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Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â. Ëîìîíîñîâà, ã. Ìîñêâà

Ðàññìîòðåíà íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ èîííî-çâóêîâûõ âîëí â ïëàç-
ìå. Ïðè ýòîì ðàñïðåäåëåíèå Áîëüöìàíà ïëîòíîñòè ýëåêòðîíîâ ïðèáëèæåíî êâàäðàòè÷-
íîé ôóíêöèåé. Äëÿ ðàññìîòðåííîé çàäà÷è äîêàçàíà ëîêàëüíàÿ (ïî âðåìåíè) ðàçðåøè-
ìîñòü è ïðîâåäåíî àíàëèòèêî-÷èñëåííîå èññëåäîâàíèå ðàçðóøåíèÿ ðåøåíèÿ. Ìåòîäîì
ïðîáíûõ ôóíêöèé ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðóøåíèÿ ðåøåíèÿ çà êîíå÷íîå
âðåìÿ è îöåíêà ñâåðõó íà âðåìÿ ðàçðóøåíèÿ. Â êîíêðåòíûõ ÷èñëåííûõ ïðèìåðàõ ýòè
îöåíêè óòî÷íåíû ÷èñëåííî ìåòîäîì ñãóùåíèÿ ñåòîê ïî Ðè÷àðäñîíó. Ïðîìåæóòîê âðå-
ìåíè äëÿ ÷èñëåííîãî ñ÷åòà âûáèðàåòñÿ ñîãëàñíî àíàëèòè÷åñêè ïîëó÷åííîé îöåíêå ñâåð-
õó íà âðåìÿ ðàçðóøåíèÿ ðåøåíèÿ. Â ñâîþ î÷åðåäü, ÷èñëåííîå ìîäåëèðîâàíèå óòî÷íÿåò
ìîìåíò è õàðàêòåð ýòîãî ðàçðóøåíèÿ. Â ÷àñòíîñòè, ïîêàçàíî ðàñïðîñòðàíåíèå ðàçðó-
øåíèÿ â ïðîñòðàíñòâå. Òàêèì îáðàçîì, àíàëèòè÷åñêàÿ è ÷èñëåííàÿ ÷àñòè èññëåäîâàíèÿ
âçàèìíî äîïîëíÿþò äðóã äðóãà.

Êëþ÷åâûå ñëîâà: ðàçðóøåíèå ðåøåíèÿ; íåëèíåéíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à; óðàâ-

íåíèå ñîáîëåâñêîãî òèïà; ýêñïîíåíöèàëüíàÿ íåëèíåéíîñòü; ýêñòðàïîëÿöèÿ ïî Ðè÷àðä-

ñîíó.

Ââåäåíèå

Â ýòîé ðàáîòå ìû ïðîäîëæàåì èññëåäîâàíèÿ íåëèíåéíûõ óðàâíåíèé, îïèñûâà-
þùèõ óðàâíåíèÿ èîííî-çâóêîâûõ âîëí â ðàçëè÷íûõ ìîäåëüíûõ ïðåäïîëîæåíèÿõ è
íà÷àòûå â ðàáîòàõ [1�4]. Â äàííîé ðàáîòå ìû ðàññìîòðèì ñëåäóþùóþ ìîäåëüíóþ
≪1+1≫-ìåðíóþ çàäà÷ó:

∂2

∂t2

(
uxx − εu− ε2

2
u2

)
+ uxx = 0 ïðè (x, t) ∈ (0, l)× (0, T ), (1)

ux(0, t) = ux(l, t) = 0 ïðè t ∈ [0, T ], (2)

u(x, 0) = u0(x), ut(x, 0) = u1(x) ïðè x ∈ [0, l]. (3)

Ðåøåíèå ìû áóäåì èñêàòü â êëàññå u(x, t) ∈ C(2)([0, T ];C(2)[0, l]). Ïîýòîìó íàì ñ íåîá-
õîäèìîñòüþ íóæíî ïîòðåáîâàòü âûïîëíèìîñòü óñëîâèé ñîãëàñîâàíèÿ íà÷àëüíîãî è
ãðàíè÷íîãî óñëîâèé

u0x(0) = u0x(l) = u1x(0) = u1x(l) = 0. (4)

Óðàâíåíèå (1) îïèñûâàåò íåëèíåéíûå èîííî-çâóêîâûå âîëíû â ïëàçìå ñ î÷åíü áîëü-
øèì ðàäèóñîì Äåáàÿ

rD =

(
kTe

4πe2n0

)1/2

, ε =
1

r2D
.

Íèæå ïðèâåäåí âûâîä óðàâíåíèÿ (1) â ìíîãîìåðíîì ñëó÷àå. Çàòåì ìû äîêàæåì ëî-
êàëüíóþ âî âðåìåíè êëàññè÷åñêóþ ðàçðåøèìîñòü è ïîëó÷èì äîñòàòî÷íîå óñëîâèå ðàç-
ðóøåíèÿ ðåøåíèÿ çàäà÷è (1) � (3) çà êîíå÷íîå âðåìÿ è ïîëó÷èì îöåíêó ñâåðõó íà ýòî
âðåìÿ.
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1. Âûâîä óðàâíåíèÿ

Ðàññìîòðèì èîííî-ýëåêòðîííóþ ïëàçìó â îáëàñòè D ⊂ RN , N > 1. Â ïðèáëèæå-
íèè êâàçèñòàöèîíàðíîãî ýëåêòðè÷åñêîãî ïîëÿ èìåþò ìåñòî ñëåäóþùèå óðàâíåíèÿ:

divE = −4πen, rotE = 0, (5)

ãäå E � ýòî âåêòîð íàïðÿæåííîñòè ýëåêòðè÷åñêîãî ïîëÿ, n = ne + ni � ýòî ñóììàðíàÿ
ïëîòíîñòü ýëåêòðîíîâ è èîíîâ. Â ïðåäïîëîæåíèè, ÷òî îáëàñòü D ÿâëÿåòñÿ ïîâåðõ-
íîñòíî îäíîñâÿçíîé, ìîæíî ââåñòè ïîòåíöèàë ýëåêòðè÷åñêîãî ïîëÿ ϕ, ñâÿçàííûé ñ
âåêòîðîì E ðàâåíñòâîì

E = −∇ϕ. (6)
Â ýòîì ñëó÷àå ïëîòíîñòü ýëåêòðîíîâ õîðîøî îïèñûâàåòñÿ ðàñïðåäåëåíèåì Áîëüöìàíà

ne = n0 exp

(
eϕ

kTe

)
, (7)

ãäå n0 � ðàâíîâåñíàÿ ïëîòíîñòü ýëåêòðîíîâ, Te � òåìïåðàòóðà ýëåêòðîíîâ. À äëÿ
êîíöåíòðàöèè èîíîâ ni ñïðàâåäëèâî óðàâíåíèå íåðàçðûâíîñòè

∂ni

∂t
= div J, (8)

ãäå J � ýòî ïëîòíîñòü òîêà èîííîé ñîñòàâëÿþùåé ïëàçìû è ó÷èòûâàåò âðåìåííóþ
äèñïåðñèþ

J =

t∫
0

σ(t, τ)E(τ) dτ, σ(t, τ) ∈ C(2)([0, T ]⊗ [0, T ]). (9)

Èç óðàâíåíèé (5) � (7) ìû ïîëó÷èì ñëåäóþùåå äèôôåðåíöèàëüíîå ñëåäñòâèå:

∆ϕ− 4πen0 exp

(
eϕ

kTe

)
= 4πeni. (10)

Èç ñèñòåìû óðàâíåíèé (8) è (9) ìû ïîëó÷èì ñëåäóþùåå äèôôåðåíöèàëüíîå ñëåäñòâèå:

∂ni

∂t
= −

t∫
0

σ(t, τ)∆ϕ(τ) dτ. (11)

Èç óðàâíåíèé (10) è (11) âûòåêàåò äèôôåðåíöèàëüíîå ñëåäñòâèå

∂

∂t

(
∆ϕ− 4πen0 exp

(
eϕ

kTe

))
+ 4πe

t∫
0

σ(t, τ)∆ϕ(τ) dτ = 0. (12)

Â îäíîì ÷àñòíîì, íî âàæíîì ñëó÷àå σ(t, τ) = σ0 > 0 ìû ïðèõîäèì ê ñëåäóþùåìó
äèôôåðåíöèàëüíîìó ñëåäñòâèþ:

∂2

∂t2

(
∆ϕ− 4πen0 exp

(
eϕ

kTe

))
+ 4πeσ0∆ϕ = 0. (13)

Ñäåëàåì â ýòîì óðàâíåíèè çàìåíóu = ϕ
4πen0

, òîãäà ïîëó÷èì ñëåäóþùåå óðàâíåíèå:

∂2

∂t2

(
∆u− exp

(
u

r2D

))
+ 4πeσ0∆u = 0, (14)
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ãäå

rD =

(
kTe

4πe2n0

)1/2

� ýòî òàê íàçûâàåìûé ðàäèóñ ýêðàíèðîâêè Äåáàÿ. Â ñëó÷àå ïëàçìû ðàäèóñ Äåáàÿ
äîñòàòî÷íî áîëüøîé íàñòîëüêî, ÷òî ìîæíî îãðàíè÷èòüñÿ ðàññìîòðåíèåì ïåðâûõ òðåõ
÷ëåíîâ ðàçëîæåíèÿ ôóíêöèè exp(εu) ïî ìàëîìó ïàðàìåòðó ε = 1/r2D:

exp(εu) = 1 + εu+
ε2

2
u2 + o(ε2u2). (15)

Èç óðàâíåíèé (14) è (15) âûòåêàåò èñêîìîå óðàâíåíèå:

∂2

∂t2

(
∆u− εu− ε2

2
u2

)
+∆u = 0, (16)

â êîòîðîì ìû êîýôôèöèåíò 4πeσ0 ïðè ñëàãàåìîì △u çàìåíèëè åäèíèöåé.

2. Ëîêàëüíàÿ ðàçðåøèìîñòü

Áóäåì äîêàçûâàòü ëîêàëüíóþ âî âðåìåíè ðàçðåøèìîñòü çàäà÷è (1) � (3) â
êëàññå C(2)([0, T ];C(2)[0, l]). Ââåäåì ôóíêöèþ Ãðèíà äèôôåðåíöèàëüíîãî îïåðàòîðà
− d2

dx2 + εI, ε > 0,

Gε(x, y) =
1√

ε sinh(
√
εl)

{
cosh(

√
εx) cosh(

√
ε(y − l)), ïðè x < y;

cosh(
√
εy) cosh(

√
ε(x− l)), ïðè x > y.

Ïåðåïèøåì ðàññìàòðèâàåìîå óðàâíåíèå äëÿ óäîáñòâà â ýêâèâàëåíòíîì âèäå

∂2

∂t2

(
−uxx + εu+

ε2

2
u2

)
− uxx + εu = εu.

Â êëàññå ãëàäêîñòè C(2)([0, T ];C(2)[0, l]) ñ ó÷åòîì ââåäåííîé ôóíêöèè Ãðèíà ïîëó÷èì
èíòåãðîäèôôåðåíöèàëüíîå ðàâåíñòâî

∂2

∂t2

(
u+

ε2

2
Ĝεu

2

)
+ u = εĜεu, (17)

ãäå

Ĝεf =

l∫
0

Gε(x, y)f(y) dy.

Ïðîèíòåãðèðóåì ðàâåíñòâî (17) îäèí ðàç ïî âðåìåíè, òîãäà ïîëó÷èì ðàâåíñòâî

∂

∂t

(
u+

ε2

2
Ĝεu

2

)
= u1(x) + ε2Ĝ(u0u1)(x) +

t∫
0

ds
(
−u(x, s) + εĜεu(s)

)
ds, (18)

ãäå

Ĝ(u0u1)(x) =

l∫
0

Gε(x, y)u0(y)u1(y) dy. (19)

Çàìåòèì, ÷òî
∂

∂t

(
u+

ε2

2
Ĝεu

2

)
=

(
I + K̂ε∗

) du

dt
, (20)
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ãäå I � ýòî åäèíè÷íûé îïåðàòîð, à

K̂ε(u) ∗ w =

l∫
0

ε2Ĝε(x, y)u(y, t)w(y, t) dy. (21)

Òîãäà óðàâíåíèå (18) ìîæíî ïåðåïèñàòü â ñëåäóþùåì âèäå:

(
I + K̂ε(u)∗

) du

dt
= u1(x) + ε2Ĝ(u0u1)(x) +

t∫
0

ds
(
−u(x, s) + εĜεu(s)

)
ds. (22)

Ðàññìîòðèì áàíàõîâî ïðîñòðàíñòâî B ≡ L∞((0, T )× (0, l)), ãäå T > 0 � ïðîèçâîëüíîå
ôèêñèðîâàííîå. Òî÷íî òàê æå, êàê è â [1], ìîæíî äîêàçàòü, ÷òî

∥K̂ε(v)∗∥B→B 6 c1(l)ε∥v∥, (23)

ãäå ∥·∥B→B � ýòî îïåðàòîðíàÿ íîðìà ëèíåéíîãî ïðîñòðàíñòâà âñåõ ëèíåéíûõ íåïðå-
ðûâíûõ îïåðàòîðîâ, äåéñòâóþùèõ èç B â B. Ââåäåì òåïåðü çàìêíóòîå, îãðàíè÷åííîå
è âûïóêëîå ïîäìíîæåñòâî áàíàõîâà ïðîñòðàíñòâà B :

Bµn =
{
v(x, t) ∈ B : ∥v∥L∞((0,l)×(0,T )) 6 µn

}
, (24)

∥u0∥L∞(0,l) 6 µ, ∥u1∥L∞(0,l) 6 µ, (25)

ãäå n = n(T ) ∈ N íåêîòîðîå ôèêñèðîâàííîå, êîòîðîå ìû ôèêñèðóåì ïîçæå, à µ =
µ(T, ε) > 0 � äîñòàòî÷íî ìàëîå ÷èñëî. Ïðè ôèêñèðîâàííûõ T, l, ε è n âûáåðåì µ > 0
íàñòîëüêî ìàëûì, ÷òîáû

c1(l)εµn 6 1

2
.

Â ýòîì ñëó÷àå îïåðàòîð
(
I + K̂ε(u)∗

)−1

ñóùåñòâóåò è ïðåäñòàâèì â âèäå ðÿäà Íåé-
ìàíà (

I + K̂ε(u)∗
)−1

=
+∞∑
m=0

[−K̂ε(u)∗]m.

Ñëåäîâàòåëüíî, óðàâíåíèå (22) ìîæíî ïåðåïèñàòü â âèäå

du

dt
=

(
I + K̂ε(u)∗

)−1

u1(x) + ε2Ĝ(u0u1) +

t∫
0

ds
(
−u(x, s) + εĜεu(s)

)
ds

 . (26)

Äàëåå ýòî óðàâíåíèå ìîæíî ïðîèíòåãðèðîâàòü îäèí ðàç ïî âðåìåíè è ïîëó÷èòü ñëå-
äóþùåå ðàâåíñòâî:

u(x, t) = u0(x) +

t∫
0

A(u)(x, s) ds, (27)

ãäå

A(u)(x, t)=
(
I + K̂ε(u)∗

)−1

u1(x) + ε2Ĝ(u0u1) +

t∫
0

ds
(
−u(x, s) + εĜεu(s)

)
ds

 . (28)
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Òî÷íî òàê æå, êàê â [1, 2], ìîæíî äîêàçàòü, ÷òî ïðè âûáîðå N ∋ n > 4T + 1 � ôèêñè-
ðîâàííîì è ïðè äîñòàòî÷íî ìàëîì µ > 0 èìåþò ìåñòî ñëåäóþùèå ñâîéñòâà

A(u) : Bµn → Bµn, ∥A(v1)− A(v2)∥ 6 1

2
∥v1 − v2∥,

ò.å. îïåðàòîð A(v) ÿâëÿåòñÿ ñæèìàþùèì íà Bµn. Èñïîëüçóÿ âàðèàíò ïðèíöèïà ñæè-
ìàþùèõ îòîáðàæåíèé ðàáîòû [5], ìîæíî äîêàçàòü ñóùåñòâîâàíèå åäèíñòâåííîãî ðå-
øåíèÿ u(x, t) ∈ Bµn ⊂ B èíòåãðàëüíîãî óðàâíåíèÿ (27).

Äàëåå òàê æå, êàê è â [1], íóæíî âîñïîëüçîâàòüñÿ ≪áóòñòýï≫-ìåòîäîì äëÿ ïîâûøå-
íèÿ ãëàäêîñòè ðåøåíèé èíòåãðàëüíûõ óðàâíåíèé è ïîëó÷èòü, ÷òî íà ñàìîì äåëå ðåøå-
íèå èíòåãðàëüíîãî óðàâíåíèÿ (27) ïðèíàäëåæèò êëàññó u(x, t) ∈ C(2)([0, T ];C(2)([0, l])).
Ñòàëî áûòü, íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 1. Ïóñòü ôèêñèðîâàíû èñõîäíûå ïàðàìåòðû çàäà÷è: ε > 0, l > 0. Òîãäà äëÿ
ïðîèçâîëüíîãî T > 0 íàéäåòñÿ òàêîå µ > 0, ÷òî ïðè äîñòàòî÷íî ìàëûõ íà÷àëüíûõ

ôóíêöèé u0(x) ∈ C(2)([0, l]) è u1(x) ∈ C(2)([0, l]) :

∥u0∥L∞(0,l) 6 µ, ∥u1∥L∞(0,l) 6 µ,

óäîâëåòâîðÿþùèõ óñëîâèÿì

u0x(0) = u0x(l) = u1x(0) = u1x(l) = 0,

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è â êëàññå u(x, t) ∈
C(2)([0, T ];C(2)([0, l])).

3. Ðàçðóøåíèå è îöåíêà âðåìåíè ðàçðóøåíèÿ ðåøåíèÿ

Ïóñòü u(x, t) ∈ C(2)([0, T ];C(2)[0, l]) � ýòî ëîêàëüíîå åäèíñòâåííîå ðåøåíèå çàäà÷è
(1)�(3). Â ýòîì ðàçäåëå ìû äîêàæåì, ÷òî

T 6 T∞ =

∫
Ω

(
u0(x)−

1

ε

)2

dx

−2

∫
Ω

(
u0(x)−

1

ε

)
u1(x) dx

−1

(29)

ïðè äîñòàòî÷íîì óñëîâèè, ÷òî∫
Ω

(
u0(x)−

1

ε

)
u1(x) dx < 0. (30)

Äåéñòâèòåëüíî, èíòåãðèðóÿ óðàâíåíèå (1) ïî îáëàñòè (0, l), ñ ó÷åòîì ãðàíè÷íûõ óñëî-
âèé (2) ìû ïîëó÷èì ñëåäóþùåå ðàâåíñòâî:

d2

dt2

l∫
0

(
εu(x, t)− ε2

2
u2(x, t)

)
dx = 0 ⇔ d2

dt2

l∫
0

(
u(x, t)− 1

ε

)2

dx = 0. (31)

Èíòåãðèðóÿ ðàâåíñòâî (31) ïî âðåìåíè, ñ ó÷åòîì íà÷àëüíûõ óñëîâèé (3) ïîëó÷èì
ñëåäóþùåå ðàâåíñòâî:

0 6
l∫

0

(
u(x, t)− 1

ε

)2

dx =

l∫
0

(
u0(x)−

1

ε

)2

dx+ 2t

∫
Ω

(
u0(x)−

1

ε

)
u1(x) dx. (32)

Ïîòðåáóåì âûïîëíåíèÿ óñëîâèÿ (30). Òîãäà ñðàçó æå ïðèõîäèì ê èñêîìîé îöåíêå (29),
ïîñêîëüêó ïðè t > T∞ ðàâåíñòâî (32) ñòàíîâèòñÿ ïðîòèâîðå÷èâûì.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 2. Ñ. 107�123

111



Ì.Î. Êîðïóñîâ, Ä.Â. Ëóêüÿíåíêî, Å.À. Îâñÿííèêîâ, À.À. Ïàíèí

4. ×èñëåííàÿ äèàãíîñòèêà ðàçðóøåíèÿ ðåøåíèÿ

Â ýòîì ðàçäåëå ìû äåòàëüíî îáñóäèì ìåòîäû, êîòîðûå ïîìîãóò íàì ÷èñëåííî äèà-
ãíîñòèðîâàòü ôàêò ðàçðóøåíèÿ ðåøåíèÿ è óòî÷íèòü åãî ëîêàëèçàöèþ êàê âî âðåìåíè,
òàê è â ïðîñòðàíñòâå. Íàïîìíèì, ÷òî àïðèîðíàÿ èíôîðìàöèÿ, ïîëó÷åííàÿ àíàëèòè÷å-
ñêè â ðàçäåëå ≪Ðàçðóøåíèå è îöåíêà âðåìåíè ðàçðóøåíèÿ ðåøåíèÿ≫, äàåò íàì îöåíêó
âðåìåíè ðàçðóøåíèÿ ðåøåíèÿ, îäíàêî íå äàåò äåòàëüíîãî îïèñàíèÿ ïðîöåññà ðàçðó-
øåíèÿ. ×èñëåííûé æå ïîäõîä, èñïîëüçóþùèé àíàëèòè÷åñêè ïîëó÷åííóþ àïðèîðíóþ
èíôîðìàöèþ, ìîæåò ïîìî÷ü äåòàëèçèðîâàòü ïðîöåññ ðàçðóøåíèÿ è óòî÷íèòü ìîìåíò
ðàçðóøåíèÿ.

Áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ uinit0(x), uinit1(x) âìåñòî u0(x), u1(x) â ñâÿçè ñ
òåì, ÷òî ìû èñïîëüçóåì ïîäîáíûå èíäåêñû äëÿ îïðåäåëåíèÿ ñåòî÷íûõ çíà÷åíèé ôóíê-
öèé. Ìîìåíò âðåìåíè ðàçðóøåíèÿ îáîçíà÷èì ÷åðåç Tbl.

Äëÿ íà÷àëà ñâåäåì èñõîäíîå óðàâíåíèå (1) � (3) ê ñèñòåìå ïåðâîãî ïîðÿäêà ïî
âðåìåíè. Ýòî íåîáõîäèìî äëÿ ïðèìåíåíèÿ ýôôåêòèâíûõ ÷èñëåííûõ ìåòîäîâ, êîòîðûå
áóäóò îïèñàíû íèæå. Òàêèì îáðàçîì, çàäà÷à1

∂2

∂t2

(
uxx − εu− ε2

2
u2
)
+ uxx = 0, x ∈ (0, l), t ∈ (0, Tbl],

u(x, 0) = uinit0(x), ut(x, 0) = uinit1(x),

ux(0, t) = ux(l, t) = 0

(33)

ïðèìåò âèä 

∂

∂t

(
uxx − εu− ε2

2
u2
)
= v, x ∈ (0, l), t ∈ (0, Tbl],

∂

∂t
v + uxx = 0,

u(x, 0) = uinit0(x),

v(x, 0) = uinit1(x)xx − εuinit1(x)− ε2uinit0(x)uinit1(x),

ux(0, t) = ux(l, t) = 0.

(34)

5. Æåñòêèé ìåòîä ïðÿìûõ è ñõåìà Ðîçåíáðîêà

ñ êîìïëåêñíûì êîýôôèöèåíòîì

C öåëüþ ÷èñëåííîãî ðåøåíèÿ ñèñòåìû (34) ìû ïðèìåíÿåì æåñòêèé ìåòîä ïðÿìûõ
(SMOL) [6, 7] äëÿ òîãî, ÷òîáû ñâåñòè èñõîäíóþ ñèñòåìó óðàâíåíèé â ÷àñòíûõ ïðîèç-
âîäíûõ ê íåÿâíîé ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ê ñîæàëå-
íèþ, íå ðàçðåøåííîé îòíîñèòåëüíî ïðîèçâîäíûõ), êîòîðàÿ ìîæåò áûòü ýôôåêòèâíî
ðåøåíà ñ ïîìîùüþ îäíîñòàäèéíîé ñõåìû Ðîçåíáðîêà ñ êîìïëåêñíûì êîýôôèöèåíòîì
CROS1 [8].

Ñíà÷àëà ìû ââåäåì ðàâíîìåðíóþ ñåòêó XN òîëüêî ïî ïðîñòðàíñòâåííîé ïåðåìåí-
íîé x ñ øàãîì h = (l− 0)/N , ñîäåðæàùóþ N +1 óçëîâ (÷òî ñîîòâåòñòâóåò N èíòåðâà-
ëàì): XN = {xn, 0 6 n 6 N : xn = 0+nh}. Òàêèì îáðàçîì, ïîñëå êîíå÷íîðàçíîñòíîé

1Çàìå÷àíèå.Ìû ñòàâèì çàäà÷ó íàõîæäåíèÿ ðåøåíèÿ äî ìîìåíòà âðåìåíè Tbl âêëþ÷èòåëüíî, õîòÿ
çíàåì, ÷òî ðåøåíèå â ýòîò ìîìåíò âðåìåíè íå ñóùåñòâóåò è, áîëåå òîãî, äàæå ìîæåò ðàçðóøèòüñÿ
ðàíåå. Ýòî äîïóùåíèå ñâÿçàíî ñ òåì, ÷òî ìû õîòèì äèàãíîñòèðîâàòü ðàçðóøåíèå ðåøåíèÿ ÷èñëåííî,
à çíà÷èò, íàì íåîáõîäèìî íàéòè ÷èñëåííîå ðåøåíèå âïëîòü äî ýòîãî ìîìåíòà âðåìåíè âêëþ÷èòåëüíî.
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àïïðîêñèìàöèè ïðîñòðàíñòâåííûõ ïðîèçâîäíûõ ñî âòîðûì ïîðÿäêîì òî÷íîñòè â (34)
ìû ïîëó÷èì ñëåäóþùóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, èç
êîòîðîé òðåáóåòñÿ îïðåäåëèòü N − 1 íåèçâåñòíûõ ôóíêöèé un ≡ un(t) ≡ u(xn, t)
(n = 1, N − 1, u0 è uN îïðåäåëÿþòñÿ èç ñîîòíîøåíèé, çàäàííûõ ãðàíè÷íûìè óñëî-
âèÿìè: u0 = 4

3
u1 − 1

3
u2, uN = 4

3
uN−1 − 1

3
uN−2 ) è N − 1 âñïîìîãàòåëüíûõ ôóíêöèé

vn ≡ vn(t) ≡ v(xn, t) (n = 1, N − 1, v0 è vN íå âõîäÿò â ñèñòåìó):

dun−1

dt
−

(
2 + εh2 + ε2h2un

)dun

dt
+

dun+1

dt
= h2vn,

dun

dt
= −un+1 − 2un + un−1

h2
,

un(0) = uinit0(xn),

vn(0) =
uinit1(xn+1)− 2uinit1(xn) + uinit1(xn−1)

h2
− εuinit1(xn)− ε2uinit0(xn)uinit1(xn),

u0 =
4

3
u1 −

1

3
u2,

uN =
4

3
uN−1 −

1

3
uN−2.

(35)
Ýòà ñèñòåìà ìîæåò áûòü ïåðåïèñàíà â âèäåM (u)

du

dt
= f (u),

u(0) = uinit,
(36)

ãäå u =
(
u1 u2 u3 . . . uN−1 v1 v2 v3 . . . vN−1

)T
, f =

(
f1 f2 f3 . . . f2N−2

)T
è

uinit =
(
u1(0) u2(0) u3(0) . . . uN−1(0) v1(0) v2(0) v3(0) . . . vN−1(0)

)T
.

Âåêòîð-ôóíêöèÿ f èìååò ñëåäóþùóþ ñòðóêòóðó:

fn =



h2vn, åñëè n = 1, N − 1,

− 1
h2

(
u2 − 2u1 +

(
4
3
u1 − 1

3
u2

))
, åñëè n = N ,

− 1
h2

(
un−N+2 − 2un−N+1 + un−N

)
, åñëè n = N + 1, 2N − 3,

− 1
h2

((
4
3
uN−1 − 1

3
uN−2

)
− 2uN−1 + uN−2

)
, åñëè n = 2N − 2,

à ìàòðè÷íàÿ ôóíêöèÿ M èìååò ñëåäóþùèå ýëåìåíòû:

Mn,n =


4
3
−

(
2 + εh2 + ε2h2u1

)
, åñëè n = 1,

−
(
2 + εh2 + ε2h2un

)
, åñëè n = 2, N − 2,

4
3
−

(
2 + εh2 + ε2h2uN−1

)
, åñëè n = N − 1,

1, åñëè n = N, 2N − 2,

Mn,n−1 =

{
1, åñëè n = 2, N − 2,

−1
3
+ 1, åñëè n = N − 1,

Mn,n+1 =

{
−1

3
+ 1, åñëè n = 1,

1, åñëè n = 2, N − 2,
îñòàëüíûå ýëåìåíòû ìàòðèöû M ðàâíû íóëþ.
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Äëÿ ÷èñëåííîãî ðåøåíèÿ ñèñòåìû (36) ìû áóäåì èñïîëüçîâàòü ñõåìó Ðîçåíáðî-
êà ñ êîìïëåêñíûì êîýôôèöèåíòîì (CROS1), êîòîðàÿ ÿâëÿåòñÿ íàèëó÷øèì âûáîðîì
äëÿ ðåøåíèÿ çàäà÷ òàêîãî ðîäà ïî ïðè÷èíå ïîðÿäêà òî÷íîñòè ýòîé ñõåìû (O(τ 1)), åå
ìîíîòîííîñòè è óñòîé÷èâîñòè (L2) [9].

Âàæíî îòìåòèòü, ÷òî â ñëó÷àå ïîñòîÿííîé ìàòðèöû M ñõåìà Ðîçåíáðîêà ñ êîì-
ïëåêñíûì êîýôôèöèåòîì èìååò ïîðÿäîê òî÷íîñòè O(τ 2) [10, 11]. Íåÿâíàÿ ñèñòåìà
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ òàêîé ìàòðèöåé ìîæåò áûòü ïîëó-
÷åíà, åñëè â ñèñòåìå (34) ââåñòè ñëåäóþùóþ âñïîìîãàòåëüíóþ ïåðåìåííóþ: w =
uxx − εu − ε2

2
u2. Â ýòîì ñëó÷àå ìû ïîëó÷èì íåÿâíóþ ñèñòåìó îáûêíîâåííûõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé (ïîäîáíóþ (35)) ñ ïîñòîÿííîé (íî âûðîæäåííîé) ìàòðèöåé,
ðàçìåðíîñòü êîòîðîé áóäåò â 3/2 ðàçà áîëüøå èñõîäíîé, ÷òî ïðèâåäåò ê óâåëè÷åíèþ
âðåìåíè âû÷èñëåíèé. Êàêîé èç ýòèõ ïîäõîäîâ áîëåå ýôôåêòèâåí ñ âû÷èñëèòåëüíîé
òî÷êè çðåíèÿ � îòêðûòûé âîïðîñ. Íàøåé æå îñíîâíîé öåëüþ ÿâëÿåòñÿ äåìîíñòðàöèÿ
òîãî, êàê ìîæíî ÷èñëåííî äèàãíîñòèðîâàòü ôàêò ðàçðóøåíèÿ ðåøåíèÿ ïî âðåìåíè
è/èëè ïðîñòðàíñòâó, � òàêèì îáðàçîì, â äàííîé ðàáîòå ìû íå èññëåäóåì ïîäíÿòûé â
ýòîì çàìå÷àíèè âîïðîñ.

Äëÿ òîãî ÷òîáû ïðèìåíèòü ýòó ñõåìó, ìû ââåäåì ðàâíîìåðíóþ ñåòêó (òàêæå ìîæ-
íî èñïîëüçîâàòü è êâàçèðàâíîìåðíóþ ñåòêó áåç êàêèõ-ëèáî èçìåíåíèé â àëãîðèòìå)
TM ïî t, êîòîðàÿ èìååò M +1 óçëîâ (òî åñòü M èíòåðâàëîâ): TM = {tm, 0 6 m 6 M :
0 = t0 < t1 < t2 < . . . < tM−1 < tM = T∞}, ãäå íàïîìíèì, ÷òî T∞ � ýòî âåðõíÿÿ îöåíêà
âðåìåíè ðàçðóøåíèÿ (ñì. (29)).

Ïîñëå ýòîãî ìû ìîæåì ïðèìåíèòü ñõåìó CROS1 äëÿ ðåøåíèÿ ñèñòåìû (36):

u(tm+1) = u(tm) + (tm+1 − tm) Rew ,

ãäå w ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû[
M

(
u(tm)

)
− 1 + i

2
(tm+1 − tm) fu

(
u(tm)

)]
w = f

(
u(tm)

)
.

(37)

Çäåñü f
u
� ÿêîáèàí, êîòîðûé äëÿ ðàññìàòðèâàåìîé ñèñòåìû èìååò ñëåäóþùóþ ñòðóê-

òóðó:

(fu)n,n+N−1 = h2, åñëè n = 1, N − 1,

(fu)n,n−N =

{
− 1

h2 , åñëè n = N + 1, 2N − 3,

− 1
h2 +

1
3h2 , åñëè n = 2N − 2,

(fu)n,n−N+1 =


2
h2 − 4

3h2 , åñëè n = N ,
2
h2 , åñëè n = N + 1, 2N − 3,
2
h2 − 4

3h2 , åñëè n = 2N − 2,

(fu)n,n−N+2 =

{
− 1

h2 +
1

3h2 , åñëè n = N ,

− 1
h2 , åñëè n = N + 1, 2N − 3.

Äðóãèå êîìïîíåíòû ìàòðèöû f
u
â ñëó÷àå ðàññìàòðèâàåìîãî óðàâíåíèÿ ðàâíû íóëþ.

Òàêèì îáðàçîì, ìàòðèöà ñèñòåìû (37) ñîñòîèò èç ÷åòûðåõ áëîêîâ ðàçìåðíîñòè
(N − 1)× (N − 1) (ñòðóêòóðà ìàòðèöû ïðåäñòàâëåíà íà ðèñ. 1). Ýòîò ôàêò äàåò âîç-
ìîæíîñòü ïðèìåíèòü àëãîðèòì ðåøåíèÿ ÑËÀÓ, êîòîðûé íàéäåò ðåøåíèå ñèñòåìû (37)
çà O(N) îïåðàöèé.
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Ðèñ. 1. Ñòðóêòóðà ìàòðèöû ÑËÀÓ (37)

6. Âû÷èñëåíèÿ íà ñãóùàþùèõñÿ ñåòêàõ

Ïðè ÷èñëåííûõ ðàñ÷åòàõ âàæíî íå òîëüêî ïîëó÷èòü ïðèáëèæåííûé ÷èñëåííûé
ðåçóëüòàò, íî òàêæå è âûïîëíèòü íåêîòîðóþ îöåíêó åãî òî÷íîñòè. Ìåòîä âû÷èñëå-
íèÿ àïîñòåðèîðíîé àñèìïòîòè÷åñêè òî÷íîé îöåíêè ïîãðåøíîñòè [10] ïîçâîëÿåò ýòî
ñäåëàòü. Íî ýòîò ìåòîä òàêæå ìîæåò ïîìî÷ü è äèàãíîñòèðîâàòü ôàêò ðàçðóøåíèÿ
òî÷íîãî ðåøåíèÿ [11]. Îñíîâíûå ôîðìóëû è óòâåðæäåíèÿ ýòîãî ïàðàãðàôà âïåðâûå
áûëè ïðåäñòàâëåíû â ðàáîòàõ [10�12].

Ìû àïïðîêñèìèðîâàëè âñå ïðîñòðàíñòâåííûå ïðîèçâîäíûå â (34) ñ òî÷íîñòüþ
O(h2), à ïðè ÷èñëåííîì èíòåãðèðîâàíèè ñèñòåìû (36) èñïîëüçóåì ñõåìó CROS1, êî-
òîðàÿ èìååò òî÷íîñòü O(τ 1). Ïîýòîìó ïîñòðîåííûé ìåòîä ðåøåíèÿ ñèñòåìû (34) èìååò
òî÷íîñòü O(τ 1 + h2).

Äëÿ íà÷àëà ââåäåì áàçîâóþ ñåòêó XN ×TM : {xn, tm}, 0 6 n 6 N , 0 6 m 6 M . Ïî-
ñëå ýòîãî ïðîèçâåäåì ïîñëåäîâàòåëüíîå ñãóùåíèå ñåòêè, íà÷èíàÿ ñ áàçîâîé, è âû÷èñ-
ëèì ðåøåíèÿ u(x, t) íà ïîëó÷åííûõ ñåòêàõ. Â ñâÿçè ñ òåì, ÷òî òåîðåòè÷åñêèé ïîðÿäîê
òî÷íîñòè ïî âðåìåíè ðàâåí 1, à ïî ïðîñòðàíñòâó 2, ìû âûïîëíèì ïîñëåäîâàòåëüíîå
ñãóùåíèå ñåòêè ïî âðåìåíè â öåëîå ÷èñëî ðàç rt è ñãóùåíèå ïðîñòðàíñòâåííîé ñåò-
êè â öåëîå ÷èñëî ðàç rx òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå r1t = r2x (ïîäðîáíîñòè ñì.
â [12]). Íàèáîëåå óäîáíî äëÿ ñ÷åòà âûáðàòü rt = 4 è rx = 2. Â ýòîì ñëó÷àå êàæäàÿ
ïîñëåäóþùàÿ ñåòêà Xrs−1

x N ×Trs−1
t M (s � íîìåð ñåòêè) èìååò óçëû, ñîâïàäàþùèå ñ óç-

ëàìè áàçîâîé ñåòêè (xn, tm). Â ýòèõ óçëàõ (x, t) ìû ìîæåì âûïîëíèòü àïîñòåðèîðíóþ
àñèìïòîòè÷åñêè òî÷íóþ îöåíêó ïîãðåøíîñòè [11,12]

∆(rsxN,rstM)(x, t) =
u(rsxN,rstM)(x, t)− u(rs−1

x N,rs−1
t M)(x, t)

rt1 − 1
+ o(τ 1 + h2)

è îöåíèòü ýôôåêòèâíûé ïîðÿäîê òî÷íîñòè [11,12]

peffs (x, t) = logrt
u(rs−1

x N,rs−1
t M)(x, t)− u(rs−2

x N,rs−2
t M)(x, t)

u(rsxN,rstM)(x, t)− u(rs−1
x N,rs−1

t M)(x, t)
.

Â òî÷êàõ (x, t), â êîòîðûõ ðåøåíèå èñõîäíîé çàäà÷è èìååò íåïðåðûâíûå ïåðâûå ïðî-
èçâîäíûå ïî âðåìåíè è âòîðûå ïî ïðîñòðàíñòâó, èìååò ìåñòî ñõîäèìîñòü

peffs (x, t) −−−→
s→∞

ptheor = 1, (38)
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è ñîîòâåòñòâóþùàÿ îöåíêà ïîãðåøíîñòè ÿâëÿåòñÿ àñèìïòîòè÷åñêè òî÷íîé ïðè s →
∞ (èëè, ÷òî òî æå ñàìîå, N,M → ∞). Íàðóøåíèå ýòîé ñõîäèìîñòè (38) ãîâî-
ðèò î ïîòåðå ãëàäêîñòè òî÷íîãî ðåøåíèÿ. Â ÷àñòíîñòè, â ñëó÷àå ñòåïåííîé ≪ñèí-
ãóëÿðíîñòè≫ u(x, t) ∼ (t∗ − t)−β äëÿ ëþáîãî t > t∗ ýôôåêòèâíûé ïîðÿäîê òî÷íî-
ñòè peff (x, t) −−−→

s→∞
−β. Ýòî ïîçâîëÿåò íàì íàéòè ñîîòâåòñòâóþùóþ ñòåïåíü β. Åñ-

ëè peff (x, t) −−−→
s→∞

−∞ äëÿ ëþáîãî t > t∗, ìû ìîæåì óòâåðæäàòü, ÷òî ðåøåíèå

ýêñïîíåíöèàëüíî âîçðàñòàåò, ò.å. u(x, t) → ∞; åñëè peff (x, t) −−−→
s→∞

0 äëÿ ëþáîãî

t > t∗, òî ðîñò ðåøåíèÿ â îêðåñòíîñòè ¾ñèíãóëÿðíîñòè¿ ÿâëÿåòñÿ ëîãàðèôìè÷åñêèì:
u(x, t) ∼ ln(t∗ − t). Ìîìåíò ðàçðóøåíèÿ ðåøåíèÿ t∗ ìîæåò áûòü íàéäåí ñ òî÷íîñòüþ
äî âåëè÷èíû èíòåðâàëà áàçîâîé ñåòêè ïî âðåìåíè.

Åñëè íàðóøåíèå ãëàäêîñòè ðåøåíèÿ âîçíèêàåò âî âñåé îáëàñòè ïî ïðîñòðàíñòâåí-
íîé ïåðåìåííîé îäíîâðåìåííî, òî îòêëîíåíèå ñõîäèìîñòè peff (x, t) îò 1 âîçíèêàåò
âî âñåõ òî÷êàõ ñåòêè {xn} ñ ïåðâîãî âðåìåííîãî ñëîÿ t > t∗ (ñì. Ïðèìåð 1à). Åñëè
ðàçðóøåíèå ðåøåíèÿ âîçíèêàåò â îäíîé-åäèíñòâåííîé òî÷êå x∗, òî îïèñàííûé ìåòîä
ïîçâîëÿåò ïðîñëåäèòü âî âðåìåíè ïðîöåññ ðàçðóøåíèÿ ðåøåíèÿ â îñòàëüíûõ òî÷êàõ
(ñì. Ïðèìåð 1á è Ïðèìåð 1â). Òàêàÿ äèàãíîñòèêà ïðîöåññà ðàçðóøåíèÿ ðåøåíèÿ âîç-
ìîæíà â ñâÿçè ñ òåì, ÷òî ñõåìà CROS íå ïðèâîäèò ê ïåðåïîëíåíèþ äàæå â òîì ñëó÷àå,
åñëè ðåøåíèå çàäà÷è óñòðåìëÿåòñÿ ê áåñêîíå÷íîñòè [10,11].

Ïðèìåð 1à. Äëÿ íà÷àëà ðàññìîòðèì ïðèìåð ñî ñëåäóþùèì íàáîðîì âõîäíûõ
äàííûõ: uinit0(x) ≡ 0, uinit1(x) ≡ −1, l = π, ε = 1.

Â äàííîì ñëó÷àå ðåøåíèå óðàâíåíèÿ (33) ìîæåò áûòü íàéäåíî àíàëèòè÷åñêè:

u(x, t) =
√
1− 2t− 1. (39)

Î÷åâèäíî, ÷òî â äàííîì ñëó÷àå âðåìÿ ðàçðóøåíèÿ ðàâíî Tbl = T∞ = 0, 5. Êðîìå òîãî,
ýòî ïîäòâåðæäàåòñÿ íåïîñðåäñòâåííî ôîðìóëîé (29).

Ïðèìåíèì ÷èñëåííûé àëãîðèòì äèàãíîñòèêè ìîìåíòà è ìåñòà ðàçðóøåíèÿ ðåøå-
íèÿ, à çàîäíî è ñâåðèì ïîëó÷èâøèåñÿ ðåçóëüòàòû ñ àíàëèòè÷åñêèìè ðàñ÷åòàìè. Äëÿ
÷èñëåííîãî ðåøåíèÿ çàäà÷è (33) ìû âîçüìåì ñëåäóþùèé íàáîð ïàðàìåòðîâ: T∞ = 0, 5,
N = 50, M = 200, rx = 2, rt = 4, S = 6 (÷èñëî ïîñëåäîâàòåëüíî èñïîëüçóåìûõ äëÿ
âû÷èñëåíèé ñåòîê, âêëþ÷àÿ íà÷àëüíóþ).

Ïîëó÷èâ ïðèáëèæåííîå ÷èñëåííîå ðåøåíèå íà ðàçíûõ ñåòêàõ, ìû ìîæåì ïðî-
âåðèòü ñõîäèìîñòü ýôôåêòèâíîãî ïîðÿäêà òî÷íîñòè ê òåîðåòè÷åñêîìó äëÿ êàæäîãî
âðåìåííîãî ñëîÿ ïî ôîðìóëå

p eff
s (tm) = logrt

√∑N
n=0

(
u(rs−1

x N,rs−1
t M)(xn, tm)− u(rs−2

x N,rs−2
t M)(xn, tm)

)2√∑N
n=0

(
u(rsxN,rstM)(xn, tm)− u(rs−1

x N,rs−1
t M)(xn, tm)

)2 , (40)

ãäå s � íîìåð ñîîòâåòñòâóþùåé ñåòêè. Òàêæå åùå ðàç õîòèì îáðàòèòü âíèìàíèå, ÷òî
ïîä îáîçíà÷åíèåì (xn, tm) ïîäðàçóìåâàþòñÿ óçëû, ñîâïàäàþùèå ñ ñîîòâåòñòâóþùè-
ìè óçëàìè áàçîâîé ñåòêè. Ïîñëå âû÷èñëåíèé íà S âëîæåííûõ ñåòêàõ ýôôåêòèâíûé
ïîðÿäîê òî÷íîñòè p eff äëÿ êàæäîãî âðåìåííîãî ñëîÿ tm ñõîäèòñÿ ê p theor = 1 (ñì.
ðèñ. 2) çà èñêëþ÷åíèåì âðåìåííîãî ñëîÿ, ñîîòâåòñòâóþùåãî ìîìåíòó âðåìåíè t200:
peff (t200) −→ 0, 5, ÷òî îçíà÷àåò, ÷òî Tbl ∈ (t199, t200] ≡ (0, 498, 0, 5] ÿâëÿåòñÿ âðåìå-
íåì ðàçðóøåíèÿ ðåøåíèÿ, è ÷òî â òî÷êå Tbl ðåøåíèå èìååò ñòåïåííîé õàðàêòåð ðîñòà
u(x, t) ∼ (Tbl − t)0,5. Ìû òàêæå ìîæåì îöåíèòü ýôôåêòèâíûé ïîðÿäîê òî÷íîñòè äëÿ
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êàæäîé ïðîñòðàíñòâåííîé òî÷êè âûáðàííîãî âðåìåííîãî ñëîÿ, ñîîòâåòñòâóþùåãî ìî-
ìåíòó âðåìåíè tm, ïî ôîðìóëå

p eff
s (xn, tm) = logrt

u(rs−1
x N,rs−1

t M)(xn, tm)− u(rs−2
x N,rs−2

t M)(xn, tm)

u(rsxN,rstM)(xn, tm)− u(rs−1
x N,rs−1

t M)(xn, tm)
. (41)

Ìîæíî èñïîëüçîâàòü ýòó ôîðìóëó, íàïðèìåð, äëÿ âðåìåííîãî ñëîÿ, ñîîòâåòñòâó-
þùåãî ìîìåíòó âðåìåíè t200, â êîòîðîì áûëî äèàãíîñòèðîâàíî ðàçðóøåíèå ðåøåíèÿ,
ñ öåëüþ îïðåäåëèòü, âîçíèêëî ëè ðàçðóøåíèå íà âñåì âðåìåííîì ñëîå èëè òîëüêî â
îòäåëüíûõ òî÷êàõ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé. Íà ðèñ. 3 ìû ìîæåì âèäåòü, ÷òî
ðåøåíèå ðàçðóøèëîñü âî âñåõ ïðîñòðàíñòâåííûõ òî÷êàõ ñîîòâåòñòâóþùåãî âðåìåííî-
ãî ñëîÿ. Òåì íå ìåíåå, êàê ìû âèäèì íà ðèñ. 2, ≪òî÷íîé≫ ñõîäèìîñòè peff ê 0,5 íåò.
Â äàííîì ñëó÷àå ýòîãî ìîæíî äîáèòüñÿ, óâåëè÷èâ ÷èñëî ñåòîê S, íà êîòîðûõ áóäóò
âûïîëíÿòüñÿ âû÷èñëåíèÿ.
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Ðèñ. 2. Ïðèìåð 1à. Ýôôåêòèâíûé ïîðÿäîê òî÷íîñòè äëÿ êàæäîãî âðåìåííîãî
ñëîÿ. Ðàçðóøåíèå ðåøåíèÿ äèàãíîñòèðîâàíî â ìîìåíò âðåìåíè Tbl ∈ (t199, t200] ≡
(0, 498, 0, 5]. Çäåñü è äàëåå íóëåâîé âðåìåííîé ñëîé íå ïîêàçàí
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Ðèñ. 3. Ïðèìåð 1à. Ýôôåêòèâíûé ïîðÿäîê òî÷íîñòè äëÿ êàæäîé ïðîñòðàíñòâåííîé
òî÷êè âðåìåííîãî ñëîÿ, ñîîòâåòñòâóþùåãî ìîìåíòó âðåìåíè t200 = 0, 5, íà êîòîðîì
áûë äèàãíîñòèðîâàí ôàêò ðàçðóøåíèÿ ðåøåíèÿ. Ðàçðóøåíèå ðåøåíèÿ äèàãíîñòèðî-
âàíî âî âñåõ ïðîñòðàíñòâåííûõ òî÷êàõ ýòîãî âðåìåííîãî ñëîÿ

Ïðèìåð 1á. Ðàññìîòðèì ïðèìåð ñî ñëåäóþùèì íàáîðîì äàííûõ: uinit0(x) ≡ 0,
uinit1(x) ≡ −(x(π − x))2 sin x

3
, l = π, ε = 1010.
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Â äàííîì ñëó÷àå ðåøåíèå óðàâíåíèÿ (33) óæå íå ìîæåò áûòü íàéäåíî àíàëèòè-
÷åñêè. Äëÿ ÷èñëåííîé äèàãíîñòèêè ðàçðóøåíèÿ ðåøåíèÿ âî âðåìåíè è â ïðîñòðàí-
ñòâå îïÿòü ïðèìåíèì îïèñàííûé àëãîðèòì. Âåðõíÿÿ îöåíêà T∞ äëÿ âðåìåíè ðàç-
ðóøåíèÿ Tbl ìîæåò áûòü âû÷èñëåíà ïî ôîðìóëå (29): T∞ ≈ 3.14 · 10−11. Äëÿ ÷èñ-
ëåííîãî ðåøåíèÿ çàäà÷è (33) ìû áóäåì èñïîëüçâàòü ñëåäóþùèé íàáîð ïàðàìåòðîâ:
T∞ = 3, 14 · 10−11, N = 50, M = 50, rx = 2, rt = 4, S = 5 (÷èñëî ñåòîê, èñïîëüçîâàâ-
øèõñÿ äëÿ âû÷èñëåíèé, âêëþ÷àÿ èñõîäíóþ). Òàê æå, êàê è â Ïðèìåðå 1à, ìû ìîæåì
îöåíèòü ýôôåêòèâíûé ïîðÿäîê òî÷íîñòè ïî ôîðìóëå (40). Ïîñëå âû÷èñëåíèé íà S
âëîæåííûõ ñåòêàõ ýôôåêòèâíûé ïîðÿäîê òî÷íîñòè p eff äëÿ êàæäîãî âðåìåííîãî ñëîÿ
tm ñõîäèòñÿ ê p theor = 1 (ñì. ðèñ. 4) äî âðåìåííîãî ñëîÿ, ñîîòâåòñòâóþùåãî ìîìåíòó
âðåìåíè t25. Ýòî îçíà÷àåò, ÷òî Tbl ∈ (t24, t25] ≡ (1, 44, 1, 51] · 10−11 ÿâëÿåòñÿ âðåìåíåì
ðàçðóøåíèÿ ðåøåíèÿ. Ìû òàêæå ìîæåì èñïîëüçîâàòü ôîðìóëó (41) äëÿ âðåìåííîãî
ñëîÿ, êîòîðûé ñîîòâåòñòâóåò ìîìåíòó âðåìåíè t25 è íà êîòîðîì áûëî äèàãíîñòèðî-
âàíî ðàçðóøåíèå ðåøåíèÿ, ñ öåëüþ îïðåäåëèòü, âîçíèêëî ëè ðàçðóøåíèå íà âñåì
âðåìåííîì ñëîå èëè òîëüêî â îòäåëüíûõ òî÷êàõ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé. Íà
ðèñ. 5 ìû ìîæåì âèäåòü, ÷òî ðåøåíèå ðàçðóøàåòñÿ â îäíîé ïðîñòðàíñòâåííîé òî÷êå
ñîîòâåòñòâóþùåãî âðåìåííîãî ñëîÿ, à çàòåì âçðûâ ðàñïðîñòðàíÿåòñÿ ïîñòåïåííî íà
îñòàëüíûå òî÷êè îòðåçêà.
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Ðèñ. 4. Ïðèìåð 1á. Ýôôåêòèâíûé ïîðÿäîê òî÷íîñòè äëÿ êàæäîãî âðåìåííîãî ñëîÿ.
Ðàçðóøåíèå ðåøåíèÿ äèàãíîñòèðîâàíî â òî÷êå Tbl ∈ (t24, t25] ≡ (1, 44, 1, 51] · 10−11

Ïðèìåð 1â. Ðàññìîòðèì òåïåðü àíàëîãè÷íóþ Ïðèìåðó 1á çàäà÷ó, íî ñ áîëåå
áîëüøèì ε: uinit0(x) ≡ 0, uinit1(x) ≡ −(x(π − x))2 sin x

3
, l = π, ε = 1015.

Â ýòîì ñëó÷àå ðåøåíèå óðàâíåíèÿ (33) òàêæå íå ìîæåò áûòü íàéäåíî àíàëèòè÷å-
ñêè. Ïðèìåíèì âíîâü îïèñàííûé âûøå àëãîðèòì äëÿ ðàçðóøåíèÿ ðåøåíèÿ âî âðåìå-
íè è â ïðîñòðàíñòâå. Âåðõíþþ îöåíêó T∞ äëÿ âðåìåíè ðàçðóøåíèÿ Tbl âû÷èñëÿåì ïî
ôîðìóëå (29): T∞ ≈ 3, 14 · 10−16. Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (33) ìû áóäåì èñ-
ïîëüçâàòü ñëåäóþùèé íàáîð ïàðàìåòðîâ: T∞ = 3, 14 · 10−16, N = 50, M = 200, rx = 2,
rt = 4, S = 5 (÷èñëî ñåòîê, èñïîëüçîâàâøèõñÿ äëÿ âû÷èñëåíèé, âêëþ÷àÿ èñõîäíóþ).

Òàê æå, êàê è â ïðåäûäóùèõ äâóõ ïðèìåðàõ, ìû ìîæåì îöåíèòü ýôôåêòèâíûé
ïîðÿäîê òî÷íîñòè ïî ôîðìóëå (40). Ïîñëå âû÷èñëåíèé íà S âëîæåííûõ ñåòêàõ ýôôåê-
òèâíûé ïîðÿäîê òî÷íîñòè p eff äëÿ êàæäîãî âðåìåííîãî ñëîÿ tm ñõîäèòñÿ ê p theor = 1
(ñì. ðèñ. 6) äî âðåìåííîãî ñëîÿ, ñîîòâåòñòâóþùåãî ìîìåíòó âðåìåíè t98. Ýòî îçíà-
÷àåò, ÷òî Tbl ∈ (t97, t98] ≡ (1, 51, 1, 52] · 10−16 ÿâëÿåòñÿ âðåìåíåì ðàçðóøåíèÿ ðåøå-
íèÿ. Èñïîëüçóåì ôîðìóëó (41) äëÿ âðåìåííîãî ñëîÿ, êîòîðûé ñîîòâåòñòâóåò ìîìåíòó
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Ðèñ. 5. Ïðèìåð 1á. Ýôôåêòèâíûé ïîðÿäîê òî÷íîñòè äëÿ êàæäîé ïðîñòðàíñòâåííîé
òî÷êè äëÿ âðåìåííûõ ñëîåâ (t24, t25, t26, t27, t28, t39, t50). Çäåñü ìû âèäèì, ÷òî ñíà÷àëà
ðàçðóøåíèå ïðîèñõîäèò â îäíîé ïðîñòðàíñòâåííîé òî÷êå, à ïîòîì îíî ðàñïðîñòðàíÿ-
åòñÿ íà îñòàëüíûå òî÷êè îòðåçêà

t ×10-16
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Ðèñ. 6. Ïðèìåð 1â. Ýôôåêòèâíûé ïîðÿäîê òî÷íîñòè äëÿ êàæäîãî âðåìåííîãî ñëîÿ.
Ðàçðóøåíèå ðåøåíèÿ äèàãíîñòèðîâàíî â òî÷êå Tbl ∈ (t97, t98] ≡ (1, 51, 1, 52] · 10−16
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âðåìåíè t98 è íà êîòîðîì áûëî äèàãíîñòèðîâàíî ðàçðóøåíèå ðåøåíèÿ, ñ öåëüþ îïðå-
äåëèòü, âîçíèêëî ëè ðàçðóøåíèå íà âñåì âðåìåííîì ñëîå èëè òîëüêî â îòäåëüíûõ
òî÷êàõ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé. Íà ðèñ. 7 ìû ìîæåì âèäåòü, ÷òî ðåøåíèå
ðàçðóøàåòñÿ â îäíîé ïðîñòðàíñòâåííîé òî÷êå ñîîòâåòñòâóþùåãî âðåìåííîãî ñëîÿ, à
çàòåì âçðûâ ðàñïðîñòðàíÿåòñÿ ïîñòåïåííî íà îñòàëüíûå òî÷êè îòðåçêà.
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Ðèñ. 7. Ïðèìåð 1â. Ýôôåêòèâíûé ïîðÿäîê òî÷íîñòè äëÿ êàæäîé ïðîñòðàíñòâåííîé
òî÷êè äëÿ âðåìåííûõ ñëîåâ (t97, t98, t110, t150, t180, t200). Çäåñü ìû âèäèì, ÷òî ñíà÷àëà
ðàçðóøåíèå ïðîèñõîäèò â îäíîé ïðîñòðàíñòâåííîé òî÷êå, à ïîòîì îíî ðàñïðîñòðàíÿ-
åòñÿ íà îñòàëüíûå òî÷êè îòðåçêà
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LOCAL SOLVABILITY AND DECAY OF THE SOLUTION
OF AN EQUATION WITH QUADRATIC NONCOERCIVE
NONLINEATITY

M.O. Korpusov, D.V. Lukyanenko, E.A. Ovsyannikov, A.A. Panin

Lomonosov Moscow State University, Moscow, Russian Federation,
E-mail: korpusov@gmail.com, lukyanenko@physics.msu.ru,
evg.bud@yandex.ru, a-panin@yandex.ru

An initial-boundary value problem for plasma ion-sound wave equation is considered.
Boltzmann distribution is approximated by a quadratic function. The local (in time)
solvability is proved and the analitycal-numerical investigation of the solution's decay is
performed for the considered problem. The su�cient conditions for solution's decay and
an upper bound of the decay moment are obtained by the test function method. In some
numerical examples, the estimation is speci�ed by Richardson's mesh re�nement method.
The time interval for numerical modelling is chosen according to the decay moment's
analytical upper bound. In return, numerical calculations re�ne the moment and the space-
time pattern of the decay. Thus, analytical and numerical parts of the investigation amplify
each other.

Keywords: blow-up; nonlinear initial-boundary value problem; Sobolev type equation;

exponential nonlinearity; Richardson extrapolation.

References

1. Korpusov M.O. Critical Exponents of Instantaneous Blow-up or Local Solvability of Non-
Linear Equations of Sobolev Type. Izvestiya: Mathematics, 2015, vol. 79, no. 5, pp. 955�1012.
DOI: 10.1070/IM2015v079n05ABEH002768

2. Korpusov M.O., Lukyanenko D.V., Panin A.A., Yushkov E.V. Blow-up for One Sobolev
Problem: Theoretical Approach and Numerical Analysis. Journal of Mathematical Analysis

and Applications, 2016, vol. 442, no. 2, pp. 451�468. DOI: 10.1016/j.jmaa.2016.04.069

3. Korpusov M.O., Lukyanenko D.V., Panin A.A., Yushkov E.V. Blow-up Phenomena in
the Model of a Space Charge Strati�cation in Semiconductors: Analytical and Numerical
Analysis. Mathematical Methods in the Applied Sciences, 2017, vol. 40, no. 7, pp. 2336�2346.
DOI: 10.1002/mma.4142

4. Korpusov M.O. The Finite-Time Blowup of the Solution of an Initial Boundary-Value
Problem for the Nonlinear Equation of Ion Sound Waves. Theoretical and Mathematical

Physics, 2016, vol. 187, no. 3, pp. 835�841. DOI: 10.1134/S0040577916060040

5. Panin A.A. On Local Solvability and Blow-up of the Solution of an Abstract Nonlinear
Volterra Integral Equation. Mathematical Notes, 2015, vol. 97, no. 6, pp. 892�908.
DOI: 10.1134/S0001434615050247

6. Hairer E. Solving of Ordinary Di�erential Equations. Berlin, Heidelberg, Spinger-Verlag, 2002.

7. Kalitkin N.N. [Numerical Methods for Solving Sti� Systems].Matematicheskoe modelirovanie,
1995, vol. 7, no. 5, pp. 8�11. (in Russian)

8. Rosenbrock H.H. Some General Implicit Processes for the Numerical Solution of
Di�erential Equations. The Computer Journal, 1963, vol. 5, issue 4, pp. 329�330.
DOI: 10.1093/comjnl/5.4.329

122 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2017, vol. 10, no. 2, pp. 107�123



ÏÐÎÃÐÀÌÌÈÐÎÂÀÍÈÅ

9. Al'shin A.B., Al'shina E.A., Kalitkin N.N., Koryagina A.B. Rosenbrock Schemes
with Complex Coe�cients for Sti� and Di�erential-Algebraic Systems. Computational

Mathematics and Mathematical Physics, 2006, vol. 46, no. 8, pp. 1320�1340.
DOI: 10.1134/S0965542506080057

10. Al'shina E.A., Kalitkin N.N., Koryakin P.V. Diagnosis of Singularities of an Exact Solution
in Computations with Accuracy Control. Computational Mathematics and Mathematical

Physics, 2005, vol. 45, no. 10, pp. 1769�1779.

11. Al'shin A.B., Al'shina E.A. Numerical Diagnosis of Blow-up of Solutions of Pseudoparabolic
Equations. Journal of Mathematical Sciences, 2008, vol. 148, no. 1, pp. 143�162.
DOI: 10.1007/s10958-007-0542-2

12. Kalitkin N.N., Al'shin A.B., Al'shina E.A., Rogov B.V. Vychisleniya na kvaziravnomernykh

setkakh [Calculations on Quasi-Uniform Grids]. Moscow, Fizmatlit, 2005.

Received March 7, 2017

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, � 2. Ñ. 107�123

123




