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The article is devoted to the numerical investigation of the Boussinesq — Love
mathematical models on geometrical graphs representing constructions made of thin elastic
rods. The first paragraph describes the developed algorithm for numerical solution of the
Boussinesq — Love equation with initial conditions and boundary conditions in the vertices.
The block diagram of the algorithm is given and described. The result of computation
experiment is given in the second paragraph.
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Introduction. Consider a finite connected oriented graph G = {0, €}, where U = {V;} is
a set of vertices, and € = {F;} is a set of edges. Each edge is characterized by two numbers
l;,d; € Ry, denoting the length and cross-sectional area of the edge £; respectively. On a
graph G consider the Boussinesq — Love equation [1,2]

AUpp — Uggtt = QUgg, U = (U, Uz, ..., Uj, ...) (1)

with the following conditions at each vertex V;

> dup(0,) = > it (I t) =0, (2)

EjEEa(‘/i) EWEEW(‘/Z)
u;(0,t) = ug(0,t) = U, (L, t) = up(ly, 1) (3)
and initial conditions
u(z,0) = ¢(x), (4)
u(z,0) = (x). (5)

Here (2) indicates that the flow through each vertex must be equal to zero, and condition
(3) indicates that the solution uw = (u1,us, ..., u; ,...) at each vertex must be continuous.
Conditions (4) — (5) set the initial state and initial velocity at each edge of the graph
respectively. Coefficients a, A characterize properties of the material of construction’s
elements. The function u(x,t) shows the longitudinal displacement of the point z in the
J-th element of the construction at the moment ¢.

Abstract results on the Sturm — Liouville problem on geometrical graphs were given
in [3]. The analytical solution of (1) — (5) using the theory of relatively polynomially
bounded operator pencils was held in [4]. Articles [5, 6] present algorithms of numerical
modelling of the Boussinesq — Love mathematical models on a segment, disc or rectangle.
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Further investigations |7] were devoted to the solution of (1) — (5) on geometrical graphs
using the Fourier method with its justification for several graphs. It should be noted that
(1) is a Sobolev type equation. The paper presents an algorithm for numerical solution
of the stated problem compared to different methods of investigation of Sobolev type
equations developed in [8-10].

1. Algorithm of Numerical Method. Let us describe the algorithm of numerical
solution of (1) — (5) step by step according to each block of the diagram showed in (Fig. 1).

Start of the program.

Step 1. Input of inital data: number of edges and vertices of the graph, number
of summands in Galerkin sum, time period, parameters of the equation A, a, using the
commands of the attached software bundle "Maplets|Elements|".

Step 2. Selection of the matrix of incidence depending on number of edges and vertices.

Step 3. In dependence on number of edges of the graph input of their lengths using
commands of the attached software bundle "Maplets|Elements]".

Step 4. Formulation of the Sturm — Liouville problem. In a cycle by number of edges
generation of equations (X*)” + A\, X* = 0 and conditions of the form (2), (3).

Step 5. Solution of the Sturm — Liouville problem for the presented graph. The
algorithm was described in [7].

Step 6. Formulation of the Boussinesq — Love equation (1) using input parameters.

Step 7. Representation of the solution as a Galerkin sum using the command "sum(...)"
for each edge in a cycle and substitution of this representation into equation (1).

Step 8. Input of initial functions for the conditions (4), (5) using the commands of the
attached software bundle "Maplets|Elements|".

Step 9. Verification if input on step 8 initial functions satisfy conditions (2), (3) using
command "if". If so then go to the next step. Otherwise go to step 17.

Step 10. Let £ = 0.

Step 11. Cycle "for" by k£ < N. Scalar multiplication of the obtained on step 7
equations, and input on step 8 initial functions by eigenfunctions obtained on step 5,
using the command "int(...)".

Step 12. Verification of degeneracy of the equation, i.e. checking of the condition
A = —A, using the command "if". If so, then go to the next step. Otherwise, go to
step 14.

Step 13. Verification of belonging of the functions ¢, ¥, to the phase space of the
equation, using the commands "if" and "int(...)". If so, then go to the next step. Otherwise,
go to step 17.

Step 14. Obtaining of initial conditions for the ODE.

Step 15. Solution of ODE with initial conditions using the command "dsolve(...)".

Step 16. Increase k£ by one. End of cycle by £ < N.

Step 17. If there was received "No" on steps 9, 13 then output "No solution" end of
program. Otherwise skip this step.

Step 18. Formation of an approximate solution as a (Galerkin sum.

Step 19. Output of the solution on the screen and building of the animation of the
approximate solution in time using "animate(plot, ...)".

End of program.
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Fig. 1. Block-diagram of the algorithm

“No solutions™
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2. Computational experiment. Present the results of computational experiment held
using the program that implemented the algorithm above.

Example 1. Let graph G (Fig. 2) consist of three edges with lengths [; = ly = I3 = 7,

connecting four vertices.
yl u2
us

Fig. 2. Graph G

Consider the Boussinesq — Love equation (1) on graph G with parameters o = 3, A = 2:
2t — Uty = gy, U= (Ul(l',t), UQ(I,f),Ug((L’,t)).
Conditions (2), (3) get the form
Ut (m,t) =0, uge(m,t) =0, use(m,t) =0, u1(0,t) + w2, (0,t) + us,(0,t) = 0,
Ul(O,t) = UQ(O,t) = Us(o,t)
Let the initial functions for (4), (5) be as follows:
u(z,0) = {1/4(cos(2x) + cos(z)), 1/4(cos(2x) + cos(x)), 1/4(cos(2z) + cos(x))},
u(z,0) = {cos(x), cos(x), cos(z)}.

The program finds four families of eigenvalues

T 4 271k)? —T 4 21k)? 2mk)?
= G H2mh) f),Ai:—( 2 27T),/\i:—<7r+27r),/\ﬁ:4k2,k:0,1,...
T T T
and the following eigenfunctions:
If cos(\/A'x) 7é 0 If cos(\/Al'z) =0
—C cos( AT/ AT )+3C1 cos( Al )\mx .
ka - 2cos(y/Af'T) X{Cm =0 Sln( A?x)a

X2 C1 cos( \/)\_mfr-i—\/_x) Xé;m _ 0’
cos(y/Arm)
Xhm = G cos COS(\/_A::)\//\_ Xkm = Cysin(y/A\x),
where (] is a constant which can be found from the normalization condition for the
eigenfunctions in Lo, m =1, ..., 4.
An approximate solution will be searched in the form

where X (z) = (X} (z), X5m(x), XF™(2)),k = 0,...,3, m =1, ..., 4 are the orthonormed
eigenfunctions of the operator — ad 5, 1.e. satisfying equamon

and conditions (2), (3), the functions 7%™(¢) depend only on .
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There was received the following solution of (1) — (5) on graph G

5 (45 (3] + Do (5 (3]

M T 8 11
1 3v/33 1 3v/33
+4_L cos <Tt) cos (2x) + 7 608 (Tt> cos (3x),
1 (333 1 (3V33
S oVl 9 hd DV
Uz 4(308( T t)cos(x)+4cos< 5 t)cos(B:v),
V6 3v33 )\ . [5 V6 3v33 ) . (3
U3 = ——cos| ——t |sin{-x ) ——cos| ——t |sin| =x | +
8 11 2 8 11 2

1 3v/33 1 3v/33
+Z Cos (Tt) cos (2x) + 78 (Tt> cos (3x) .

Its graphs at different time moments are shown in Fig. 3 — Fig. 6.

Fig. 3. Solution at t=0 Fig. 4. Solution at t=10

Fig. 6. Solution at t=20

Fig. 5. Solution at t=15
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YUCJIEHHOE NCCJIEJOBAHUE MATEMATNYECKIUX MOJIEJIE
BYCCNMHECKA — JIABA HA TEOMETPUNYECKUNX I'PA®AX

A.A. Bamviwasesa, A.B. JIym
FOxHO-Y panabckuit rocyiapcTBeHHbI YHUBEpCHTET, I. YenssOunck

CraTbs TOCBAIIEHA YUCIEHHOMY UCCIEIOBAHUIO MaTEMAaTHIeCKuX Mofeneii Byccunecka
— JlaBa Ha reomerpudecknx rpadax, ONMMCHIBAKOINX KOHCTPYKIINH, COCTOSAIINAE U3 TOHKUX
yupyrux crepxkueii. B mepsom maparpade npegcraBieH pa3pabOTaHHbIH aJITOPUTM IS IHAC-
JIEHHOTO perenus ypasHenusi Byccunecka — JIsBa ¢ HAYaIbHO-KPAEBBIMY YCJIOBUSIMY B BHJIE
CXeMBbI, C TOCeIYIMUM onncanueM. Bo BropoM maparpade IpuBeIeH pe3y/bTaT BBIYUC-
JINTEIIBHOTO 3KCIEPUMEHTA, MOMYIEHHBIH € MOMOIIBIO TPOrPAMMBL, PEATUIYIOMEN JaHHBIMA
AJITOPUTM.

Karoueente caosa: 2eomempureckuti epag); modeav coboaesckozo muna; 3adavwa Hlmyp-

ma — Juysuana; ypasnenue Byccunecka — Jlasa.
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