàíåå èçâåñòíûõ ïîñòàíîâîê çàäà÷è î ñõîæäåíèè àâòîìîäåëüíîé óäàðíîé âîëíû ê

öåíòðó ñèììåòðèè è åå îòðàæåíèè îò öåíòðà, â êîòîðûõ îòñóòñòâóåò ãðàíèöà ãàçà.

Êëþ÷åâûå ñëîâà: óäàðíàÿ âîëíà; àíàëèòè÷åñêîå ðåøåíèå; èäåàëüíûé ãàç; ñôåðè-

÷åñêàÿ ñèììåòðèÿ.

1. Ïîñòàíîâêà çàäà÷è

Ðàçâèòèå òåîðèè ðàçìåðíîñòè è ïîäîáèÿ âåëè÷èí ìåõàíèêè ñïëîøíîé ñðåäû íà-
÷àëîñü ïðèìåðíî â 1920 � 1930 ãã. îäíîâðåìåííî â Ñîâåòñêîì Ñîþçå è çà ðóáåæîì.
Ýòà òåîðèÿ áûëà èñïîëüçîâàíà äëÿ ïîñòðîåíèÿ àâòîìîäåëüíûõ ðåøåíèé çàäà÷è î ôî-
êóñèðîâêå óäàðíîé âîëíû (ÓÂ) â èäåàëüíîì ãàçå ñ óðàâíåíèåì ñîñòîÿíèÿ

P = f(s)ργ. (1)

Ïåðâîé îïóáëèêîâàííîé ðàáîòîé áûëà ðàáîòà Ãóäåðëåÿ [1], â êîòîðîé ïðåäïîëàãà-
ëîñü, ÷òî àìïëèòóäà ÓÂ ïî ìåðå åå ïðèáëèæåíèÿ ê öåíòðó ñèììåòðèè íåîãðàíè÷åí-
íî âîçðàñòàåò. Àâòîìîäåëüíîå ðåøåíèå çàäà÷è î ñõîäÿùåéñÿ ÓÂ áûëî îïóáëèêîâàíî
Ë.È. Ñåäîâûì â 1945 ã. [2] è Ê.Ï. Ñòàíþêîâè÷åì â 1945 ã. [3]. Îáçîð ðàáîò ïî ôî-
êóñèðîâêå ÓÂ è ïîëîñòåé â èäåàëüíîì ãàçå èçëîæåí â ðàáîòå Ê.Â. Áðóøëèíñêîãî è
ß.Ì. Êàæäàíà [4]. Âñå ýòè ðåøåíèÿ ÿâëÿþòñÿ àâòîìîäåëüíûìè. Îíè ïîëó÷åíû â ðàì-
êàõ îáùåé òåîðèè ïîäîáèÿ è ðàçìåðíîñòåé, ïîñòðîåííîé Ë.È. Ñåäîâûì [5]. Â êîíöå
ïðîøëîãî ñòîëåòèÿ ïîÿâèëèñü ðàáîòû À.Ô. Ñèäîðîâà è åãî ó÷åíèêîâ, ïîñâÿùåííûå
ïîñòðîåíèþ àâòîìîäåëüíûõ ðåøåíèé ñ áåçóäàðíûì ñæàòèåì èäåàëüíîãî ãàçà [6]. Íî-
âûå àâòîìîäåëüíûå ðåøåíèÿ äëÿ ðàçëè÷íûõ ðåæèìîâ áåçóäàðíîãî ñæàòèÿ èäåàëüíîãî
ãàçà è ñõëîïûâàíèÿ ñôåðè÷åñêîé ïîëîñòè ñ îáðàçîâàíèåì óäàðíîé âîëíû ïîëó÷åíû
À.Í. Êðàéêî è åãî ó÷åíèêàìè [7]. Â îòëè÷èå îò ðåøåíèé çàäà÷è î ñõîäÿùåéñÿ ÓÂ, â
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êîòîðûõ îòñóòñòâóåò ãðàíèöà ãàçîâîé ñôåðû, ðàññìîòðèì ñõîæäåíèå óäàðíîé âîëíû â
ãàçîâîì øàðå ñ íàðóæíîé ãðàíèöåé. Â ìîìåíò t = t0 â ãàçå äàâëåíèå P0 = 0, ïëîòíîñòü
ρ0 = const, ñêîðîñòü U0 = 0, óäåëüíàÿ âíóòðåííÿÿ ýíåðãèÿ E0 = 0. Ãðàíèöà ãàçîâîãî
øàðà íàõîäèòñÿ â òî÷êå r0, t0 . Íà ãðàíèöå çàäàíà íà÷àëüíàÿ ñêîðîñòü Ug0 < 0. Èíû-
ìè ñëîâàìè, íà ãðàíèöå çàäàí ðàçðûâ ñêîðîñòè. Ïîñëå ðàñïàäà ðàçðûâà â ãàç ïîéäåò
ÓÂ. Ãðàíèöà ïðè t > t0 áóäåò äâèãàòüñÿ ïî îïðåäåëåííîìó çàêîíó, ñîãëàñîâàííîìó ñ
äâèæåíèåì ÓÂ.

2. Óäàðíàÿ âîëíà

Ñôåðè÷åñêè ñèììåòðè÷íàÿ ñõîäÿùàÿñÿ ê öåíòðó óäàðíàÿ âîëíà � ýòî ïîâåðõíîñòü,
äâèæåíèå êîòîðîé îïðåäåëÿåòñÿ çàâèñèìîñòüþ rw(t). Â ñëó÷àå ðàñïðîñòðàíåíèÿ ÓÂ
ïî õîëîäíîìó ïîêîÿùåìóñÿ èäåàëüíîìó ãàçó ñ ïåðå÷èñëåííûìè âûøå ïàðàìåòðàìè
óñëîâèÿ íà ÓÂ èìåþò âèä [8]

ρw (D − Uw) = ρ0D, Pw = ρ0DUw, ρ0Dεw = PwUw, (2)

ãäå ε � óäåëüíàÿ ïîëíàÿ ýíåðãèÿ, D � ñêîðîñòü ÓÂ. Èíäåêñîì ≪0≫ îáîçíà÷åíû âåëè-
÷èíû ïåðåä ÓÂ, èíäåêñîì ≪w≫ � çà ÓÂ. Â íà÷àëüíûé ìîìåíò âðåìåíè t0 ÓÂ âûõîäèò
èç òî÷êè r0, t0 ñî ñêîðîñòüþ D0 , êîòîðàÿ îïðåäåëÿåòñÿ ñêîðîñòüþ ãðàíèöû øàðà
Ug0. Â ìîìåíò ôîêóñèðîâêè ÓÂ tf åå êîîðäèíàòà rw(tf ) ðàâíà íóëþ. Ïåðå÷èñëåííûì
óñëîâèÿì óäîâëåòâîðÿåò óðàâíåíèå òðàåêòîðèè ÓÂ

rw = r0

(
tf − t

tf − t0

)n

(3)

ïðè n > 0. Ñêîðîñòü ÓÂ ïîëó÷àåòñÿ äèôôåðåíöèðîâàíèåì rw

D = − r0n

tf − t0

(
tf − t

tf − t0

)n−1

. (4)

Â ìîìåíò ôîêóñèðîâêè ÓÂ ïðè t = tf èç-çà ñôåðè÷íîñòè äîëæíî áûòü D = −∞.
Ñëåäîâàòåëüíî, ïîêàçàòåëü n äîëæåí óäîâëåòâîðÿòü óñëîâèÿì 0 < n < 1. Ïðè t = t0
èç (4) ñëåäóåò ñâÿçü ìåæäó r0, t0, D0 è n

D0 = − r0n

tf − t0
. (5)

Ïîñêîëüêó âåëè÷èíû r0, t0, D0 çàäàíû ïðè ïîñòàíîâêå çàäà÷è, òî èç (5) ïîëó÷àåòñÿ
çàâèñèìîñòü tf îò ïîêàçàòåëÿ ñòåïåíè n

tf = t0 −
r0n

D0

, (6)

à ñ ïîìîùüþ (5) âûðàæåíèå (4) ïðèíèìàåò âèä

D = D0

(
tf − t

tf − t0

)n−1

. (7)

Â ñëó÷àå óðàâíåíèÿ ñîñòîÿíèÿ èäåàëüíîãî ãàçà

P = (γ − 1) ρE, (8)
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ãäå E = ε− 0, 5U2, óñëîâèÿ (2) íà óäàðíîé âîëíå óïðîùàþòñÿ

ρw =
γ + 1

γ − 1
ρ0, Uw =

2

γ + 1
D, Pw = ρ0DUw. (9)

Ïðè ïåðåõîäå îò íåçàâèñèìûõ òåðìîäèíàìè÷åñêèõ ïåðåìåííûõ ρ è E ê ïåðåìåííûì
ρ è s äàâëåíèå ïðèíèìàåò âèä çàâèñèìîñòè îò ýíòðîïèè è ïëîòíîñòè (1). Ïîäñòàâèâ
íà óäàðíîé âîëíå Pw è ρw èç (9) â (1), ïîëó÷èì çàâèñèìîñòü f(s) îò ñêîðîñòè óäàðíîé
âîëíû

f (s) =
2

γ + 1
ρ1−γ
0 D2

(
γ − 1

γ + 1

)γ

. (10)

Ýíòðîïèÿ ñîõðàíÿåòñÿ âäîëü òðàåêòîðèè êàæäîé ÷àñòèöû âåùåñòâà, ïðîøåäøåé ÷åðåç
ôðîíò óäàðíîé âîëíû. Ïîëîæåíèå ÷àñòèöû ìåíÿåòñÿ ñî âðåìåíåì, îäíàêî åå ìàññîâàÿ
êîîðäèíàòà m îñòàåòñÿ íåèçìåííîé

mw =
4

3
πρ0r

3
w. (11)

Ïîñêîëüêó D çàâèñèò îò rw, òî èç (2), (7), (10) è (11) ñëåäóåò çàâèñèìîñòü f(m) â
ãàçå çà óäàðíîé âîëíîé, ñïðàâåäëèâàÿ â ëþáîé ìîìåíò âðåìåíè, âêëþ÷àÿ è ìîìåíò
ôîêóñèðîâêè

f (s) =
2

γ + 1

(
γ − 1

γ + 1

)γ

ρ
(1−γ)
0 D2

0

(m0

m

) 2(1−n)
3n

. (12)

3. Äâèæåíèå ãàçà ìåæäó óäàðíîé âîëíîé è ãðàíèöåé

Íà ôðîíòå ÓÂ ãàç ïðèîáðåòàåò ñêîðîñòü Uw < 0, ïîýòîìó â òå÷åíèå íåêîòîðî-
ãî ïðîìåæóòêà âðåìåíè êàæäàÿ ÷àñòèöà äâèæåòñÿ ê öåíòðó ñèììåòðèè. Ïàðàìåòðû
òå÷åíèÿ ãàçà îïðåäåëÿþòñÿ çàêîíîì ñîõðàíåíèÿ ìàññû, óðàâíåíèåì äâèæåíèÿ è óðàâ-
íåíèåì âíóòðåííåé ýíåðãèè

∂ρ

∂t
+ U

∂ρ

∂r
+ ρ

∂U

∂r
+

2ρU

r
= 0,

∂U

∂t
+ U

∂U

∂r
+

1

ρ

∂P

∂r
= 0, (13)

∂E

∂t
+ U

∂E

∂r
− P

ρ2

(
∂ρ

∂t
+ U

∂ρ

∂r

)
= 0.

Äëÿ èäåàëüíîãî ãàçà (8) ïðåîáðàçóåì ýòî óðàâíåíèå ê âèäó

∂P

∂t
+ U

∂P

∂r
+ γP

(
∂U

∂r
+

2U

r

)
= 0. (14)

Òðè óðàâíåíèÿ (13), (14) ñîäåðæàò òðè õàðàêòåðèñòèêè äâèæåíèÿ ãàçà P , ρ è U .
Ãðàíè÷íûìè óñëîâèÿìè ÿâëÿþòñÿ çàâèñèìîñòè Pw(t), Uw(t) íà óäàðíîé âîëíå è Pg(t),
Ug(t) íà ãðàíèöå ãàçîâîãî øàðà. Äëÿ ðåøåíèÿ çàäà÷è ïåðåéäåì îò ïåðåìåííûõ r, t
ê íîâûì ïåðåìåííûì ξ(r, t), t. Â ðåçóëüòàòå òàêîãî ïåðåõîäà âìåñòî óðàâíåíèé (13),
(14) áóäåì ðàññìàòðèâàòü óðàâíåíèÿ

∂ρ

∂t
+

∂ρ

∂ξ

∂ξ

∂t
+

(
U
∂ρ

∂ξ
+ ρ

∂U

∂ξ

)
∂ξ

∂r
+

2ρU

r
= 0, (15)
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è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2016. Ò. 9, � 1. Ñ. 5�19

7



Â.Ô. Êóðîïàòåíêî, Å.Ñ. Øåñòàêîâñêàÿ, Ì.Í. ßêèìîâà

∂U

∂t
+

∂U

∂ξ

∂ξ

∂t
+

(
U
∂U

∂ξ
+

1

ρ

∂P

∂ξ

)
∂ξ

∂r
= 0, (16)

∂P

∂t
+

∂P

∂ξ

∂ξ

∂t
+

(
U
∂P

∂ξ
+ γP

∂U

∂ξ

)
∂ξ

∂r
+

2γPU

r
= 0. (17)

Ïåðåìåííàÿ ξ(r, t), âûáèðàåòñÿ ñëåäóþùèì îáðàçîì. Ïðåîáðàçóåì óðàâíåíèå òðàåê-
òîðèè óäàðíîé âîëíû (3) òàê, ÷òîáû êîìáèíàöèÿ rw è t áûëà áû ïîñòîÿííîé

rw
r0

(
tf − t0
tf − t

)n

= 1. (18)

Â êà÷åñòâå ξ(r, t) âîçüìåì òàêóþ ôóíêöèþ, ÷òîáû îíà áûëà áû ïîñòîÿííîé íà óäàðíîé
âîëíå. Ïðîùå âñåãî âçÿòü åå â âèäå

ξ =
r

r0

(
tf − t0
tf − t

)n

. (19)

Íà óäàðíîé âîëíå r = rw è èç (18), (19) ñëåäóåò, ÷òî ξw = 1. Ïðîèçâîäíûå

∂ξ

∂t
=

r n

r0 (tf − t)

(
tf − t0
tf − t

)n

,
∂ξ

∂r
=

1

r0

(
tf − t0
tf − t

)n

âìåñòå ñî ñëåäóþùåé èç (19) çàâèñèìîñòüþ r(ξ, t)

r = ξr0

(
tf − t

tf − t0

)n

(20)

ïîäñòàâèì â (15) �(17)

∂ρ

∂t
+

nξ

tf − t

∂ρ

∂ξ
+

(
U
∂ρ

∂ξ
+ ρ

∂U

∂ξ

)
1

r0

(
tf − t0
tf − t

)n

+
2ρU

r0ξ

(
tf − t0
tf − t

)n

= 0, (21)

∂U

∂t
+

nξ

tf − t

∂U

∂ξ
+

(
U
∂U

∂ξ
+

1

ρ

∂P

∂ξ

)
1

r0

(
tf − t0
tf − t

)n

= 0, (22)

∂P

∂t
+

nξ

tf − t

∂P

∂ξ
+

(
U
∂P

∂ξ
+ γP

∂U

∂ξ

)
1

r0

(
tf − t0
tf − t

)n

+
2γPU

r0ξ

(
tf − t0
tf − t

)n

= 0. (23)

4. Ðàçäåëåíèå ïåðåìåííûõ

Ñîãëàñíî [8] áóäåì èñêàòü ðåøåíèå ñèñòåìû óðàâíåíèé (21) � (23) â âèäå

P = αp (t)Π (ξ) , ρ = αρ (t) δ (ξ) , U = αu (t)M (ξ) . (24)

Îáîçíà÷èì äèôôåðåíöèðîâàíèå ïî t òî÷êîé ñâåðõó âåëè÷èíû, äèôôåðåíöèðîâàíèå
ïî ξ � øòðèõîì. Ïîäñòàâèâ (24) â (21) � (23), ïîëó÷èì

φ1δ + ωξδ′ +Mδ′ + δM′ +
2Mδ

ξ
= 0, φ2δM+ ωδξM′ + δMM′ +Π′ = 0, (25)

φ3Π+ ωξΠ′ +MΠ′ + γΠM′ +
2γMΠ

ξ
= 0, (26)
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ãäå

φ1 =
α̇ρ

αρβ
, φ2 =

α̇u

αuβ
, φ3 =

α̇p

αpβ
, ω =

n

β (tf − t)
, β =

αu

r0

(
tf − t0
tf − t

)n

. (27)

Äëÿ ðàçäåëåíèÿ ñèñòåìû óðàâíåíèé (25), (26) íà äâå ñèñòåìû, îäíà èç êîòîðûõ ñî-
äåðæèò âåëè÷èíû, çàâèñÿùèå òîëüêî îò t, à âòîðàÿ � òîëüêî îò ξ, íóæíî, ÷òîáû áûëî

φ1 (t) = const, φ2 (t) = const, φ3 (t) = const, ω (t) = const.

Ôóíêöèè αρ (t) , αu (t) , αp (t) îïðåäåëèì íà óäàðíîé âîëíå. Ïðåäâàðèòåëüíî ïðåîáðà-
çóåì âòîðîå è òðåòüå óðàâíåíèÿ (9) ê âèäó

Uw =
2D0

γ + 1

(
tf − t

tf − t0

)n−1

, Pw =
γ − 1

2
ρwU

2
w. (28)

Èç (24) è (28) íà óäàðíîé âîëíå ñëåäóåò

αρ (t) δw =
γ + 1

γ − 1
ρ0, αuMw =

2D0

γ + 1

(
tf − t

tf − t0

)n−1

, αpΠw =
γ − 1

2
αρδwα

2
uM

2
w.

Â ýòèõ óðàâíåíèÿõ âåëè÷èíû δw, Mw è Πw íå îïðåäåëåíû. Äëÿ óñòðàíåíèÿ ïðîèçâîëà
ïî àíàëîãèè ñ [2-4] ïðèìåì, ÷òî

δw =
γ + 1

γ − 1
, Mw =

2

γ + 1
, Πw =

2

γ + 1
. (29)

Ïðè òàêîì âûáîðå δw, Mw è Πw, ôóíêöèè αρ, αU è αP ïðèíèìàþò âèä

αρ = ρ0, αu = D0

(
tf − t0
tf − t

)1−n

, αp = ρ0D
2
0

(
tf − t0
tf − t

)2(1−n)

. (30)

Èç óðàâíåíèé (27) è (30) îïðåäåëÿþòñÿ φ1, φ2, φ3 è ω

φ1 = 0, φ2 =
n− 1

n
, φ3 =

2 (n− 1)

n
, ω = − 1

n
.

5. Óðàâíåíèÿ äëÿ M, δ, Π è îïðåäåëåíèå n

Ñ ïîìîùüþ ïîëó÷åííûõ çíà÷åíèé φ1, φ2, φ3 è ω óðàâíåíèÿ (25) � (26) ïðèíèìàþò
âèä

δM′ + (M− ξ) δ′ = −2Mδ

ξ
, δ (M− ξ)M′ +Π′ = −n− 1

n
δM, (31)

γΠM′ + (M− ξ)Π′ = −2γMΠ

ξ
− 2 (n− 1)

n
Π. (32)

Óðàâíåíèÿ (31), (32) îáðàçóþò îòíîñèòåëüíî δ′, M′, Π′ ñèñòåìó ëèíåéíûõ íåîäíîðîä-
íûõ óðàâíåíèé. Åñëè îïðåäåëèòåëü ýòîé ñèñòåìû

Z = (M− ξ)
(
γΠ− δ (M− ξ)2

)
(33)
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íå ðàâåí íóëþ, òî ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå. Èç (29) è (33) ñëåäóåò, ÷òî
íà óäàðíîé âîëíå Z (1) = −γ−1

γ+1
< 0. Â ìîìåíò ôîêóñèðîâêè ξ = ∞ è, ñëåäîâàòåëüíî,

Z (∞) = +∞, åñëè ïðè ξ → ∞ M íå ñòðåìèòñÿ ê +∞ êàê ξα, ãäå α > 1. Ïîñêîëü-
êó ðàññìàòðèâàåòñÿ ãàçîâûé øàð êîíå÷íîãî ðàçìåðà è âðåìÿ ôîêóñèðîâêè êîíå÷íî,
òî åñòåñòâåííî ïîòðåáîâàòü, ÷òîáû M∞, Π∞ è δ∞ áûëè áû êîíå÷íû. Èç ñêàçàííîãî
ñëåäóåò, ÷òî ñóùåñòâóåò òàêîå çíà÷åíèå ξ∗ ïðè êîòîðîì Z∗ = 0 è M, Π, δ ïðèíèìàþò
çíà÷åíèÿ M∗, Π∗, δ∗. Â îáëàñòÿõ 1 ≤ ξ < ξ∗ è ξ∗ < ξ < ∞ Z ̸= 0 è â ýòèõ îáëàñòÿõ, êàê
ñêàçàíî âûøå, ñèñòåìà óðàâíåíèé (31), (32) èìååò åäèíñòâåííîå ðåøåíèå. Â òî÷êå æå
ξ∗ ñëåäóåò ðàññìîòðåòü ìàòðèöó êîýôôèöèåíòîâ ∥A∥ è ðàñøèðåííóþ ìàòðèöó ∥B∥,
ãäå

∥A∥ =

∥∥∥∥∥∥
δ∗ M∗ − ξ∗ 0
δ∗ (M∗ − ξ∗) 0 1

γΠ∗ 0 (M∗ − ξ∗)

∥∥∥∥∥∥ ,
∥B∥ =

∥∥∥∥∥∥∥
δ∗ M∗ − ξ∗ 0 − 2M∗δ∗

ξ∗

δ∗ (M∗ − ξ∗) 0 1 − n−1
n
δ∗M∗

γΠ∗ 0 (M∗ − ξ∗) − 2Π∗

(
M∗Π∗
ξ∗

+ n−1
n

)
∥∥∥∥∥∥∥ .

Àíàëèç ìàòðèö ∥A∥ è ∥B∥ ïîêàçûâàåò, ÷òî èõ ðàíãè ñîâïàäàþò è ðàâíû 2, âñå ìèíîðû
òðåòüåãî ïîðÿäêà ðàâíû íóëþ è, ñëåäîâàòåëüíî, ñèñòåìà (31), (32) ïðè ξ = ξ∗ èìååò
åäèíñòâåííîå ðåøåíèå. Ëåãêî ïîêàçàòü, ÷òî ðàâåíñòâî íóëþ âñåõ ìèíîðîâ òðåòüåãî
ïîðÿäêà ïðèâîäèò ê äâóì óðàâíåíèÿì

(n− 1) ξ∗ (2 (M∗ − ξ∗)− γM∗) + 2γnM∗ (M∗ − ξ∗) = 0, (34)

Z∗ = (M∗ − ξ∗)
(
γΠ∗ − δ∗ (M∗ − ξ∗)

2) = 0, (35)

ñîäåðæàùèì n, γ è âåëè÷èíû M∗, Π∗, δ∗, ξ∗, çàâèñÿùèå îò n è γ. Èç óðàâíåíèé (34)
è (35) äëÿ êàæäîãî çíà÷åíèÿ γ íàõîäèòñÿ ñîîòâåòñòâóþùåå çíà÷åíèå n. Ðåçóëüòàòîì
ïðèìåíåíèÿ èçëîæåííîé âûøå ïðîöåäóðû ÿâëÿþòñÿ çíà÷åíèÿ n (γ), êîòîðûå ïðèâå-
äåíû â òàáë. 1.

Òàáëèöà 1

γ n ρf tf
1,1 0,795973 184,465 0,758066
1,2 0,757142 59,5525 0,688311
4/3 0,729259 26,5447 0,625079
1,4 0,717175 20,0714 0,5976454
5/3 0,688377 9,54968 0,5162826

Â îáëàñòÿõ, ãäå Z ̸= 0, âûïèøåì ðåøåíèå ñèñòåìû óðàâíåíèé (31), (32)

M′ =
RM

ξnR
, δ′ =

δRδ

nξ (M− ξ)R
, Π′ =

δ (ξ −M)RΠ

nξR
, (36)

ãäå
R = γΠ− δ (M− ξ)2 , (37)
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RM = 2 (n− 1) ξΠ+ 2γnMΠ+ (n− 1) ξδM(M− ξ) , (38)

Rδ = RM − 2nMR, RΠ = RM − (n− 1) ξMR

M− ξ
. (39)

Ôóíêöèè M(ξ), δ(ξ), Π(ξ), íàõîäÿòñÿ ïðè îïðåäåëåííîì çíà÷åíèè n ïóòåì èíòåãðèðî-
âàíèÿ óðàâíåíèé (36) â îáëàñòè 1 ≤ ξ < ∞.

6. Ðåøåíèå

Äëÿ ïðàêòè÷åñêèõ ïðèìåíåíèé ïîëó÷åííîãî ðåøåíèÿ íóæíî ïåðåéòè îò ôóíêöèé
M(ξ), δ(ξ), Π(ξ) ê ôóíêöèÿì U (r, t), ρ (r, t), P (r, t), õàðàêòåðèçóþùèì ñîñòîÿíèå è
äâèæåíèå ãàçà â ïåðåìåííûõ r, t. Îíè ïîëó÷àþòñÿ èç óðàâíåíèé (24) ñëåäóþùèì
îáðàçîì. Â ëþáîé ôèêñèðîâàííûé ìîìåíò âðåìåíè t0 < t < tf èç (19) ïîëó÷àåòñÿ
îäíîçíà÷íàÿ çàâèñèìîñòü ξ (r), ïîñëå ÷åãî èç óðàâíåíèé (24) âû÷èñëÿþòñÿ

U (r, t) = D0M(ξ (r, t))

(
tf − t0
tf − t

)1−n

, P (r, t) = ρ0D
2
0Π(ξ (r, t))

(
tf − t0
tf − t

)2(1−n)

. (40)

ρ (r, t) = ρ0δ (ξ (r, t)) . (41)

Ýòè ôóíêöèè âû÷èñëÿþòñÿ â îáëàñòè rw ≤ r ≤ rg , çàíÿòîé ãàçîì â ìîìåíò t. Áåç-
ðàçìåðíàÿ êîîðäèíàòà ãðàíèöû ãàçîâîãî øàðà ξg â ìîìåíò t íàõîäèòñÿ èç çàêîíà
ñîõðàíåíèÿ ìàññû

rg∫
rw

4πr2ρ (r) dr =
4

3
πρ0

(
r30 − r3w

)
,

êîòîðûé â ïåðåìåííûõ t, ξ ïðèíèìàåò âèä

ξg∫
1

δξ2dξ − 1

3

((
1− (t− t0)D0

r0n

)−3n

− 1

)
= 0. (42)

Çàòåì ïî íàéäåííîìó çíà÷åíèþ ξg äëÿ ôèêñèðîâàííîãî t èç (19) íàõîäèòñÿ rg (t), à èç
çàâèñèìîñòåéM(ξ) è Π(ξ) îïðåäåëÿþòñÿMg è Πg, ïî êîòîðûì èç (24) íàõîäÿòñÿ Ug (t)
è Pg (t). Òàêèì îáðàçîì, ïîëó÷àþòñÿ òàáëè÷íûå çàâèñèìîñòè Ug (t), Pg (t) , rg (t).

7. Ôîêóñèðîâêà óäàðíîé âîëíû

Ìîìåíò ôîêóñèðîâêè óäàðíîé âîëíû tf íàõîäèòñÿ èç (6) ïîñëå òîãî, êàê çàäàíû
Ug0, r0, t0, γ, D0 = γ+1

2
Ug0, è íàéäåíî n(γ). Äëÿ r0 = 1, Ug0 = −1, t0 = 0 çíà÷åíèÿ

âðåìåíè ôîêóñèðîâêè äëÿ ðàçíûõ γ ïðèâåäåíû â Òàáë. 1. Â òî÷êå t = tf , rw = 0
íàõîäèòñÿ óäàðíàÿ âîëíà, çà ôðîíòîì êîòîðîéD = −∞, Uw = −∞, Pw = ∞, ρw = γ+1

γ−1
,

ξw = 1. Èç (19) ñëåäóåò, ÷òî ïðè ëþáîì r > 0 çíà÷åíèþ t = tf ñîîòâåòñòâóåò çíà÷åíèå
ξ = ∞. Ïðè èíòåãðèðîâàíèè óðàâíåíèé (36) çíà÷åíèþ ξ = ∞ ñîîòâåòñòâóþò çíà÷åíèÿ
δ∞,M∞, Π∞, êîòîðûå ïîñòîÿííû, ò.ê. èç (36) � (39) ñëåäóåò, ÷òî δ

′ → 0,M′ → 0, Π′ → 0
ïðè ξ → ∞. Èç âûðàæåíèé (30) äëÿ αu, αp âèäíî, ÷òî αu = −∞, αp = ∞ ïðè t = tf è
âûðàæåíèÿ äëÿ U è P ïðèíèìàþò âèä

Uf = −∞M∞, Pf = ∞Π∞.
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Ðàáîòà, ñîâåðøåííàÿ íàä ãàçîâûì øàðîì çà âðåìÿ 0 ≤ t ≤ tf , êîíå÷íà. Ýòî çíà-
÷èò, ÷òî è êèíåòè÷åñêàÿ, è âíóòðåííÿÿ ýíåðãèÿ ãàçà â øàðå êîíå÷íû. Òàêèì îáðàçîì,
÷òîáû ñêîðîñòü U è äàâëåíèå P ãàçà â ìîìåíò ôîêóñèðîâêè èìåëè ôèçè÷åñêè ðà-
çóìíûå çíà÷åíèÿ (áûëè îãðàíè÷åíû), äîëæíî áûòü M∞ = 0 è Π∞ = 0, èáî òîëüêî â
ýòîì ñëó÷àå U è P ìîæíî ïîëó÷èòü, ðàñêðûâ â (24) íåîïðåäåëåííîñòè âèäà (∞ · 0).
×èñëåííîå èíòåãðèðîâàíèå óðàâíåíèé (36) äàåò ñ âûñîêîé òî÷íîñòüþ èìåííî òàêèå
çíà÷åíèÿ M∞ = 0 è Π∞ = 0. Êîíå÷íî, çíà÷åíèþ ξ = ∞ ñîîòâåòñòâóåò ìíîãî çíà÷åíèé
r. Íî åñëè âçÿòü t = tf − τ , ãäå τ áåñêîíå÷íî ìàëîå ÷èñëî, òî ξ = ∞ ïîëó÷àåòñÿ èç
(19) òîëüêî ïðè r = ∞. Â ýòîì ñëó÷àå èç (40) ñëåäóåò, ÷òî â ìîìåíò ôîêóñèðîâêè

U∞ = 0, P∞ = 0, ïðè, r = ∞.

Ôóíêöèè U (r) è P (r) ïðè t = tf äîëæíû óäîâëåòâîðÿòü ýòèì àñèìïòîòè÷åñêèì óñëî-
âèÿì. Èç ôóíêöèé αρ, αu, αp (30) òîëüêî αρ = const. Òàêèì îáðàçîì, â ìîìåíò ôîêó-
ñèðîâêè tf âî âñåì ãàçîâîì øàðå â ñîîòâåòñòâèè ñ (41)

ρf = ρ0δ∞ = const. (43)

Çíà÷åíèÿ ρf , ïîëó÷åííûå äëÿ ðàçíûõ γ, ïðèâåäåíû â òàáë. 1. Ïðîôèëü äàâëåíèÿ
â ìîìåíò ôîêóñèðîâêè îïðåäåëèì, èñïîëüçóÿ çàâèñèìîñòü ýíòðîïèè îò ìàññû (12).
Ïîäñòàâèâ f(s) èç (12) è ρf èç (43) â óðàâíåíèå ñîñòîÿíèÿ (1), ïîëó÷èì

P (r) =
2

γ + 1
ρ0D

2
0

(
γ − 1

γ + 1

)γ

δ
(γ− 2(1−n)

3n )
∞

(r0
r

) 2(1−n)
n

. (44)

Ýòà çàâèñèìîñòü ñïðàâåäëèâà äëÿ âñåãî ãàçà, ëåæàùåãî â ïðîìåæóòêå 0 ≤ r ≤ rg.
Ôîðìàëüíî åå ìîæíî ñ÷èòàòü ñïðàâåäëèâîé è â îáëàñòè r > rg, ò.å. âíå ãàçîâîãî
øàðà. Ýòî ìîæíî èñïîëüçîâàòü äëÿ ïîäòâåðæäåíèÿ èçëîæåííûõ âûøå ðåçóëüòàòîâ
èíòåãðèðîâàíèÿ. Äåéñòâèòåëüíî, èç (44) ñëåäóåò, ÷òî P∞ = 0 ïðè r = ∞. Óäåëüíàÿ
âíóòðåííÿÿ ýíåðãèÿ îïðåäåëÿåòñÿ èç óðàâíåíèé (8) è (44)

E (r) = 2D2
0 (γ − 1)γ−1 (γ + 1)−(γ+1) δ

γ−1− 2(1−n)
3n∞

(r0
r

) 2(1−n)
n

. (45)

Ïîëíàÿ âíóòðåííÿÿ ýíåðãèÿ ãàçîâîãî øàðà ïîëó÷àåòñÿ ñ ïîìîùüþ (45) â âèäå

QE =

rg∫
0

4πr2ρ0δ∞E (r) dr.

Ðàáîòà, ñîâåðøåííàÿ íàä ãàçîâûì øàðîì íà åãî ãðàíèöå, îïðåäåëÿåòñÿ óðàâíåíèåì

A = −
tf∫

t0

4πr2g (t)Pg (t)Ug (t) dt.

Ñëåäîâàòåëüíî, êèíåòè÷åñêàÿ ýíåðãèÿ ãàçà â ìîìåíò ôîêóñèðîâêè äîëæíà îïðåäå-
ëÿòüñÿ âûðàæåíèåì

QK = A−QE =

rgf∫
0

2πr2ρfU
2 (r) dr. (46)
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Ðàññìîòðèì ðåøåíèå â ìîìåíò âðåìåíè t = tf − τ (τ � áåñêîíå÷íî ìàëîå ÷èñëî). Ñ
ïîìîùüþ (19) çàïèøåì (40) òàê

U = D0

(
r0ξ

r

) 1−n
n

M(ξ) . (47)

Ïðè t → tf ïðåäñòàâèì çàâèñèìîñòü M(ξ) â âèäå

M(ξ) = Bξ
n−1
n , (48)

ãäå B = const. Ýòà çàâèñèìîñòü óäîâëåòâîðÿåò âûøå ñôîðìóëèðîâàííîìó òðåáîâàíèþ
M∞ = 0 ïðè ξ = ∞. Èç (47), (48) ñëåäóåò çàâèñèìîñòü ñêîðîñòè îò ðàäèóñà â ìîìåíò
t î÷åíü áëèçêèé ê ôîêóñèðîâêå

U = D0

(r0
r

) 1−n
n

B. (49)

Ïîñòîÿííàÿ B íàõîäèòñÿ ïîñëå ïîäñòàíîâêè (49) â (46) ïî ôîðìóëå

B =

 (5n− 2)QK

2πnD2
0ρfr

2(1−n)
n

0 r
5n−2

n
gf

 1
2

.

8. Ýòàëîííîå ðåøåíèå

Èçëîæåííîå ðåøåíèå áûëî ïðèìåíåíî äëÿ îöåíêè òî÷íîñòè íåñêîëüêèõ ìåòîäîâ
ðàñ÷åòà óäàðíûõ âîëí. Õîëîäíûé ãàçîâûé øàð ðàçìåðîì rg0 = 1 èìåë ïàðàìåòðû
P0 = 0, ρ0 = 1, U0 = 0, Ug0 = −1, γ = 5/3. Ãðàíè÷íîå óñëîâèå îïðåäåëÿëîñü ñ ïî-
ìîùüþ óðàâíåíèÿ (42) â ñîîòâåòñòâèè ñ îïèñàííûì â ï. 6 àëãîðèòìîì. Çàâèñèìîñòè
äàâëåíèÿ è ñêîðîñòè ãðàíèöû îò âðåìåíè ïðèâåäåíû â òàáë. 2. Íà ðèñ. 1, 2, 3 ïðè-
âåäåíû ïðîôèëè äàâëåíèÿ, ïëîòíîñòè è ñêîðîñòè íà òðè ìîìåíòà âðåìåíè t = 0, 4,
t = 0, 45 è t = 0, 5. Ñïëîøíàÿ ëèíèÿ � ýòî àíàëèòè÷åñêîå ðåøåíèå äàííîé ðàáîòû,
-î- � ýòî ðàñ÷åòû ïî ïðîãðàììå ÂÎËÍÀ [9] ñ âûäåëåíèåì ðàçðûâîâ, - - - - � ðàñ÷å-
òû ïî ïðîãðàììå ÂÎËÍÀ áåç âûäåëåíèÿ ðàçðûâîâ, × � ðåçóëüòàòû, ïîëó÷åííûå ïðè
ïðîâåäåíèè ðàñ÷åòà ïî ìåòîäèêå [10]. Ðàñ÷åòû âûïîëíåíû íà ðàâíîìåðíîé ïî r ñåòêå

Ðèñ. 1. Ïðîôèëè äàâëå-
íèÿ

Ðèñ. 2. Ïðîôèëè ïëîòíî-
ñòè Ðèñ. 3. Ïðîôèëè ñêîðî-

ñòè
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Òàáëèöà 2

Ãðàíè÷íîå óñëîâèå

� t U P � t U P
1 0,04 −1,008791 1,415094 16 0,30 −1,045146 2,445445
2 0,07 −1,015161 1,484529 17 0,31 −1,044921 2,517083
3 0,10 −1,021256 1,562232 18 0,32 −1,044473 2,592849
4 0,13 −1,026982 1,649664 19 0,33 −1,043787 2,673060
5 0,16 −1,032224 1,748622 20 0,34 −1,042842 2,758063
6 0,18 −1,035380 1,822074 21 0,35 −1,041619 2,848236
7 0,20 −1,038211 1,902413 22 0,36 −1,040097 2,943996
8 0,22 −1,040657 1,990554 23 0,37 −1,038251 3,045798
9 0,23 −1,041717 2,037877 24 0,38 −1,036058 3,154141
10 0,24 −1,042655 2,087565 25 0,39 −1,033488 3,269573
11 0,25 −1,043463 2,139778 26 0,40 −1,030514 3,392698
12 0,26 −1,044129 2,194694 27 0,42 −1,023220 3,664748
13 0,27 −1,044643 2,252502 28 0,45 −1,008354 4,149469
14 0,28 −1,044992 2,313410 29 0,50 −0,969947 5,233492
15 0,29 −1,045165 2,377642 30 0,55 −0,899013 6,144230

ñ ÷èñëîì òî÷åê N = 200. Íà ðèñ. 2 âèäåí ýíòðîïèéíûé ñëåä â ïðîôèëÿõ ρ(r), ïî-
ëó÷åííûõ ïî ìåòîäó áåç âûäåëåíèÿ ðàçðûâîâ. Ñëåä îáðàçîâàëñÿ ïðè ôîðìèðîâàíèè
≪ðàçìàçàííîé≫ óäàðíîé âîëíû âîçëå ãðàíèöû ãàçîâîãî øàðà.

Â òàáë. 3, 4 è 5 ïðèâåäåíû çàâèñèìîñòè U (r), ρ (r), P (r), ïîëó÷åííûå èç àíàëè-
òè÷åñêîãî ðåøåíèÿ, íà ìîìåíòû âðåìåíè t = 0, 4, t = 0, 45, t = 0, 5, ñîîòâåòñòâåí-
íî. Â òàáë. 6 ïðèâåäåíû àíàëèòè÷åñêèå çàâèñèìîñòè M(ξ), Π(ξ) è δ(ξ) â äèàïàçîíå
1 ≤ ξ ≤ 10. Äëÿ òîãî, ÷òîáû ïîñòðîèòü ðåøåíèå U (r), ρ (r), P (r) â ëþáîé âûáðàí-
íûé ìîìåíò âðåìåíè t∗, çàäàåì ξ èç òàáë. 6 è íàõîäèì r èç ôîðìóëû (19), çàòåì ïî
ôîðìóëàì (40) è (41) âû÷èñëÿåì U (r), ρ (r), P (r).

Òàáëèöà 3

Àíàëèòè÷åñêîå ðåøåíèå íà ìîìåíò t = 0, 4

� r P (r) ρ(r) U(r) � r P (r) ρ(r) U(r)
1 0,3584 3,3761 4,0000 −1,5912 24 0,4660 3,5944 5,9404 −1,2335
2 0,3631 3,4043 4,1303 −1,5681 25 0,4706 3,5912 5,9954 −1,2232
3 0,3678 3,4299 4,2533 −1,5460 26 0,4753 3,5874 6,0488 −1,2132
4 0,3724 3,4533 4,3698 −1,5249 27 0,4800 3,5831 6,1009 −1,2034
5 0,3771 3,4744 4,4806 −1,5047 28 0,4847 3,5783 6,1515 −1,1938
6 0,3818 3,4935 4,5863 −1,4854 29 0,4894 3,5730 6,2009 −1,1845
7 0,3865 3,5106 4,6873 −1,4668 30 0,4940 3,5672 6,2490 −1,1755
8 0,3911 3,5258 4,7840 −1,4489 31 0,4987 3,5611 6,2959 −1,1666
9 0,3958 3,5394 4,8768 −1,4318 32 0,5034 3,5545 6,3416 −1,1579
10 0,4005 3,5513 4,9661 −1,4153 33 0,5081 3,5476 6,3861 −1,1495
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� r P (r) ρ(r) U(r) � r P (r) ρ(r) U(r)
11 0,4052 3,5616 5,0519 −1,3993 34 0,5127 3,5403 6,4296 −1,1412
12 0,4098 3,5706 5,1347 −1,3840 35 0,5174 3,5328 6,4721 −1,1332
13 0,4145 3,5782 5,2145 −1,3691 36 0,5221 3,5249 6,5136 −1,1253
14 0,4192 3,5846 5,2915 −1,3548 37 0,5268 3,5167 6,5540 −1,1176
15 0,4239 3,5898 5,3660 −1,3409 38 0,5314 3,5083 6,5936 −1,1100
16 0,4286 3,5939 5,4380 −1,3275 39 0,5361 3,4997 6,6322 −1,1026
17 0,4332 3,5969 5,5078 −1,3145 40 0,5408 3,4908 6,6700 −1,0954
18 0,4379 3,5990 5,5753 −1,3019 41 0,5455 3,4817 6,7069 −1,0883
19 0,4426 3,6002 5,64078 −1,2897 42 0,5502 3,4724 6,7430 −1,0814
20 0,4473 3,6005 5,7043 −1,2778 43 0,5548 3,4630 6,7783 −1,0746
21 0,4519 3,6001 5,7659 −1,2662 44 0,5595 3,4533 6,8128 −1,0679
22 0,4566 3,5989 5,8258 −1,2550 45 0,5876 3,3927 7,0053 −1,0305
23 0,4613 3,5969 5,8839 −1,2441

Òàáëèöà 4

Àíàëèòè÷åñêîå ðåøåíèå íà ìîìåíò t = 0, 45

� r P (r) ρ(r) U(r) � r P (r) ρ(r) U(r)
1 0,2434 4,7924 4,0000 −1,8959 24 0,3810 4,8977 6,8237 −1,2698
2 0,2494 4,8648 4,2393 −1,8450 25 0,3870 4,8712 6,8863 −1,2554
3 0,2554 4,9253 4,4553 −1,7983 26 0,3930 4,8441 6,9465 −1,2415
4 0,2613 4,9752 4,6525 −1,7552 27 0,3989 4,8165 7,0044 −1,2280
5 0,2673 5,0156 4,8340 −1,7153 28 0,4049 4,7883 7,0600 −1,2150
6 0,2733 5,0475 5,0023 −1,6782 29 0,4109 4,7598 7,1136 −1,2025
7 0,2793 5,0720 5,1590 −1,6435 30 0,4169 4,7310 7,1653 −1,1903
8 0,2853 5,0899 5,3054 −1,6111 31 0,4229 4,7018 7,2150 −1,1785
9 0,2913 5,1019 5,4428 −1,5806 32 0,4289 4,6725 7,2631 −1,1671
10 0,2972 5,1088 5,5721 −1,5518 33 0,4348 4,6431 7,3094 −1,1561
11 0,3032 5,1111 5,6939 −1,5247 34 0,4408 4,6135 7,3541 −1,1454
12 0,3092 5,1093 5,8091 −1,4990 35 0,4468 4,5839 7,3974 −1,1350
13 0,3152 5,1039 5,9181 −1,4747 36 0,4528 4,5542 7,4392 −1,1249
14 0,3212 5,0953 6,0215 −1,4515 37 0,4588 4,5245 7,4796 −1,1151
15 0,3272 5,0838 6,1197 −1,4295 38 0,4647 4,4949 7,5187 −1,1055
16 0,3331 5,0699 6,2131 −1,4085 39 0,4707 4,4653 7,5566 −1,0962
17 0,3391 5,0538 6,3021 −1,3885 40 0,4767 4,4358 7,5933 −1,0872
18 0,3451 5,0357 6,3870 −1,3694 41 0,4827 4,4065 7,6288 −1,0784
19 0,3511 5,0159 6,4680 −1,3510 42 0,4887 4,3772 7,6633 −1,0698
20 0,3571 4,9946 6,5454 −1,3335 43 0,4947 4,3481 7,6967 −1,0615
21 0,3630 4,9720 6,6195 −1,3166 44 0,5006 4,3192 7,7291 −1,0533
22 0,3690 4,9482 6,6905 −1,3004 45 0,5365 4,1495 7,9048 −1,0084
23 0,3750 4,9234 6,7585 −1,2848
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Òàáëèöà 5

Àíàëèòè÷åñêîå ðåøåíèå íà ìîìåíò t = 0, 5

� r P (r) ρ(r) U(r) � r P (r) ρ(r) U(r)
1 0,0926 11,4956 4,0000 −2,9363 24 0,2777 8,1137 8,5003 −1,3032
2 0,1007 11,9886 4,7516 −2,6848 25 0,2858 7,9479 8,5430 −1,2826
3 0,1087 12,2118 5,3157 −2,4917 26 0,2938 7,7882 8,5829 −1,2630
4 0,1168 12,2584 5,7648 −2,3370 27 0,3019 7,6343 8,6202 −1,2444
5 0,1248 12,1902 6,1336 −2,2092 28 0,3099 7,4862 8,6552 −1,2267
6 0,1328 12,0473 6,4426 −2,1014 29 0,3180 7,3433 8,6879 −1,2097
7 0,1409 11,8565 6,7055 −2,0087 30 0,3260 7,2056 8,7187 −1,1936
8 0,1489 11,6358 6,9319 −1,9280 31 0,3341 7,0728 8,7477 −1,1781
9 0,1570 11,3974 7,1288 −1,8568 32 0,3421 6,9447 8,7750 −1,1632
10 0,1650 11,1497 7,3015 −1,7935 33 0,3502 6,8209 8,8007 −1,1489
11 0,1731 10,8984 7,4540 −1,7366 34 0,3582 6,7015 8,8251 −1,1352
12 0,1811 10,6474 7,5896 −1,6852 35 0,3663 6,5861 8,8481 −1,1221
13 0,1892 10,3996 7,7109 −1,6384 36 0,3743 6,4745 8,8699 −1,1094
14 0,1972 10,1567 7,8199 −1,5956 37 0,3824 6,3666 8,8906 −1,0971
15 0,2053 9,9198 7,9184 −1,5563 38 0,3904 6,2622 8,9103 −1,0854
16 0,2133 9,6898 8,0076 −1,5199 39 0,3985 6,1612 8,9290 −1,0740
17 0,2214 9,4670 8,0889 −1,4862 40 0,4065 6,0634 8,9468 −1,0630
18 0,2294 9,2517 8,1632 −1,4548 41 0,4146 5,9686 8,9637 −1,0523
19 0,2375 9,0439 8,2312 −1,4254 42 0,4226 5,8768 8,9799 −1,0420
20 0,2455 8,8437 8,2938 −1,3980 43 0,4307 5,7878 8,9953 −1,0320
21 0,2536 8,6507 8,3515 −1,3722 44 0,4387 5,7014 9,0100 −1,0224
22 0,2616 8,4649 8,4049 −1,3478 45 0,4870 5,2335 9,0860 −0,9700
23 0,2697 8,2860 8,4543 −1,3249

Òàáëèöà 6

Àíàëèòè÷åñêîå ðåøåíèå

� ξ Π(ξ) δ(ξ) M(ξ) � ξ Π(ξ) δ(ξ) M(ξ)
1 1,000 0,7500 4,0000 0,7500 24 1,828 0,7188 7,3840 0,4503
2 1,036 0,7660 4,3422 0,7211 25 1,864 0,7120 7,4454 0,4444
3 1,072 0,7781 4,6391 0,6955 26 1,900 0,7052 7,5039 0,4388
4 1,108 0,7870 4,9018 0,6727 27 1,936 0,6984 7,5597 0,4334
5 1,144 0,7933 5,1375 0,6521 28 1,972 0,6917 7,6129 0,4282
6 1,180 0,7973 5,3508 0,6334 29 2,296 0,6335 8,0000 0,3890
7 1,216 0,7993 5,5453 0,6163 30 2,620 0,5816 8,2718 0,3596
8 1,252 0,7999 5,7236 0,6005 31 2,944 0,5364 8,4716 0,3363
9 1,288 0,7990 5,8879 0,5860 32 3,268 0,4972 8,6236 0,3174
10 1,324 0,7971 6,0398 0,5726 33 3,592 0,4630 8,7426 0,3016
11 1,360 0,7942 6,1807 0,5601 34 3,916 0,4330 8,8379 0,2881
12 1,396 0,7906 6,3118 0,5484 35 4,240 0,4067 8,9156 0,2764
13 1,432 0,7863 6,4341 0,5375 36 4,564 0,3834 8,9799 0,2661
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14 1,468 0,7815 6,5485 0,5272 37 4,888 0,3626 9,0340 0,2570
15 1,504 0,7762 6,6558 0,5176 38 5,212 0,3440 9,0800 0,2489
16 1,540 0,7706 6,7565 0,5085 39 5,536 0,3272 9,1193 0,2415
17 1,576 0,7647 6,8513 0,4998 40 5,860 0,3120 9,1535 0,2348
18 1,612 0,7585 6,9406 0,4917 41 6,832 0,2741 9,2326 0,2178
19 1,648 0,7522 7,0249 0,4839 42 7,804 0,2445 9,2883 0,2043
20 1,684 0,7457 7,1046 0,4765 43 8,776 0,2209 9,3293 0,1931
21 1,720 0,7390 7,1801 0,4695 44 9,748 0,2016 9,3605 0,1838
22 1,756 0,7323 7,2516 0,4628 45 10,00 0,1971 9,3674 0,1816
23 1,792 0,7256 7,3195 0,4564

Ðàáîòà ïðîâîäèëàñü ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ. Ãðàíò 13�01�00072.
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Mathematical modelling is widely applied for researches in all natural sciences,

industries, economy, biology and other areas. Already existing or new created models and

numerical methods are used for the solution of speci�c problems. The most reliable way

to check the adequacy of the di�erential scheme is to compare the numerical solution with

the precise solution of the problem where it is possible. As an example of such "reference"

solution we construct a precise solution for the problem of a convergent shock wave and

dynamic gas compression in a spherical vessel with an impermeable wall. Initially, the

external border of the gas begins to move stepwise with a negative velocity, and the shock

wave begins to propagate from border to gas. Acceleration of the border and sphericity

determine the motion of the shock wave and the structure of the gas �ow between the

shock front and border. The considered problem formulation is fundamentally di�erent

from previously known statements of the problem of self-similar shock wave convergence to

the center of symmetry and its re�ection from the center with no boundary of gas.

Keywords: shock wave; analytical solution; ideal gas; spherical symmetry.
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