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Analysis of complex hydraulic networks, electric circuits, electronic schemes, chemical

processes etc. often results in a system of interconnected di�erential and algebraic equations.

If the process under study has after-e�ect, then the system includes integral equations.

This paper addresses simulation of hydraulic networks by means of the theory for singular

systems of integral di�erential equations. We present theoretical tools that help investigate

qualitative properties of such systems and search for e�ective methods of solution. A

mathematical model for the straight through boiler circuit has been developed and a

numerical method for its solution has been constructed. Experimental results showed that

the theory for singular systems of integral di�erential equations performs well when applied

to simulation of the hydraulic networks.
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Introduction

Consider systems of ordinary di�erential equations

Aẋ+ F (x, t, ν) = 0, t ∈ It = (−∞,+∞), (1)

where A is a (ϱ × ϱ)-matrix with constant components, F (x, t, ν) is an n-dimensional
vector-function, x ≡ x(t) is a desired vector-function, ν ∈ ℵ = (−ν0, ν0) is a numeric
variable. For the sake of simplicity, it is assumed that F (x, t, ν) ∈ C∞(Rϱ × It × ℵ) and

detA = 0. (2)

Systems (1) satisfying (2) are commonly called di�erential algebraic equations (DAEs) [1],
other frequently used terms include singular systems [2] and algebraic di�erential systems
[3]. Such systems appear in many applications, for example, in electronic schemes, electric
and hydraulic networks, mechanical systems etc. [1�5]. In the works [6�8], systems (1),
describing various substantial problems (A is a non null-kernel operator), have been studied
in in�nite-dimensional spaces.

By the solution of system (1) for a �xed value of ν = ν∗ on T = (α, β) ⊆ It we mean
the vector-function x ≡ x(t) ∈ C1(T ) which reduces (1) into identity on T .

Here and in what follows, we use the uniform norm of them-dimensional vector b ∈ Rϱ

and the corresponding norm of the (ϱ×ϱ)-matrix B =
{
bij, i, j = 1, ϱ

}
which are found by

the rules ∥b∥ = max {|bi| , i = 1, 2, ..., ϱ} , b = (b1, b2, ..., bϱ)
⊤, ∥B∥ = max{

∑ϱ
j=1 |bij|, i =

1, 2, . . . , ϱ}, where ⊤ stands for conjugation.
It is important to mention that dependence on t sometimes might be omitted if it does

not lead to misunderstanding.
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1. Mathematical Models for Hydraulic Networks

A hydraulic network is a system comprising an interconnected set of discrete
components that transport media (such as gas, liquid or a mixture of gas and liquid).
The network usually comprises the following components: active components (hydraulic
power pack, e.g. pumps), transmission lines (e.g. pipes) and passive components (hydraulic
cylinders). Its scheme can be presented in the form of a �nite oriented graph with
explanatory statements if required. The number of nodes n and the number of lines m are
said to be the parameters of the hydraulic network under study.

The hydraulic network graph can be presented by a full (m×n)-matrix A of nodes and
lines that identically describes the structure and the orientation of the network: aji = 1,
if the line i comes from the node j; aji = −1, if the line i comes into node j; aji = 0 if
the node j does not belong to the line i. The �nite closed set of the oriented lines, where
only the start and the end nodes coincide, is called a simple circuit. We say that the line
is active if it connects nodes of active components, otherwise we call this line passive [9].

The matrix of nodes and lines should be considered along with the (l×n)-matrix B of
the network circuits which describes the basic system of circuits and lines: bji = 1, if the
line i belongs to the circuit and its orientation coincide with the direction of the circuit,
otherwise bji = −1; bji = 0 if the line i does not belong to the circuit.

Introduce the following vector-functions: X(t) =
(
x1(t) x2(t) . . . xn(t)

)⊤
is the �ow

rate in pipelines; P (t) =
(
p1(t) p2(t) . . . pl(t)

)⊤
denotes pressures at nodes; yi(t) = pi(t)−

pi+1(t) is a pressure drop in the i-th pipeline; P ∗(t) =
(
p∗l+1(t) p

∗
l+2(t) . . . p

∗
m(t)

)⊤
denotes

the known pressures; H(t) =
(
h̃1(t) h̃2(t) . . . h̃n(t)

)⊤
is the hydraulic heads in pipelines;

Q(t) =
(
q1(t) q2(t) . . . qm(t)

)⊤
is the in�ows (out�ows) at nodes; hi(t) = yi(t) + h̃i(t) is a

pressure loss in the i-th line due to friction, yi(t) = hi(t) for a passive line.
Here we establish two Kirchho�'s laws:

AX(t) = Q(t), BY (t) = 0, (3)

where Y (t) is a vector-function of the pressure drops in pipelines. The �rst law re�ects

the fact that for any node j the in�ow equals to the out�ow:
∑
j

xi(t) = qi(t),
m∑
i=1

qi(t) = 0.

The second law implies that in any closed circuit q the total pressure drop equals to
zero:

∑
q

yi(t) = 0. In system (3), the number of variables is greater than the number of

equations. To amend this, it is common to use so called closing relations which describe
the movement of the media along the pipelines:

yi(t) + h̃i(t) = s0ixi(t) + s1ix
2
i (t), s0i > 0, s1i > 0, (4)

where s0i, s1i are the pipe frictions corresponding to the stream-line and turbulent �ows [9].
After some obvious transformations, we arrive at the closed system of nonlinear equations(

S0 −A⊤
1

A1 0

)(
X(t)
P (t)

)
+

(
S1 |X(t)|X(t)

0

)
=

(
H(t) +A⊤

2 P
∗(t)

Q1(t)

)
, (5)
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where |X(t)|X(t) = diag{x1(t)|x1(t)|, x2(t)|x2(t)|, . . . , xn(t)|xn(t)|}, Q1(t) is a vector-
function of in�ows at the nodes with unknown pressures, S0 = diag{s01, s02, . . . , s0n}
and S1 = diag{s11, s12, . . . , s1n}, (A⊤

1 A⊤
2 ) = A⊤, the matrix A1 is full rank. If we

�nd H(t), P ∗(t), Q1(t) at a given time t and solve (5) by Newton's method, we obtain
distribution for the �ows X(t) and the pressures P (t).

Notice that the pipe frictions may depend on X(t), P (t) [10, 11]. In the works by
A.P. Merenkov, it was proposed to replace x2i (t) by |xi(t)|xi(t) in (4). This enables us to
carry computations when yi(t)+ h̃i(t) alternates in signs. For example, set s0i = 0, [yi(t)+
h̃i(t)] < 0. Then (4) does not have a real solution with respect to xi, whereupon system
yi(t) + h̃i(t) = s1i|xi(t)|xi(t) does.

In the monograph [5], the following closing relations were obtained by integrating
over the space of the general motion equations: yi(t) + h̃i(t) = ri(t)ẋi(t) + s0ixi(t) +
s1ix

2
i (t), ri(t) > κ̄ = const > 0, t ∈ It, i = 1, n. In accordance with the technique

developed by A.P. Merenkov, we replace this with

yi(t) + h̃i(t) = ri(t)ẋi(t) + s0ixi(t) + s1i|xi(t)|xi(t), (6)

which corresponds to the DAE(
R(t) 0
0 0

)(
Ẋ(t)

Ṗ (t)

)
+

(
S0 −A⊤

1

A1 0

)(
X(t)
P (t)

)
+

(
S1 |X(t)|X(t)

0

)
=

=

(
H(t) +A⊤

2 P
∗(t)

Q1(t)

)
, (7)

where R(t) = diag{r1(t), r2(t), . . . , rn(t)} are the momentum parameters that depend on
the geometric features of the given part of the circuit. Some pipelines may have regulator
components and, therefore, taking into account (6), the line equation has the form

yi(t) + hi(t) = ri(t)ẋi(t) + s0ixi(t) + [s1i + κi

t∫
0

(ψi(xi(τ))− θi)dτ ]xi(t) |xi(t)| , (8)

where κi is a proportionality factor, θi is a value for the regulator component, ψi(.) is the
regulator function.

Hence, taking into account (8), system (7) with automatic regulator components can
be presented in the form of a singular vector-valued integral di�erential equation

W (y) := R(t)ẏ +Ψ(y,Vy, t) = 0, t ∈ T = [α, β] ⊂ [0, ∞), (9)

where y = (X⊤ P⊤)⊤, Vy =
t∫
0

K(t, τ, y(τ))dτ is the Volterra operator, R(t) =

diag(R(t), 0).

Example 1. Consider the straight-through boiler circuit (see Fig. 1). Along the circuit,
the water is pumped at node 5, then it is heated and turns into steam. Afterwards, the
steam is heated to 545oC and passes to the turbine through the valve. It is shown on Fig.
1 that the circuit has 6 segments: x1, x2, x3, x4, x5, x6. Water �ows through the segments
x1, x3 which also have regulators for the feed water and the live steam temperature. The
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Fig 1. Diagram for the straight-through boiler circuit

segment x2 has the water-steam mixture coming through it, whereas steam passes through
x4 and x6. The control valve of the turbine is located at x5. The in�ow q(t) simulates the
media density variation at the boiling segment.

Write down the �ow rate equations using the �rst Kirchho�'s law for the nodes
p1, p2, p3, p4 (Fig. 1):

x1 − x2 − x3 = 0; x2 + x3 − x4 = q; x4 − x5 = 0; x5 − x6 = 0. (10)

The pressure loss equations have the form

p∗5− p1 = r1ẋ1+[s11+κ1

t∫
0

(x1(τ)− θ1)dτ ] |x1|x1; κ1 = 0, 003, p1− p2 = r2ẋ2+ s12 |x2|x2;

p1 − p2 = r3ẋ3 + [s13 + κ3

t∫
0

(x3(τ)− θ3)dτ ] |x3| x3;

κ3 = 0, 001, p2 − p3 = r3ẋ3 + s14 |x4|x4/(p2 + p3);

p3 − p4 = r5ẋ5 + s15 |x5|x5/(p4 − 0, 09p3); p4 − p∗6 = r6ẋ6 + s16 |x6| x6/(p∗6 + p4). (11)

In (7) we have:

A⊤
1 =


−1 0 0 0
1 −1 0 0
1 −1 0 0
0 1 −1 0
0 0 1 −1
0 0 0 1

 ; A⊤
2 =


1 0
0 0
0 0
0 0
0 0
0 −1

 .

Values for the regulators are set: θ1 = 75, θ3 = 9. The �ow rate is measured in kilograms
per second, pressure is measured in units of atmosphere, time is measured in seconds.

2. Basic De�nitions

Before we start to analyse the system obtained, let us introduce the essential for the
future investigation notation.
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De�nition 1. Let

Λ1(x) := Aẋ+ Φ(x, t) = 0, Φ(x, t) = F (x, t, ν∗), t ∈ It = (−∞,+∞), (12)

where Φ(x, t) ∈ C
(2,2)
tx (Rϱ × It), ν∗ ∈ N = (−ν0, ν0) is a �xed value of the parameter, and,

as in [12], the following conditions hold:
1. All solutions x(t; t0;x0), where x0 ∈ M, M ⊆ Rϱ is some mapping, are de�ned when
t0 ≤ t <∞;
2. There exists a unique solution η(t), t ∈ It bounded along the entire real axis:
sup {∥η(t)∥ , t ∈ It} = µ <∞;
3. For each solution x(t; t0; x0), limt→∞ [x(t; t0; x0)− η(t)] = 0.

Then, system (12) possesses the convergence property.

By combining de�nitions from [2,3,13], introduce the following notion and a statement.

De�nition 2. 1. The sum λA + B, where A,B are matrices of the equal dimensions, λ
is a scalar (generally, complex) parameter, is called a matrix pencil;
2. The pencil of (ϱ×ϱ)-matrices λA+B is regular if there exists a value for the parameter
λ0 such that det(λ0A+B) ̸= 0;
3. The smallest possible integer positive number k, starting with which

rankW k = rankW k+1, W =
[
(λ0A+B)−1A

]
, (13)

is called an index of the matrix pencil λA+B;
4. The regular matrix pencil λA+B is said to satisfy the rank-degree criterion if

deg det [λA+B] = rankA = r.

Lemma 1. If the pencil of square matrices λA + B is regular, then there exist such
matrices P and Q with constant components that

P (λA+B)Q = λ

(
Ed 0
0 N

)
+

(
J 0
0 Eϱ−d

)
,

where N is a nilpotent matrix (i.e. for some j ≥ k, N j = 0).

DAEs possess a complex inner structure. To measure this complexity to some extent,
it is common to use the notation of index. Various de�nitions of index can be found in
literature (see, e.g., [1], [3], [14]), however, below we use the de�nition from [14].

De�nition 3. Let there exists a di�erential operator Λl(z) :=∑l
j=0 Lj(t, z, . . . , z

(l−2))(d/dt)j, where Lj ∈ C(T × Rϱ(l−2)) are (ϱ × ϱ)-matrices

with the property Λl(z) ◦ Λ1(y) = Ã(z, t)ż + Φ̃(z, t) ∀z ≡ z(t) ∈ Cl+1(T ), where
det Ã(υ, t) ̸= 0 ∀(υ, t) ∈ Rϱ × T . The smallest possible l is said to be the index of system
(12) on T . When l − 2 < 0, matrices Lj do not depend on t and z.

For the time-invariant system (12)

Aẋ(t) +Bx(t) = f(t), (14)

where the pencil of square matrices λA+B is regular and f(t) is a known vector-function,

we can assume, by means of Lemma 1, Λl = Qdiag{Ed,
l∑

j=0

(−N)j(d/dt)j+1}P. In other

words, l = k, i.e. the index equals to the parameter from (13).
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De�nition 4. Let there exist an integral di�erential operator

Λ̃l(z) :=
l∑

j=0

Lj(t, z, . . . , z
(l−2),V ,V1, ...,Vl−2)(d/dt)

j,

where Lj ∈ C(T × Rϱ(2l−2)) are (ϱ × ϱ)-matrices, Vj are the Volterra operators with
the property Λ̃l(z) ◦W (z) = R̃(z, t,V ,V1, ...,Vl−2)ż + Ψ̃(z, t,V ,V1, ...,Vl−1) ∀z ≡ z(t) ∈
Cl+1(T ), where det R̃(υ, t, w, w1, ..., wl−2) ̸= 0 ∀(υ, t, w, w1, ..., wl−2) ∈ Rn(2l−2) × T ). The
smallest possible l is called the index of system (9) on T . If l − 2 < 0, the matrices Lj

depend only on t. In some cases it is safe to assume Vjz =
t∫
0

[∂jK(t, τ, y(τ))/∂tj]dτ .

3. Linear DAEs with the Convergence Property

Lemma 2. If system (12) possesses the property of convergence and Φ(x, t) ≡ Φ(x, t+ω),
then the bounded solution η(t) is also ω-periodic with respect to t.

Proof. Indeed, let Φ(x, t) ≡ Φ(x, t+ ω). We have A(d/dt)η(t+ ω) = Aη̇(t+ ω) = Φ(η(t+
ω), t+ ω) = Φ(η(t+ ω), t). Therefore, η(t+ ω) is a bounded solution on It. By de�nition,
η(t) is unique. Hence, η(t+ ω) = η(t).

2

Theorem 1. Let system (14) satisfy the conditions:
1. The matrix pencil λA+B is regular;
2. f(t) ∈ Ck(It),

∥∥f (j)(t)
∥∥ ≤ κ, κ = const > 0, j = 0, k − 1, f (0)(t) = f(t), where k is

the index of λA+B;
3. All roots of the polynomial det(λA+B) have negative real parts.
Then, system (14) possesses the convergence property and

η(t) =
k−1∑
j=0

Sjf
(j)(t) +

t∫
−∞

G1(t− τ)f(τ)dτ. (15)

Here G1(υ), Sj are some (ϱ× ϱ)-matrices de�ned below.

Proof. Multiply system (14) on the left by P and introduce the change of variables x = Qy,

where P and Q are the matrices from Lemma 1. We obtain(
Ed 0
0 N

)
ẏ +

(
J 0
0 Eϱ−d

)
y = f̃(t) =

(
f1(t)
f2(t)

)
, f̃(t) = Pf(t). (16)

Introduce the splitting y = (y⊤1 , y
⊤
2 )

⊤. Consider the �rst subsystem of (16) ẏ1+Jy1 = f1(t).
In accordance with [12], under condition 3 of the theorem all real numbers of the matrix
J are negative and the unique bounded solution of the �rst subsystem is de�ned by the
formula

y1(t) =

t∫
−∞

e−J(t−τ)f1(τ)dτ.
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For the second subsystem Nẏ2 + y2 = f2(t), a simple substitution veri�es that

y2(t) = f2(t) +
k−1∑
j=1

(−N)jf
(j)
2 (t).

Then, G1(υ) = Qdiag
{
e−Jυ, 0

}
P ;Sj = Qdiag {0, (−N)j}.

2

Similarly, we can prove a more general statement using (16).

Theorem 2. Let system (14) satisfy conditions 1 and 2 of Lemma 3 and all roots of the
polynomial det(λA+B) have non-zero real parts.
Then, there exists some matrix G(t) ∈ C∞(0 < |t| <∞) with the properties:
1. G(+0)−G(−0) =M , where M is a (ϱ× ϱ)-matrix de�ned below;
2. ∥G(t)∥ ≤ ce−α|t|, (t ̸= 0), where c and α are positive constants;
3. AĠ(t) + BG(t) = 0, t ̸= 0;
4. The expression

η(t) =
k−1∑
j=0

Sjf
j(t) +

+∞∫
−∞

G(t− τ)f(τ)dτ (17)

is a unique bounded solution of (14) on It.

Lemma 3. For the bounded solution η(t) of system (14) under the conditions of Theorems
1 and 2, the following estimation holds

sup
t

∥η(t)∥ ≤ κ̃ sup
t

k−1∑
j=0

∥∥f (j)(t)
∥∥ , κ̃ = const ≥ 0.

If the free term f(t) of (14) is an ω-periodic function f(t + ω) ≡ f(t)(ω > 0), then
the bounded solution η(t) is also ω-periodic.

4. Quasilinear DAEs with the Convergence Property

De�nition 5. (see, e.g., [2]) The (ϱ1 × ϱ)-matrix A− is said to be semi-inverse for the
(ϱ× ϱ1)-matrix A if AA−A = A.

The semi-inverse matrix is de�ned for any (ϱ × ϱ1)-matrix A and techniques for its
computation are well developed [2].

Lemma 4. [17] Let:
1. In system (1) F (x, t, ν) = F (x);
2. F (x) ∈ C2(U), U = {x : ∥x− a∥ ≤ ρ}, where a ∈ Rϱ and F (a) = 0;
3. The matrix pencil λA+Fx(a), where Fx = ∂F (x)/∂x, satis�es the rank-degree criterion.
Then, the �rst r roots of the polynomial det [λEϱ − ∂F (a)/∂x] are equal to the roots of
det [λA+ Fx(a)], and the rest ϱ− r roots are equal to -1, where

F (x) = − [A+ SFx(x)]
−1 F (x), S = Eϱ − AA−.
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Lemma 5. Let in system (12) Φ(x, t) ∈ C
(2,2)
tx (Rϱ × It). Then, system (12) has index

1 if det [λA+ Φx(x, t)] = ar(x, t)λ
r + . . ., where r = rankA, Φx = ∂Φ/(x, t)∂x, and

ar(x, t) ̸= 0 ∀(x, t) ∈ Rϱ × It.

Proof. Consider the equality

P
[
A+ SP−1PΦx(Qy, t)

]
Qẏ + PΦ(Qy, t) + PΦt(Qy, t) = 0,

where Φt = ∂Φ/∂t, x = Qy, PAQ = diag {Er, 0} , det(PQ) ̸= 0. It is clear that

det

(
Er 0

B21(y, t) B21(y, t)

)
= detP

[
A+ SP−1PΦx(Qy, t)

]
Q,

where

(
B11(y, t) B12(y, t)
B21(y, t) B22(y, t)

)
= PΦx(Qy, t)Q. Since the matrix S = Eϱ − AA− is a

projector: S2 = S, then, by the de�nition for a semi-inverse matrix, we can choose
such P that PSQ = diag {0, Eϱ−r}. It follows that ar(x, t) = detB22(Q

−1x, t)/ det(PQ).
Therefore, by applying Eϱ + S(d/dt) to (12) and multiplying by [A+ SΦx(x, t)]

−1, we
obtain a system in the normal form

ẋ = F (x, t) = − [A+ SΦx(x, t)]
−1 [Φ(x, t) + Φt(x, t)] . (18)

2
Theorem 3. Let system (18) satisfy the conditions:
1. sup {F (0, t), t ∈ It} = κ <∞;
2. The biggest eigenvalue λmax(x, t) of the matrix

[
Fx(x, t) + F⊤

x (x, t)
]
/2, Fx(x, t) =

∂F/(x, t)∂x is such that λmax(x, t) ≤ ϵ, where ϵ is a positive number.
Then, system (18) possesses the convergence property.

Proof. System (18) satis�es that conditions of the theorem from [12]. Therefore, it has a

unique bounded solution η(t) that attracts all solutions x(t; t0;x0) of system (18). Since
all solutions of (12) are the solutions to (18), they are also attracted to η(t). The set M
from De�nition 1 is de�ned by rankA = rank(A|F (x0, t0)) and, in virtue of ar(x, t) =
detB22(Q

−1x, t)/ det(PQ) ̸= 0, is nonempty.

2
Let us give an auxiliary statement from [17] for a nonlinear system with a distinguished

linear part.

Theorem 4. Let there be given a system

Aẋ(t) +Bx(t) = ϕ(t, x), (19)

and the following conditions be satis�ed:
1. The matrix pencil λA+B satis�es the rank-degree criterion;
2. All roots λ1, λ2, . . . , λr of the polynomial det(λA+B) have nonzero real parts;
3. ϕ(t, y) ∈ C1(It × ∥y∥ <∞) è supt ∥ϕ(t, 0)∥ = γ <∞;
4. The Lipschitz condition holds: ∥ϕ(t, y)− ϕ(t, z)∥ ≤ L ∥y − z∥ ∀y, z ∈ Rϱ, and L is
su�ciently small.
Then:
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1. There exists a solution η = η(t) to (19), de�ned and bounded on It, and η(t) = η(t+ω)
if ϕ(x, t) = ϕ(x, t+ ω);
2. System (19) possesses the convergence property if Reλj < 0, (j = 1, . . . , r).

Theorems similar to Theorems 1, 2, 4 for the in�nite-dimensional case can be found
in [18,19].

5. Investigation of the Hydraulic Circuit. Numerical Experiment

Let us establish some qualitative properties of system (7).

Lemma 6. System (7) has index 2 if the matrix S1 does not depend on the components
of P (t).

Proof. Consider the product

Y1 ◦ Ω(X,P ) =
(
En 0
A1 0

)(
Ẋ

Ṗ

)
+

(
R−1(t)S0 −R−1(t)A⊤

1

0 0

)(
X
P

)
+

+

(
R−1(t)S1 |X(t)|X(t)

0

)
, Y1 =

(
R−1(t) 0

0 (d/dt)Em

)
, (20)

where Ω(X,P ) is an operator of system (7). If S1 in (7) does not depend on P , then,

transforming (20) by means of the operator Y2 =

(
En 0

−(d/dt)A1 (d/dt)Em

)
, we get

Y2 ◦ Y1 ◦ Ω(x, p) =
(

En 0

Ũ(x) A1R
−1(t)A⊤

1

)(
Ẋ

Ṗ

)
+ · · · ,

where Ũ(x) is some block of appropriate dimension. The matrix A1 is full rank if the
matrix R−1(t) is diagonal with positive elements. Therefore, A1R

−1(t)A⊤
1 is nonsingular

for all t ∈ T . The product Y2 ◦ Y1 is the second order di�erential operator.

2

Below, we will need the following statement.

Theorem 5. Let the system

S(t)ẏ + Γ(y,Wy, t) = 0, t ∈ T = [α, β], (21)

where Wy =
t∫
0

K̃(t, τ, y(τ))dτ is the Volterra operator, satisfy the conditions:

1. S(t) ∈ C2(T ), Γ(y, t, z) ∈ C2({y : ∥a− y∥ ≤ ρ1} × {z : ∥z∥ ≤ ρ2} × T, ρ1, ρ2 > 0),
a ∈ Rκ, K̃(t, τ, y) ∈ C1(T × T × {y : ∥a− y∥ ≤ ρ1});
2. rank S(t) = const, t ∈ [α, α + ρ1];
3. rank S(α) = rank {S(α)|Γ(a, 0, α)};
4. The polynomial λS(α) +D(a, 0, α), where D(y, z, t) = ∂Γ(y, z, t)/∂y, satis�es the rank-
degree criterion.
Then:
1. the solution y(t) ∈ C1[α, α + ϵ] to system (21) with the initial data y(α) = a is de�ned
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on some segment [α, α + ϵ], ϵ > 0;
2. For the su�ciently small h ≤ h0, there exist solutions to the di�erence scheme

S(ti+1)
yi+1 − yi

h
+ Γ

(
ti+1, yi+1, h

i∑
j=0

K̃(tj, ϵj, yj)

)
= 0, y0 = a, (22)

where h = ϵ/N, ti+1 = α + ih, i = 0, N − 1, τj = α + jh, and the following estimation
holds:

∥yi − y(ti)∥ ≤ Ch, C = const > 0.

More over, (22) can be replaced by the non-iterative scheme

S(ti+1)
wi+1 − wi

h
+Γ(ξi)+D(ξi)(wi+1−wi) = 0, ξi =

(
ti+1, wi, h

i∑
j=0

K̃(tj, τj, wj

)
, (23)

with the estimation ∥wi − y(ti)∥ ≤ C1h, C1 = const > 0.

Theorem 5 is a special case of statements proved earlier in [20].

Lemma 7. Let system (7) H(t) ≡ 0, P ∗(t) ≡ 0, Q1(t) ≡ 0, t ∈ It, have no regulator
components. Then (7) possesses the convergence property.

Proof. De�ne the set M from De�nition 1. It is clear that under the current conditions
A1X(t0) = 0. Moreover, system (7) does not satisfy the forth condition of Theorem 5,
meanwhile, system Y1 ◦ Ω(X,P ) = 0 does. By direct calculation, it can be shown that
det[λS(α) + D(a, 0, α)] = [A1R

−1(t)A⊤
1 ]λ

n + · · · , and the forth condition is satis�ed for
all values of t. To satisfy the condition 3, it is necessary and su�cient that the following
equality holds at the point t0

[A1R
−1(t)A⊤

1 ]P (t) = −A1R
−1(t)S1 |X(t)|X(t). (24)

The set of solutions to A1X(t0) = 0 is nonempty. Since the matrix A1R
−1(t)A⊤

1 is
nonsingular, for any X(t0) = 0 there exists an allowable initial value P (t0) = 0. Hence,
the set M is nonempty, and, by virtue of Theorem 5, there exists a neighbourhood of t0
where the solution to (7) is de�ned for allowable initial values.

Let y(t) =

(
X(t)
P (t)

)
be a solution to (7). Consider the inner product

(y,Ω(X,P )) = (1/2)
n∑

i=1

ri(t)
d

dt
[x2i (t)] +

n∑
i=1

[
s0.ix

2
i (t) + s1,ix

2
i (t) |xi(t)|

]
= 0. (25)

Here, we took into consideration that R(t) is diagonal and −(X,A⊤
1 P ) + (P,A1X) ≡ 0.

Assume that (7) has a nonzero bounded solution η(t) de�ned on It. Equation (25) implies
that for any nonzero solution

n∑
i=1

ri(t)
d

dt
[x2i (t)] < 0. (26)

Therefore, when t → −∞ we have ∥η(t)∥ → ∞. We arrived at a contradiction. The
nonzero solution is a unique bounded solution on It. The validity of the lemma follows
from (24) and (26).
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2
Let us now present results of numerical experiments. It follows from (23) that

wi+1 = M−1(ξi)
[
[S(ti+1) + hD(ξi)]wi − hΓ(ξi)

]
, where M(ξi) = S(ti+1) + hD(ξi).

The forth condition of Theorem 5 implies that matrix M(ξi) is invertible for the
su�ciently small h. In Example 1, set θ1 = 75, θ3 = 9, R = diag {1; 1; 1; 1; 1; 1},
X0 = (x10; x20; . . . , x60)

⊤ = (65; 45; 20; 65; 65; 65)⊤, p∗ = (p∗5; p
∗
6)

⊤ = (200; 0, 035)⊤,
P0 = (p10; p20; p30; p40)

⊤ = (185; 170; 160; 120)⊤, q(t) ≡ 0,
S0 = 0, S1 = diag {s11; s12; . . . ; s16} = diag {0, 0005; 0, 0014; 0, 0444; 0, 1825; 0, 4508; 0, 3336}.

In scheme (23), we set h = 0, 001; t ∈ [0..50].

Fig 2. Diagram for the �ow rates in pipelines with regulators

Fig. 2 shows that the regulators brought the �ow rates to the given values.
This work has been supported by the Russian Foundation for Basic Research, grant

No. 15-01-03228-à.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÌÎÄÅËÅÉ ÍÅÑÒÀÖÈÎÍÀÐÍÛÕ
ÃÈÄÐÀÂËÈ×ÅÑÊÈÕ ÖÅÏÅÉ ÍÀ ÎÑÍÎÂÅ
ÒÅÎÐÈÈ ÂÛÐÎÆÄÅÍÍÛÕ ÑÈÑÒÅÌ
ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

Å.Â. ×èñòÿêîâà, Íãóåí Äûê Áàíã

Àíàëèç ñëîæíûõ ãèäðàâëè÷åñêèõ ñèñòåì, ýëåêòðè÷åñêèõ öåïåé, ýëåêòðîííûõ ñõåì,

õèìè÷åñêèõ ðåàêöèé è ò.ä. ÷àñòî ïðèâîäèò ê íåîáõîäèìîñòè ðåøàòü ñèñòåìû âçàèìî-

ñâÿçàííûõ äèôôåðåíöèàëüíûõ è àëãåáðàè÷åñêèõ óðàâíåíèé. Åñëè ïðîöåññ îáëàäàåò

ïîñëåäåéñòâèåì, òî òàêèå ñèñòåìû ìîãóò âêëþ÷àòü èíòåãðàëüíûå óðàâíåíèÿ. Äàííàÿ

ðàáîòà ïîñâÿùåíà ìîäåëèðîâàíèþ ãèäðàâëè÷åñêèõ öåïåé ñ ïîìîùüþ âûðîæäåííûõ

èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðèâîäÿòñÿ òåîðåòè÷åñêèå ðåçóëüòàòû, ñ ïî-

ìîùüþ êîòîðûõ èçó÷àþòñÿ êà÷åñòâåííûå ñâîéñòâà ðàññìàòðèâàåìûõ ñèñòåì è ñòðî-

ÿòñÿ ýôôåêòèâíûå ÷èñëåííûå ìåòîäû. Â ðàáîòå ðàññìîòðåíà ìîäåëü ãèäðàâëè÷åñêîé

öåïè ïàðîâîäÿíîãî òðàêòà ïðÿìîòî÷íîãî êîòëà, ïðåäëîæåí ÷èñëåííûé ìåòîä ðåøåíèÿ.

Ýêñïåðèìåíòàëüíûå ðåçóëüòàòû ïîêàçàëè, ÷òî òåîðèÿ âûðîæäåííûõ ñèñòåì èíòåãðî-

äèôôåðåíöèàëüíûõ óðàâíåíèé õîðîøî ðàáîòàåò ïðè ìîäåëèðîâàíèè ïðîöåññîâ, ïðîòå-

êàþùèõ â ãèäðàâëè÷åñêèõ ñèñòåìàõ.

Keywords: äèôôåðåíöèàëüíî-àëãåáðà÷èåñêèå óðàâíåíèÿ; èíòåãðî-àëãåáðàè÷åñêèå

óðàâíåíèÿ; ãèäðàâëè÷åñêèå öåïè; èíäåêñ, ÷èñëåííûå ìåòîäû.
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