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O CKOPOCTHU CXOANMOCTU CTAIIMOHAPHOI'O
METOJA TAJIEPKNHA JJI4 YPABHEHN S
CMEIITAHHOI'O TUITA

HU.E. Feopos, U.M. Tuxonosa

B pabore uzyuaercsa kpaeBas 3amada B.H. Bparosa st ypaBHEHUS CMEITAHHOTO THTIA
BTOPOTO TOPSIJIKA, KOTJIa yPaBHEHNE TPUHAJIEIKUT JUINITHIECKOMY TUITYy BOJIU3W OCHOBa-
HUll TumHIpuYIeckoil obsractr. C MOMOIIBIO CTAIMOHAPHOTO MeTosa [ajlepkuHa JoKa3aHa
OJIHO3HAYHASI PETYJISIPHAsi PA3PEIINMOCTh KPAEBOH 3a/1a9y IIPH OIPEIEJIEHHBIX YCJIOBUAX HA
KO3 DUINEHTHI U TPABYI YacThb ypaBHEHUs. 1Ipu 3TOM yCTAHOBJIEHBI AIIPUOPHBIE OIEH-
KU JIjIs yPABHEHUsI CMEIIAHHOT'O TUIA, KOTOPBIM YIOBJIETBOPSIOT MPUOINKEHHBIE PEIICHUS.
[MomyuenHa oNeHKa CKOPOCTH CXOUMOCTU CTAIHOHAPHOTO MeTola [ajepKuHna B HOpMeE TIpo-
crpanctsa Cobostea Wy, wepes cobcTBernbIe (hyHKIME oniepaTopa Jlammaca mo mpocTpam-
CTBEHHBIM [TEPEMEHHBIM U 10 BpeMeHU. [Ipu BBIBO/IE OIEHKU CKOPOCTU CXOJIUMOCTH METOJIA
lasilepkuHa CyIIECTBEHHO UCIOIB3YETCH PA3JIOXKEHNE PEIIeHNs] NCXOJHON KPAeBoil 3a/[adu B
psan @ypbe o cobcTBeHHBIM QyHKIUIM orrepaTopa Jlamraca u n3Becrroe pasencTso [lap-
CeBaJIs.

Karouesvie caosa: ypasreHue CMeWanHo20 muna, cmayuonaphoid memod lanepkuna,

Kpaesas 3a0a4a, HepasenHcmeo, oueHKd.

M3BecTHO, 9TO Teopun ypaBHEHUI CMENIAHHOIO THIA IOCBSIIEHO JTOBOJBHO MHOIO PaboT M
monorpaduwmii [1, 2, 5, 6, 8, 9, 11]. Ilpu sT0M K HCCIIEI0BAHUIO KPAeBbIX 3a/ad JIJIsl yDaBHEHHI cMe-
IITAHHOTO THUIA IPUMEHSJINCH CHHIYJIsIpHBbIE MHTErpajbHble YpaBHEHNs, (DyHKIMOHAIbHbBIE METO-
JIbI, METO/JT PEryJIsIPU3AINT, HECTAIIMOHAPHBIN MeTo [asiepkuHa. B 0CHOBHOM, C ITOMOIIIBIO CTAIIN-
OHAPHOrO MeToa [ajlepKuHa N3yvIaanch KpaeBble 3a/1a4n JJIsl YPABHEHUN SJIIAIITHIECKOTO TUTIIA,
[3, 4, 7|. OrmeruM, uro B paborax |3, 7| B kKadecrBe GasucHbIx dyHKIUiI Opaanch cobCTBEHHbIE
dyHKIUN CXOIHOTO onepaTopa. B psime paboT mojrydeHbl OIeHKN HOTPEITHOCTH HEeCTAIIMOHAPHOTO
MeTosa [ajiepkuHa j1jisi 9BOJIIONUOHHBIX ypasHeruil [10].

B nanHoii pabore paccmaTpuBaercsi 4acTHbI ciryudail Kpaesoil 3ajsaun B.H. Bparosa [§],
KOT/Ia YpaBHEHHE CMENIaHHOTO THUIIa MPUHAIJIEXKUT SJIAINTAIECKOMY THUIy BOJIM3U OCHOBAHUI
nuIuHIpudeckoit obsactu. Ilpu sToM mosydeHa OIEHKA CKOPOCTU CXOAUMOCTU CTAIIMOHAPHOTO
Metozia [ajlepkiia B HopMe mpocTpancTsa Wy, depes cobeTBeHHble ducTa onepaTopa Jlammaca
1o nepemenubiM ¢ € R™ u t.

[Tycts 2 C R™ - orpanmvenHasi o0JaCcTh C IIaJKoii rpanurneit S, QQ = Q x (0,7), Sp =
Sx(0,7), T > 0.

PaccMoTpuM ypaBHEHHE CMEIIaHHOIO THIIA
Lu = k(z, t)uy — Au+ a(z, t)ug + c(z)u = f(x,t), (x,t) € Q, (1)

rie Koaddunmentsl ypapuerust (1) sBJISIOTCS JIOCTATOYHO TJIAIKAMEA (DYHKITUSIMH.
Iomoxum

Py = {(z,0) : k(x,0) = 0,2 € Q}, Py ={(z,T):k(z,T) =0,z €Q}

Kpaesas 3amada. Haittu pemmenne ypasnenns (1) B obiactu () Takoe, 910

u’ST =0, (2)
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U|t:[) = O, Ut|ﬁ(~)r = O, ut|ﬁ; =0. (3)

[Tpu onpeseneHHBIX yCIOBHAX Ha KO3(MMUIMEHTH 1 IPaBYIO YacTh ypaBHeHus (1) B pabore
[8] ¢ momombio MeTosa peryssipusanuy Oblaa JoKazaHa OJHO3HAYHASI PA3PEIIMMOCTh KPaeBoii
sajasn (1) — (3) us mpocrpanctea W2 (Q). B pabore [9] mocTpoenbl MpubIMKeHHbIe Perenns
cTanuoHapHOro Meroja [ajsepkuHa, KOTopble cJ1abo CXOIATCst K 0BG0BIEHHOMY PEIIEHUIO KPAeBOH
sajgaan (1) — (3) s ogHOro HesMHEHHOrO ypaBHeHHs cMemnanHoro tuma suga (1) npu k(z,0) <

0, k(z,T) > 0.

st nesoro k > 1 gepes || - ||, 6ymem o6osmauars Hopmy npocrpanctsa Cobosesa W (Q) n
(u,v) = /ude, llul| = v/ (u,u), u,v e La(Q).
Q

[Tycrs C, xiace raagakux OYHKIHUI, YI0BIETBOPSIONIINX KPaeBbIiM yctoBusM (2), (3).
B masbheiiem pacemorpum ciy4aii k(z,0) < 0, k(xz,T) < 0. Torga cymecTByoT HOJIOKY-
TeabHBIE Yncia tg < To u 01,09 Takue, 4To

k(z,t) < =61 <0, 0<t<ty k(z,t) < —0s<0, Ty <t<T.
Beckoneuno auddepennupyembie byuximu £(t), n(t) BeiOupaeM ciepyomum 06pasom:
£(t) 20, £(0) =¢&(T) =0, &(t) = p, to <t <To,

§2>20, 0<t<ty;&<0, Th<t<T,

3¢ +1,  0<t<ty,
n(t) =141, to <t <1Tp,
—3&4+1, TH<t<T.

[Ipu 5TOM ¥mCIIO 1t YAOBIETBOPSAET yeuouio 4 > § L (max |k| + 9).
Q

Ananornuno pabore [11] mokasbIBatoTCsl CieyoIIue JEeMMbI.

JIemma 1. Ilyemw xosgpuyuenm c(x) > 0 docmamouno 60avwot u
— 1
k(z,0) <0, k(z,T)<0, x€Q; a_ikt >6>0.

Torna s Becex dyukumit v € Cf, cupapenBO HEPABEHCTBO

(Lu, &uy + nu) > Cy||ul|f, C1 > 0. (4)

JIemma 2. ITycmo xosppuyuenm k(x,t) pasen k(t) u
1
kE(0) <0, kE(T)<0; a—§\kt\ >6>0.

Torma nyist Beex dyukimii u(z, t) nz C, uMeeT MeCTO HEPABEHCTBO

—(Lu, §Auy + nlAu) > Cy / [ug + Y s, + (Au)’1dQ — Cs|[ul| (5)
Q =1
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rne Co, C3>0mn Au = uy + Au.
ITycrs dbyukuun {¢g(z,t)}pe, oproHopMupoBaHbl B Lo(Q)) U SBIISIOTCS PEIICHHEM CIIEK-
TpaJbHON 3a1a49un _
Av=vy +Av=—-Xv, (z,t) €Q,
’U|5T = 0, U|t:0 = 0, Ut‘t:T =0.
[Tpu sToMm A - cooTBeTCTBYyIOINE COOCTBEHHBIE UUC/IA, YAOBJIETBOpsome ycaosuaM 0 < A <
A <---m A\ — +oo npu k — oo.
TTostoxkum

wk(J:?t) = f(t)cpkt(x’t) + 77(75)%(%75)-

Teopema 1. Oynryuu {1r(x,t)} e, Aunelino He3a6UCUMbL, U MHONCECTNBO UL AUHETHDLT KOM-
bunayut naomno 6 La(Q).

Jloka3aresbcTBO T€OpeMBbI 1 IIOJIHOCTBIO COBIAJIAET € JOKA3aTeJbCTBOM TeopeMsl 1 [11].
[Tpubmmrkennoe pemtenue kpaesoit 3aaan (1)-(3) umercst B Bue

N
uVN = Z N oop(z,t).
k=1

IIpu sToM KO3 PUITMEHTEI cffv OIIPEJIEIIAIOTCS KaK PEIIeHUEe CUCTEMbI aaredpandeckKux ypas-

HeHU

Teopema 2. ITycmwb sunosnens, ycrosus aemm 1, 2. Tozda dasn 10600 dynruuu f € La(Q) ma-
koti, wmo fr € La(Q), cywecmeyem eduncmeentoe pezyaaproe pewerue u(x,t) xpaesoti 3adayu
(1)-(3) us npocmparncmea W2(Q). Ipu smom npubausicennve pewenua u (z,t) caabo cxodames
x u(x,t) 6 npocmparncmee W2(Q).

Jlokazamenvemeso. s noka3aTesibcTBa TEOPEMbI 2 3aMETHM, YTO U3 PaBeHCTB (6) mosrydarorcs
COOTHOITIEHUS

(L™, gup + ™) = (f, €ug +nu),
— (L eAUY + nAu) = (f, EAud + nAu’).
Orcroma B cuity (4), (5) cieayer cnpaBeyInBOCTh OIEHKH

™Iz < Ca(lf1l + [1felD)s Ca>0,

KOTOpAsl TI03BOJISIET TIOJIYIUTh yTBep K IeHusi TeopeMbl 2. VI3 Teopembr 1 6yjieM uMersb, 4To ypas-
Henue (1) BbImosiHsIETCsT JIUIst TOYTH Beex (z,t) € Q. O

Teopema 3. Hycmb %0996¢uuueHm C(l’) > 0 docmamouno 004bUWOT, U BBINOAHEHDL ycaosua
1
k(O) < 07 k(T) < 07 a— i‘kt’ >0>0 ; fa ft S L2(Q)

Tozda das noepewHocmu cmayuoraprozo memoda Laseprura cnpasediusa ouerka

Il — Nl < Cs(1F1 + 11 fIDANLE S Cs >0,

2de nocmosnnan Cs e sasucum om dynruyud f,u, ul.
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Joxasamenvemeo. s pemennst u(z,t) xpaesoit 3amaun (1)-(3), rapanTHPOBAHHOIO TEOPEMOIt
2, cupaBe IuBBI passioxkenue B psiji Pypbe

oo
w=>_cepr, ok =(u pr)
k=1

1 HEPaBEHCTBO
[e.e]

D @A < Go(IfIP +[1£:]1%), Co>0. (7)
k=1
[Iycts Hpy — nuHEiHOE TOITPOCTPAHCTBO WQI(Q), HaTSIHYTOE HA ©1, ..., N U Py — omepaTtop
npoektupoBanust Ha Hy. V13 paBencTs (6) HETPYIHO HOJYIUTH COOTHOIIEHUE

(L(u =), (u—u™)e +nlu—u™)) = (Llw = u™), §(ur — wp) + n(u - w)),

re w MPOU3BOJIbHBIN d1eMeHT U3 H .
Orcrona B cuiy (4), (7) npu w = Pyu H0JIy4aeM HCKOMYO OIEHKY CKOPOCTH CXOJMMOCTH
CTaIMOHAPHOTO MeToda [amepKuHa. ]

Paboma nposodusacv npu dunarcosoti noddepoicke Munucmepcmea o0bpa3osarus U
nayku  Poccutickolt  @edepayuu(zoc.  wowmpaxm N 02.740.11.0609) u IIpasumesvcmea
PC(A)(Tocydapecmeennan cmunendus Ipasumeavcmea PC  (5) acnuparwmam uw m0a0dvim
yuenvim va 2012 2.)
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MSC 35M12

About Convergence Speed of the Stationary Galerkin Method
for the Mixed Type Equation

LE. Egorov, Mathematics Scientific research institute NEFU (Yakutsk, Russian Federation),
I.M. Tikhonova, Mathematics Scientific research institute NEFU (Yakutsk, Russian
Federation)

In this paper it is investigated the boundary value problem of V.N. Vragov for mixed-
type equation of second order, when equation belongs to elliptic type close to the cylindrical
base region. Using a stationary Galerkin methods we prove the unique regular solvability of
this boundary value problem. It was established a priori estimates for mixed-type equation.
It is obtained an estimate for the rate convergence of Galerkin method in the steady-state
rate of the Sobolev spaces by eigenfunctions of the Laplace operator in the spatial variables
and time. For derivation of the estimate of convergence of stationary Galerkin methods we
use the expantion of solution of the initial boundary value problem.

Keywords: equation of mized type, stationary, the Galerkin method, boundary value
problem, unequality, estimate.

References

1. Bitsadze A.V. Uravnenie smeshannogo tipa [Equation of Mixed Type|. Moscow, Akad. Nauk
SSSR, 1959.

2. Smirnov M.M. Uravnenie smeshannogo tipa [Equation of Mixed Type]. Moscow, Nauka, 1970.

3. Mikhlin S.G. Variatsionnye metody v matematicheskoy fizike [Variational Methods in
Mathematical Physics|. Moscow, Nauka, 1970.

4. Ladyzhensky O.A. Kraevye zadachi matematicheskoy fiziki [Boundary Value Problems of
Mathematical Physics|. Moscow, Nauka, 1973.

5. Moiseev E.I. Uravnenie smeshannogo tipa so spektral’nym parametrom [The Equation of
Mixed Type with Spectral Parameter|. Moscow, Izd-vo Mosk. universiteta, 1988.

6. Egorov I.LE., Feodorov V.E. Neklassicheskie uravneniya matematicheskoy fiziki vysokogo
poryadka [High-Order Nonclassical Eequations of Mathematical Physics|. Novosibirsk,
Vychisl. tsentr SO RAN, 1995.

7. Dgishkariani A.V. The Rate of Convergence of the Bubnov-Galerkin Method [O bystrote
shodimosty metoda Bubnova-Galerkinal. J. wvich. mat. i mat. fiziki [Computational
Mathematics and Mathematical Physics|, 1964, vol. 4, no. 2, pp. 343-348.

8. Vragov V.N. To the Theory of Boundary Value Problems for Mixed-Type Equations in Space
[K teorii kraevykh zadach dlya uravneniy smeshannogo tipal. Differentsial’nye uravneniya
[Diferential Equation]|, 1977, vol. 13, no. 6, pp. 1098-1105.

Cepus «MaremaTudeckoe MOAeJUPOBaHUE U IIPOrpaMMHUPOBaHUEe>, BbIII. 14 o7



10.

11.

Lar’kin N.A. A Class of Nonlinear Equations of Mixed Type [Ob odnom klasse nelineynykh
uravneniy smeshannogo tipal. Sibirskiy matem. j. [Siberian Mathematical Journal|, 1978,
vol. XIX, no. 6, pp. 1308-1314.

Vinogradova P.V., Zarubin A.G. Error Estimation of Galerkin Method for Non-Stationary
Equations [Otsenka pogreshnosty metoda Galerkina dlya nestatsionarnykh uravneniy|. J.
vich. mat. i mat. fiziki [Computational Mathematics and Mathematical Physics|, 2009, vol. 49,
no. 9, pp. 1643-1651.

Egorov [.LE., Tikhonova [.LM. On Stationary Galerkin Methods for the Second Order Equation
of Mixed Type |[O statsionarnom metode Galerkina dlya uravneniya smeshannogo tipa
vtorogo poryadkal. Mat. zametki YaGu, 2010, vol. 17, no. 2, pp. 41-47.

Hocmynuana 6 pedaxyuro 14 aseycma 2012 e.

o8

Bectauk FOYpI'Y, Ne40 (299), 2012



