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The article is devoted to the numerical investigation of the Boussinesq � Love

mathematical models on geometrical graphs representing constructions made of thin elastic

rods. The �rst paragraph describes the developed algorithm for numerical solution of the

Boussinesq � Love equation with initial conditions and boundary conditions in the vertices.

The block diagram of the algorithm is given and described. The result of computation

experiment is given in the second paragraph.
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Introduction. Consider a �nite connected oriented graph G = {V,E}, where V = {Vi} is
a set of vertices, and E = {Ei} is a set of edges. Each edge is characterized by two numbers
lj, dj ∈ R+, denoting the length and cross-sectional area of the edge Ej respectively. On a
graph G consider the Boussinesq � Love equation [1, 2]

λutt − uxxtt = αuxx, u = (u1, u2, ..., uj, ...) (1)

with the following conditions at each vertex Vi∑
Ej∈Ea(Vi)

djujx(0, t)−
∑

Em∈Eω(Vi)

dmumx(lm, t) = 0, (2)

uj(0, t) = uk(0, t) = um(lm, t) = un(ln, t) (3)

and initial conditions
u(x, 0) = φ(x), (4)

ut(x, 0) = ψ(x). (5)

Here (2) indicates that the �ow through each vertex must be equal to zero, and condition
(3) indicates that the solution u = (u1, u2, ..., uj, ...) at each vertex must be continuous.
Conditions (4) � (5) set the initial state and initial velocity at each edge of the graph
respectively. Coe�cients α, λ characterize properties of the material of construction's
elements. The function u(x, t) shows the longitudinal displacement of the point x in the
j-th element of the construction at the moment t.

Abstract results on the Sturm � Liouville problem on geometrical graphs were given
in [3]. The analytical solution of (1) � (5) using the theory of relatively polynomially
bounded operator pencils was held in [4]. Articles [5, 6] present algorithms of numerical
modelling of the Boussinesq � Love mathematical models on a segment, disc or rectangle.
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Further investigations [7] were devoted to the solution of (1) � (5) on geometrical graphs
using the Fourier method with its justi�cation for several graphs. It should be noted that
(1) is a Sobolev type equation. The paper presents an algorithm for numerical solution
of the stated problem compared to di�erent methods of investigation of Sobolev type
equations developed in [8�10].

1. Algorithm of Numerical Method. Let us describe the algorithm of numerical
solution of (1) � (5) step by step according to each block of the diagram showed in (Fig. 1).

Start of the program.
Step 1. Input of inital data: number of edges and vertices of the graph, number

of summands in Galerkin sum, time period, parameters of the equation λ, α, using the
commands of the attached software bundle "Maplets[Elements]".

Step 2. Selection of the matrix of incidence depending on number of edges and vertices.
Step 3. In dependence on number of edges of the graph input of their lengths using

commands of the attached software bundle "Maplets[Elements]".
Step 4. Formulation of the Sturm � Liouville problem. In a cycle by number of edges

generation of equations (Xk)′′ + λkXk = 0 and conditions of the form (2), (3).
Step 5. Solution of the Sturm � Liouville problem for the presented graph. The

algorithm was described in [7].
Step 6. Formulation of the Boussinesq � Love equation (1) using input parameters.
Step 7. Representation of the solution as a Galerkin sum using the command "sum(...)"

for each edge in a cycle and substitution of this representation into equation (1).
Step 8. Input of initial functions for the conditions (4), (5) using the commands of the

attached software bundle "Maplets[Elements]".
Step 9. Veri�cation if input on step 8 initial functions satisfy conditions (2), (3) using

command "if". If so then go to the next step. Otherwise go to step 17.
Step 10. Let k = 0.
Step 11. Cycle "for" by k ≤ N . Scalar multiplication of the obtained on step 7

equations, and input on step 8 initial functions by eigenfunctions obtained on step 5,
using the command "int(...)".

Step 12. Veri�cation of degeneracy of the equation, i.e. checking of the condition
λk = −λ, using the command "if". If so, then go to the next step. Otherwise, go to
step 14.

Step 13. Veri�cation of belonging of the functions φk, ψk to the phase space of the
equation, using the commands "if" and "int(...)". If so, then go to the next step. Otherwise,
go to step 17.

Step 14. Obtaining of initial conditions for the ODE.
Step 15. Solution of ODE with initial conditions using the command "dsolve(...)".
Step 16. Increase k by one. End of cycle by k ≤ N .
Step 17. If there was received "No" on steps 9, 13 then output "No solution" end of

program. Otherwise skip this step.
Step 18. Formation of an approximate solution as a Galerkin sum.
Step 19. Output of the solution on the screen and building of the animation of the

approximate solution in time using "animate(plot, ...)".
End of program.
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Fig. 1. Block-diagram of the algorithm
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2. Computational experiment. Present the results of computational experiment held
using the program that implemented the algorithm above.

Example 1. Let graph G (Fig. 2) consist of three edges with lengths l1 = l2 = l3 = π,
connecting four vertices.
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Fig. 2. Graph G

Consider the Boussinesq � Love equation (1) on graph G with parameters α = 3, λ = 2:

2utt − uxxtt = 3uxx, u = (u1(x, t), u2(x, t), u3(x, t)).

Conditions (2), (3) get the form

u1x(π, t) = 0, u2x(π, t) = 0, u3x(π, t) = 0, u1x(0, t) + u2x(0, t) + u3x(0, t) = 0,
u1(0, t) = u2(0, t) = u3(0, t).

Let the initial functions for (4), (5) be as follows:

u(x, 0) = {1/4(cos(2x) + cos(x)), 1/4(cos(2x) + cos(x)), 1/4(cos(2x) + cos(x))},
ut(x, 0) = {cos(x), cos(x), cos(x)}.

The program �nds four families of eigenvalues

λ1k =
(π
2
+ 2πk)2

π2
, λ2k =

(−π
2
+ 2πk)2

π2
, λ3k =

(π + 2πk)2

π2
, λ4k = 4k2, k = 0, 1, ...

and the following eigenfunctions:
If cos(

√
λmk x) ̸= 0 If cos(

√
λmk x) = 0

Xkm
1 =

−C1 cos(−
√

λm
k π+

√
λm
k x)+3C1 cos(

√
λm
k π+

√
λm
k x)

2 cos(
√

λm
k π)

, Xkm
1 = C1 sin(

√
λmk x),

X2 =
C1 cos(−

√
λm
k π+

√
λm
k x)

cos(
√

λm
k π)

, Xkm
2 = 0,

Xkm
3 =

C1 cos(−
√

λm
k π+

√
λm
k x)

cos(
√

λm
k π)

, Xkm
3 = C1 sin(

√
λmk x),

where C1 is a constant which can be found from the normalization condition for the
eigenfunctions in L2, m = 1, ..., 4.
An approximate solution will be searched in the form

u(x, t) =
3∑

k=0

4∑
m=1

T km(t)Xkm(x),

where Xkm(x) = (Xkm
1 (x), Xkm

2 (x), Xkm
3 (x)), k = 0, ..., 3, m = 1, ..., 4 are the orthonormed

eigenfunctions of the operator − ∂2

∂x2 , i.e. satisfying equation

(Xkm)′′ + λmk Xkm = 0

and conditions (2), (3), the functions T km(t) depend only on t.
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There was received the following solution of (1) � (5) on graph G:

u1 =

√
6

8
cos

(
3
√
33

11
t

)
sin

(
5

2
x

)
+

√
6

8
cos

(
3
√
33

11
t

)
sin

(
3

2
x

)
+

+
1

4
cos

(
3
√
33

11
t

)
cos (2x) +

1

4
cos

(
3
√
33

11
t

)
cos (3x) ,

u2 =
1

4
cos

(
3
√
33

11
t

)
cos (2x) +

1

4
cos

(
3
√
33

11
t

)
cos (3x) ,

u3 = −
√
6

8
cos

(
3
√
33

11
t

)
sin

(
5

2
x

)
−

√
6

8
cos

(
3
√
33

11
t

)
sin

(
3

2
x

)
+

+
1

4
cos

(
3
√
33

11
t

)
cos (2x) +

1

4
cos

(
3
√
33

11
t

)
cos (3x) .

Its graphs at di�erent time moments are shown in Fig. 3 � Fig. 6.

Fig. 3. Solution at t=0 Fig. 4. Solution at t=10

Fig. 5. Solution at t=15 Fig. 6. Solution at t=20
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×ÈÑËÅÍÍÎÅ ÈÑÑËÅÄÎÂÀÍÈÅ ÌÀÒÅÌÀÒÈ×ÅÑÊÈÕ ÌÎÄÅËÅÉ
ÁÓÑÑÈÍÅÑÊÀ � ËßÂÀ ÍÀ ÃÅÎÌÅÒÐÈ×ÅÑÊÈÕ ÃÐÀÔÀÕ

À.À. Çàìûøëÿåâà, À.Â. Ëóò

Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. ×åëÿáèíñê

Ñòàòüÿ ïîñâÿùåíà ÷èñëåííîìó èññëåäîâàíèþ ìàòåìàòè÷åñêèõ ìîäåëåé Áóññèíåñêà

� Ëÿâà íà ãåîìåòðè÷åñêèõ ãðàôàõ, îïèñûâàþùèõ êîíñòðóêöèè, ñîñòîÿùèå èç òîíêèõ

óïðóãèõ ñòåðæíåé. Â ïåðâîì ïàðàãðàôå ïðåäñòàâëåí ðàçðàáîòàííûé àëãîðèòì äëÿ ÷èñ-

ëåííîãî ðåøåíèÿ óðàâíåíèÿ Áóññèíåñêà � Ëÿâà ñ íà÷àëüíî-êðàåâûìè óñëîâèÿìè â âèäå

ñõåìû, ñ ïîñëåäóþùèì îïèñàíèåì. Âî âòîðîì ïàðàãðàôå ïðèâåäåí ðåçóëüòàò âû÷èñ-

ëèòåëüíîãî ýêñïåðèìåíòà, ïîëó÷åííûé ñ ïîìîùüþ ïðîãðàììû, ðåàëèçóþùåé äàííûé

àëãîðèòì.

Êëþ÷åâûå ñëîâà: ãåîìåòðè÷åñêèé ãðàô; ìîäåëü ñîáîëåâñêîãî òèïà; çàäà÷à Øòóð-

ìà � Ëèóâèëëÿ; óðàâíåíèå Áóññèíåñêà � Ëÿâà.
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