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The first initial-boundary value problem for the system modelling the motion of
the incompressible viscoelastic Kelvin — Voigt fluid in the magnetic field of the Earth is
investigated considering that the fluid is under external influence. The problem is studied
under the assumption that the fluid is under different external influences depending not
only on the coordinates of the point in space but on time too. In the framework of the
theory of semi-linear Sobolev type equations the theorem of existence and uniqueness of
the solution of the stated problem is proved.The solution itself is a quasi-stationary semi-
trajectory. The description of the problem’s extended phase space is obtained.The results
of the computainal experiment are presented.
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Introduction

Consider the first initial-boundary value problem for the system modeling the motion
of the incompressible viscoelastic Kelvin — Voigt fluid in the magnetic field of the Earth

1 1
(1—xMNvy=vhv—(v-Vo—=-Vp—2Q xv+—(Vxb) xb+ fl,
p

P (1)
Vo=0, Vb=0, b =0Ab+V x (vxb)+ f2

v(z,0) = vo(z), b(x,0) =bo(z), =€ D, (2)
v(x,t) =0, b(x,t) =0, (z,t)€ 0D x Ry. (3)

Here vector-functions v and b correspond to velocity and magnetic induction respectively,
p is the pressure, vector-functions f* and f2 correspond to external influences on the fluid

and magnetic field respectively; €2 = §V x v is angular velocity, V is operator of Hamilton,

0 is the magnetic viscosity, p is the magnetic permeability, p is the density, D C R" is the
cylinder’s domain with the boundary 0D of the class C*.
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This work continues investigations of magnetohydrodynamics models which were

started by the authors in [2,3|. Its distinctive feature is that there are vector-functions
= (fF f¥ ..., fF) in the right part of equations (1).

The first initial-boundary value problem (1) — (3) is reduced to an abstract Cauchy
problem for a semi-linear non-autonomous Sobolev type equation. On the base of the
solvability theory of the indicated problem the theorem of existence and uniqueness of the
solution of the stated problem is proved. The solution itself is a quasi-stationary semi-
trajectory. The description of the problem’s extended phase space is obtained. The results
of the computational experiment are represented. The results of part 1 are taken from [4],
the results of part 2 are obtained on the base of the results [2|. During the computational
experiment the methods of solution of the initial-boundary problem (1) — (3) are used.
They were described in [3]. Also we used the software package [5].

1. Semi-Linear Non-Autonomous Sobolev Type Equations

Consider the Cauchy problem for the semi-linear non-stationary Sobolev-type equation
w(0) =ug, Lu = Mu + F(u) + f(t). (4)

Here the operator L € L(U; F), i.e. it is linear and continuous, ker L # {0}; the operator
M : dom M — F is linear and closed and it is densely defined in U, i.e. M € CI(U;F);
U and F are Banach spaces. Let Uy, be the lineal dom M equipped with the norm of
the graph ||| - ||| = [|M - || + || - [|,- We assume that F' € C>(Us; F), and the function
feC(Ry; F).

Consider (4) under condition that the operator M is strongly (L, p)-sectorial [4]. Tt is
well known that in this case a solution of this problem exists not for all ug € Uy, and
even if it exists it may be non-unique. So we introduce two definitions: the extended phase
space and quasi-stationary semi-trajectory.

It is well known that if the operator M is strongly (L, p)-sectorial, then U = U° & U*,
F=F'® F', where

U={peU Up=0HeR,}, F={eF:Fyp=03tecR,}
are the kernels, and
1_ e t, 1_ NRE te_
U—{ueu.tl_l)IOI}rUU—u}, f—{fef.tliI&Ff—f}

1
are the images of the analytic solving semigroups U! = Py Rﬁ(]\/[)e“tdp,
i
T

1
Ft = 5 LE(M)e"dp (I € S§,(M) is a contour such that argu — +© when
T

|| — 400) of the linear homogeneous equation Li = Mu. Let Ly (My) be a restriction
of the operator L (M) on U*(U* N dom M), k = 0, 1. Then Ly : UF — FF
M, : U Nndom M — F* k=0, 1; and restrictions My and L, of the operators M
and L on the spaces U° N dom M and U! respectively are linear continuous operators and
they have bounded inverse operators.
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So we reduce (4) to

R’ =u’ 4+ G(u) +g(t), u up, .
ut = Su' + H(u) + h(t), u'(0) =y, (5)
where u¥ € U*, k = 0,1, u = v’ + u', operators R = Mo_lLo, S = Ll_lMl, G =
My (I-Q)F, H = L;'QF, g=M;'(I-Q)f, h = L;'Qf. Here Q € L(F)(= L(F; F))
is the corresponding projector.

We study such quasi-stationary semi-trajectories of (4), for which Ru® = 0. Assume
that the operator R is bi-splitting , i.e. its kernel ker R and image im R are complemented
in the space U. Denote U = ker R, and U = U* © U™ is a complement of the subspace
U™. Then the first equation of (5) is reduced to the form Ru’" = u% + v + G(u) + g(t),
where u = 1% + 4% + !,

Theorem 1. Let the operator M be strongly (L, p)-sectorial, and the operator R be bi-
splitting. Let there exist a quasi-stationary semi-trajectory u = u(t) of equation (4). Then
it satisfies the following relations

0=u" +u’ + G(u) + g(t), u" = const. (6)

It is known that if the operator M is strongly (L, p)-sectorial then the operator S is
sectorial. So it generates an analytic semigroup on U'. Denote it as {U{ : ¢ > 0} because
the operator U in fact is a restriction of the operator U? on U'. The fact that U = U SU?
shows that there exists a projector P € L(U) corresponding to this splitting. It can be
shown that P € L(Uy). Then the space Uy splits into the direct sum Uy, = U, & Ui, so
that the embedding U%, C U*, Kk =0,1 is dense and continuous. Symbol A/ denotes the
Frechet derivative at v € V of the operator A, defined on some Banach space V.

Theorem 2. Let the operator M be strongly (L,p)-sectorial, the operator R be the bi-
splitting one, the operator F' € C™(Uy; F), the vector-function f € C°(Ry;F). Let the
following conditions be satisfied:

(1) 0=ud"+ (I = Pr)(G(u® + ud" + u') + g(t)) in the neighborhood O, C Uy of the
point ug;

(ii) the projector Pr € L(UY;), and the operator I—I—PRG;(Q U — U is the topological
linear isomorphism (UY) = Uy NUP);

() S U] gt < 00 V7 € Ry

Then there exists a unique solution of (4), which is a quasi-stationary semi-trajectory
of equation (4).

Now let Uy and Fr be Banach spaces, operators A, € L(Uy, Fi), and operators By :
dom B, — F be linear and closed with domains dom By dense in U, k = 1,2. Construct
spaces U = Uy X Uy, F = F1 X F and operators L = A; ® Ay, M = By ® B,. By
construction operator L € L(U; F), and operator M :  dom M — F is linear, closed and
densely defined, in 4 dom M = dom B; x dom Bs.

Theorem 3. Let the operators By be strongly (Ay, pr)-sectorial, k = 1,2; and p; > po.
Then the operator M is strongly (L, p1)-sectorial.
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2. The Existence of the Unique Solution
Following [2] consider problem (2), (3) for system (1) transformed to the form

1 1
(1—XA)U75:VAU—(U'V)U—;vp—2QXU+ﬁ(VXb)Xb+f1,
V(V-0)=0, V(V-b)=0, b, =8Ab+V x (vxb)+ f2

Then similarly to [2] we introduce the spaces U and F, the operators L and
M generated by the problem (2), (3) for the transformed system (1). Strong (L,1)-
sectorialness of the operator M under the assumption x™' ¢ o(A),A = V?E, (E, is
identity n X n matrix) is established using the Theorem 3. The form of the nonlinear
operator F' is similar to the one in 2], only the first and the second elements of the vector-
column include the term f!, and the last element includes f2. Belonging of F to the class
C*°(Upy; F) is proved by calculation of the Frechet derivatives of this operator. Therefore,
all assumptions of Theorem 1 and Theorem 2 are satisfied. Consequently, the following
result holds.

Theorem 4. If ' ¢ 0(A) Uo(A,), then for all ug € M and some T € R, there exists
a unique solution u = (uy,0,uy, up) of (1) — (3) which is a quasi-stationary trajectory.
Moreover, u(t) € M for all t € (0,T).

Here A, is a restriction of the operator A on the corresponding subspace of solenoidal
vectors. u,, 0, u,, up are the elements of the corresponding subspaces of Banach space U [2];
9 is the extended phase space of (1), (3), which has the following form

M={u €Ups : uy = 0,by = 0,u, = H(VA, — (g - V)uy—2Q X uy + (V X by) X by + f1)}.

3. Computational Experiment

Introduce a cylindrical coordinate system (r,p, z) with center O on one side of the
surface of the cylinder D and combine Oz axis with the cylinder axis. In the future, we
will assume that a flow of fluid is axially symmetric.

Figures 1 — 3 show the charts of surfaces of fluid flow velocity components at time
t* = 2 s, obtained for the following values of the problem parameters: xy = 2,7 m/sQ,
v = 0,00328 m?/s, p = 1 p = 1000 kg/m3, 0 = 0,1, 19 = 0,1 m, 20 = 0,2 m.
Vector-functions’ components f*, f2 had the form f' = 0,001r(ro — r)sin(rt) kg - m/s’,
fo=fr=0, f} =0,001rcos(nt) T, f2 = fZ = 0. Vector functions vo(r, z) and by(r, z) in
the initial conditions (2) are given in the form vy = wori,, by = byyi,, where wg = 0,25 1/s,
b, = 0,00005 T. The initial conditions for vector-functions 1), A are given in the form:
Y(r,z,0) = 0, 25wor (221, — 1i5), A(r, 2,0) = —by, 2i,. The boundary and initial conditions
for vector-functions ¢ and A are given in the form: (r,z,t) = 0, A(r,z,t) = 0,
(z,7,t) € 0D x Ry.

Conducted computational experiments show a computational stability and
computational efficiency of the developed algorithm for numerical solution of initial-
boundary problem (1) — (3).
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Fig. 1. Chart of surface radial
component of fluid flow velocity
v, = U (1, 2, )

Fig. 2. Chart of surface transversal
component of fluid flow velocity
Uy = (T, 2, ty)

Fig. 3. Chart of surface axial component of fluid flow velocity v, = v,(r, 2, t.)
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BBIUYIICJINTEJIBHBIN SKCIEPUMEHT AJId OJHOT'O
KJIACCA MATEMATNYECKIIX MOJEJIEN
MATHUTOTNAPOJIVNHAMUKN

A.0O. Konowxos, T.I. Cyxauesa, C.U. Kaduenxo, JI.C. Pazarnosa

Wccaenyercs nepBas Ha4aIbHO-KPAEBAs 3312494 /)11 CACTEMBI YPABHEHUH, MOIETUDYIO-
meit IBM2KEHHNe HEeCXKUMAEMOI BA3KOyNpyroii kunkoctu Kenppuaa — @oiirra B MAarHuTHOM
mojie 3eMJIM ¢ YYeTOM BHEITHErO BO3IEMCTBUI0 HA KUIAKOCTH. 3adadua M3ydaeTcs B Tpel-
MOJIOZKEHNU, YTO KUJKOCTh HAXOAUTCA IIOJ BINSHUEM PA3JIMYHBIX BHEITHUX BO3AEHCTBHI,
3aBUCAIIUX HE TOJBKO OT KOOPAWHATHI TOYKH B IIPOCTPAHCTBE, HO U OT BpeMmenu. B pamkax
TEOPHUH TMOTYIUHENHBIX HEABTOHOMHBIX yPABHEHMI CODOIEBCKOTO THIIA JIOKA3aHA TEOPEMA
O CYILIECTBOBAHUM U €JUHCTBEHHOCTY PelIeHUs, KOTOPOe ABJIAETCA KBA3UCTAIMOHAPHON I10-
JyTpaeKTopuei, a TakyKe MAaHO OTMCAHWEe PACITHPEeHHOro (ha3oBoro npocrpancTsa. [IprBe-
JEHBbl PE3YJIbTATHI BBIYUCIUTEIBHOTIO 3KCIIEPUMEHTA

Katoueevie cr06a: maznumo2udpodunamure; ypasuenus coboaesckozo muna; pacusu-
pernoe Gazo6oe NPOCMPARCMEO; HECHCUMAGEMAS BAZKOYNPY2an AHCUIKOCTL; A6HBLE 00HOUA-

zoevie popmyasve Pynze — Kymmo.
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