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The �rst initial-boundary value problem for the system modelling the motion of

the incompressible viscoelastic Kelvin � Voigt �uid in the magnetic �eld of the Earth is

investigated considering that the �uid is under external in�uence. The problem is studied

under the assumption that the �uid is under di�erent external in�uences depending not

only on the coordinates of the point in space but on time too. In the framework of the

theory of semi-linear Sobolev type equations the theorem of existence and uniqueness of

the solution of the stated problem is proved.The solution itself is a quasi-stationary semi-

trajectory. The description of the problem's extended phase space is obtained.The results

of the computainal experiment are presented.

Keywords: magnetohydrodynamics; Sobolev type equations; extended phase space;

incompressible viscoelastic �uid; explicit one-step formulas of Runge � Kutta.

Introduction

Consider the �rst initial-boundary value problem for the system modeling the motion
of the incompressible viscoelastic Kelvin � Voigt �uid in the magnetic �eld of the Earth

(1− χ△)vt = ν△v − (v · ∇)v − 1

ρ
∇p− 2Ω× v +

1

ρµ
(∇× b)× b+ f 1,

∇v = 0, ∇b = 0, bt = δ△b+∇× (v × b) + f 2,
(1)

v(x, 0) = v0(x), b(x, 0) = b0(x), x ∈ D, (2)

v(x, t) = 0, b(x, t) = 0, (x, t) ∈ ∂D ×R+. (3)

Here vector-functions v and b correspond to velocity and magnetic induction respectively,
p is the pressure, vector-functions f 1 and f 2 correspond to external in�uences on the �uid

and magnetic �eld respectively; Ω =
1

2
∇×v is angular velocity, ∇ is operator of Hamilton,

δ is the magnetic viscosity, µ is the magnetic permeability, ρ is the density, D ⊂ Rn is the
cylinder's domain with the boundary ∂D of the class C∞.
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This work continues investigations of magnetohydrodynamics models which were
started by the authors in [2, 3]. Its distinctive feature is that there are vector-functions
fk = (fk

1 , f
k
2 , . . . , f

k
n) in the right part of equations (1).

The �rst initial-boundary value problem (1) � (3) is reduced to an abstract Cauchy
problem for a semi-linear non-autonomous Sobolev type equation. On the base of the
solvability theory of the indicated problem the theorem of existence and uniqueness of the
solution of the stated problem is proved. The solution itself is a quasi-stationary semi-
trajectory. The description of the problem's extended phase space is obtained. The results
of the computational experiment are represented. The results of part 1 are taken from [4],
the results of part 2 are obtained on the base of the results [2]. During the computational
experiment the methods of solution of the initial-boundary problem (1) � (3) are used.
They were described in [3]. Also we used the software package [5].

1. Semi-Linear Non-Autonomous Sobolev Type Equations

Consider the Cauchy problem for the semi-linear non-stationary Sobolev-type equation

u(0) = u0, L u̇ = M u + F (u) + f(t). (4)

Here the operator L ∈ L(U ;F), i.e. it is linear and continuous, ker L ̸= {0}; the operator
M : domM → F is linear and closed and it is densely de�ned in U , i.e. M ∈ Cl(U ;F);
U and F are Banach spaces. Let UM be the lineal domM equipped with the norm of
the graph ∥| · ∥| = ∥M · ∥F + ∥ · ∥U . We assume that F ∈ C∞(UM ;F), and the function
f ∈ C∞(R̄+;F).

Consider (4) under condition that the operator M is strongly (L, p)-sectorial [4]. It is
well known that in this case a solution of this problem exists not for all u0 ∈ UM , and
even if it exists it may be non-unique. So we introduce two de�nitions: the extended phase
space and quasi-stationary semi-trajectory.

It is well known that if the operator M is strongly (L, p)-sectorial, then U = U0 ⊕U1,
F = F0 ⊕F1, where

U0 = {φ ∈ U : U tφ = 0 ∃t ∈ R+}, F0 = {ψ ∈ F : F tψ = 0 ∃t ∈ R+}

are the kernels, and

U1 = {u ∈ U : lim
t→0+

U tu = u}, F1 = {f ∈ F : lim
t→0+

F tf = f}

are the images of the analytic solving semigroups U t =
1

2πi

∫
Γ

RL
µ(M)eµtdµ,

F t =
1

2πi

∫
Γ

LL
µ(M)eµtdµ (Γ ⊂ SL

Θ,a(M) is a contour such that arg µ → ±Θ when

|µ| → +∞) of the linear homogeneous equation Lu̇ = Mu. Let Lk (Mk) be a restriction
of the operator L (M) on Uk (Uk ∩ domM), k = 0, 1. Then Lk : Uk → Fk,
Mk : Uk ∩ domM → Fk, k = 0, 1; and restrictions M0 and L1 of the operators M
and L on the spaces U0 ∩ domM and U1 respectively are linear continuous operators and
they have bounded inverse operators.
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So we reduce (4) to

Ru̇0 = u0 +G(u) + g(t), u0(0) = u00,
u̇1 = Su1 +H(u) + h(t), u1(0) = u10,

(5)

where uk ∈ Uk, k = 0, 1, u = u0 + u1, operators R = M−1
0 L0, S = L−1

1 M1, G =
M−1

0 (I−Q)F, H = L−1
1 QF, g =M−1

0 (I−Q)f, h = L−1
1 Qf. Here Q ∈ L(F )(≡ L(F ;F ))

is the corresponding projector.
We study such quasi-stationary semi-trajectories of (4), for which Ru̇0 ≡ 0. Assume

that the operator R is bi-splitting , i.e. its kernel ker R and image imR are complemented
in the space U . Denote U00 = ker R, and U01 = U0 ⊖U00 is a complement of the subspace
U00. Then the �rst equation of (5) is reduced to the form Ru̇01 = u00 + u01 +G(u) + g(t),
where u = u00 + u01 + u1.

Theorem 1. Let the operator M be strongly (L, p)-sectorial, and the operator R be bi-

splitting. Let there exist a quasi-stationary semi-trajectory u = u(t) of equation (4). Then
it satis�es the following relations

0 = u00 + u01 +G(u) + g(t), u01 = const. (6)

It is known that if the operator M is strongly (L, p)-sectorial then the operator S is
sectorial. So it generates an analytic semigroup on U1. Denote it as {U t

1 : t ≥ 0} because
the operator U t

1 in fact is a restriction of the operator U
t on U1. The fact that U = U0⊕U1

shows that there exists a projector P ∈ L(U) corresponding to this splitting. It can be
shown that P ∈ L(UM). Then the space UM splits into the direct sum UM = U0

M ⊕ U1
M so

that the embedding Uk
M ⊂ Uk, k = 0, 1 is dense and continuous. Symbol A′

v denotes the
Frechet derivative at v ∈ V of the operator A, de�ned on some Banach space V .

Theorem 2. Let the operator M be strongly (L, p)-sectorial, the operator R be the bi-

splitting one, the operator F ∈ C∞(UM ;F), the vector-function f ∈ C∞(R+;F). Let the
following conditions be satis�ed:

(i) 0 = u010 + (I − PR)(G(u
00 + u010 + u1) + g(t)) in the neighborhood Ou0 ⊂ UM of the

point u0;
(ii) the projector PR ∈ L(U0

M), and the operator I+PRG
′
u0
0
: U00

M → U00
M is the topological

linear isomorphism (U00
M = UM ∩ U00);

(iii)
τ∫
0

∥U t
1∥L(U1;U1

M )dt <∞ ∀τ ∈ R+.

Then there exists a unique solution of (4), which is a quasi-stationary semi-trajectory

of equation (4).

Now let Uk and Fk be Banach spaces, operators Ak ∈ L(Uk, Fk), and operators Bk :
domBk → F be linear and closed with domains domBk dense in Uk, k = 1, 2. Construct
spaces U = U1 × U2, F = F1 × F2 and operators L = A1 ⊗ A2, M = B1 ⊗ B2. By
construction operator L ∈ L(U ; F), and operatorM : domM → F is linear, closed and
densely de�ned, in U domM = domB1 × domB2.

Theorem 3. Let the operators Bk be strongly (Ak, pk)-sectorial, k = 1, 2; and p1 ≥ p2.
Then the operator M is strongly (L, p1)-sectorial.
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2. The Existence of the Unique Solution

Following [2] consider problem (2), (3) for system (1) transformed to the form

(1− χ△)vt = ν△v − (v · ∇)v − 1

ρ
∇p− 2Ω× v +

1

ρµ
(∇× b)× b+ f 1,

∇(∇ · v) = 0, ∇(∇ · b) = 0, bt = δ△b+∇× (v × b) + f 2.

Then similarly to [2] we introduce the spaces U and F , the operators L and
M generated by the problem (2), (3) for the transformed system (1). Strong (L, 1)-
sectorialness of the operator M under the assumption χ−1 /∈ σ(A), A = ∇2En (En is
identity n × n matrix) is established using the Theorem 3. The form of the nonlinear
operator F is similar to the one in [2], only the �rst and the second elements of the vector-
column include the term f 1, and the last element includes f 2. Belonging of F to the class
C∞(UM;F) is proved by calculation of the Frechet derivatives of this operator. Therefore,
all assumptions of Theorem 1 and Theorem 2 are satis�ed. Consequently, the following
result holds.

Theorem 4. If κ−1 /∈ σ(A) ∪ σ(Aσ), then for all u0 ∈ M and some T ∈ R+ there exists

a unique solution u = (uσ, 0, up, ub) of (1) � (3) which is a quasi-stationary trajectory.

Moreover, u(t) ∈ M for all t ∈ (0, T ).

Here Aσ is a restriction of the operator A on the corresponding subspace of solenoidal
vectors. uσ, 0, up, ub are the elements of the corresponding subspaces of Banach space U [2];
M is the extended phase space of (1), (3), which has the following form

M={u ∈ UM : uπ = 0, bπ = 0, up = Π(νAσ − (uσ · ∇)uσ−2Ω× uσ + (∇× bσ)× bσ + f 1)}.

3. Computational Experiment

Introduce a cylindrical coordinate system (r, φ, z) with center O on one side of the
surface of the cylinder D and combine Oz axis with the cylinder axis. In the future, we
will assume that a �ow of �uid is axially symmetric.

Figures 1 � 3 show the charts of surfaces of �uid �ow velocity components at time
t∗ = 2 s, obtained for the following values of the problem parameters: χ = 2, 7 m/s2,
ν = 0, 00328 m2/s, µ = 1 ρ = 1000 kg/m3, δ = 0, 1, r0 = 0, 1 m, z0 = 0, 2 m.
Vector-functions' components f 1, f 2 had the form f 1

r = 0, 001r(r0 − r) sin(πt) kg ·m/s2,
f 1
φ = f 1

z = 0, f 2
r = 0, 001r cos(πt) T, f 2

φ = f 2
z = 0. Vector functions v0(r, z) and b0(r, z) in

the initial conditions (2) are given in the form v0 = ω0rir, b0 = br0ir, where ω0 = 0, 25 1/s,
br0 = 0, 00005 T. The initial conditions for vector-functions ψ, A are given in the form:
ψ(r, z, 0) = 0, 25ω0r(2zir − riz), A(r, z, 0) = −br0ziφ. The boundary and initial conditions
for vector-functions ψ and A are given in the form: ψ(r, z, t) = 0, A(r, z, t) = 0,
(x, r, t) ∈ ∂D × R+.

Conducted computational experiments show a computational stability and
computational e�ciency of the developed algorithm for numerical solution of initial-
boundary problem (1) � (3).
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Fig. 1. Chart of surface radial
component of �uid �ow velocity
vr = vr(r, z, t∗)

Fig. 2. Chart of surface transversal
component of �uid �ow velocity
vφ = vφ(r, z, t∗)

Fig. 3. Chart of surface axial component of �uid �ow velocity vz = vz(r, z, t∗)
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ÂÛ×ÈÑËÈÒÅËÜÍÛÉ ÝÊÑÏÅÐÈÌÅÍÒ ÄËß ÎÄÍÎÃÎ
ÊËÀÑÑÀ ÌÀÒÅÌÀÒÈ×ÅÑÊÈÕ ÌÎÄÅËÅÉ
ÌÀÃÍÈÒÎÃÈÄÐÎÄÈÍÀÌÈÊÈ

À.Î. Êîíäþêîâ, Ò.Ã. Ñóêà÷åâà, Ñ.È. Êàä÷åíêî, Ë.Ñ. Ðÿçàíîâà

Èññëåäóåòñÿ ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ñèñòåìû óðàâíåíèé, ìîäåëèðóþ-

ùåé äâèæåíèå íåñæèìàåìîé âÿçêîóïðóãîé æèäêîñòè Êåëüâèíà � Ôîéãòà â ìàãíèòíîì

ïîëå Çåìëè ñ ó÷åòîì âíåøíåãî âîçäåéñòâèþ íà æèäêîñòè. Çàäà÷à èçó÷àåòñÿ â ïðåä-

ïîëîæåíèè, ÷òî æèäêîñòü íàõîäèòñÿ ïîä âëèÿíèåì ðàçëè÷íûõ âíåøíèõ âîçäåéñòâèé,

çàâèñÿùèõ íå òîëüêî îò êîîðäèíàòû òî÷êè â ïðîñòðàíñòâå, íî è îò âðåìåíè. Â ðàìêàõ

òåîðèè ïîëóëèíåéíûõ íåàâòîíîìíûõ óðàâíåíèé ñîáîëåâñêîãî òèïà äîêàçàíà òåîðåìà

î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ, êîòîðîå ÿâëÿåòñÿ êâàçèñòàöèîíàðíîé ïî-

ëóòðàåêòîðèåé, à òàêæå äàíî îïèñàíèå ðàñøèðåííîãî ôàçîâîãî ïðîñòðàíñòâà. Ïðèâå-

äåíû ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà

Êëþ÷åâûå ñëîâà: ìàãíèòîãèäðîäèíàìèêà; óðàâíåíèÿ ñîáîëåâñêîãî òèïà; ðàñøè-

ðåííîå ôàçîâîå ïðîñòðàíñòâî; íåñæèìàåìàÿ âÿçêîóïðóãàÿ æèäêîñòü; ÿâíûå îäíîøà-

ãîâûå ôîðìóëû Ðóíãå � Êóòòû.
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