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This article is devoted to mathematical modelling of the production �ow lines of the

conveyor-type. Here is an analytical method for calculating the parameters of a production

line with a regulated speed of the movement of the subjects of the labour along the conveyor

developed. The description of the parameters of the state of the production line is made in

the one-moment approximation using partial di�erential equations. There has been derived

a solution that determines the state of the parameters of the production line for a given

technological position as a function of the time. The transitional period during which the

initial condition of the distributing of the subjects of the labour along a conveyor has the

in�uence on the state parameters of a production line is certain. The developed method

of the calculation of the �ow parameters of the production line allows designing control

systems of the production line of the conveyor-type with a regulated rate of the movement

of the subjects of the labour.
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Introduction

To model industrial systems with a �ow-based method of the organising production,
in the vast majority of the cases, four main types of models are using: discrete-event
models (DES-model) [1], models of the queuing [2], the �uid model [3] and the PDE �
model [4, 5], that use the partial di�erential equations. A detailed comparative analysis
of these models was done in the articles [4, 6, 7]. The PDE�models are most demand at
the moment when designing control systems for �ow lines that operate in transient modes
or with variable capacity [8]. Production systems with a variable output of the products
include in oneself some production systems that use the conveyor type of the organisation
of the production (Fig. 1) [9�11]. It should also be noted that the PDE-models are very
e�ectively used to describe the industrial production of semiconductor products [4�6],
rolled steel [12]. In this paper, we will consider in detail the model of a conveyor line with
a regulable speed using partial di�erential equations. The control of the speed of the belt
of a separate conveyor changes the statistical characteristics of the �ow at the output.
It leads to a change in the amount of input �ow on subsequent conveyors, which a�ects
their power consumption [13]. Uneven loading of rock along the belt conveyor directly
a�ects the transportation cost of the rock and determines the dynamics of the system as a
whole. When designing the control systems of the conveyor, it is required to the planned
normative volumes of the rock mining. In fact, in real production, the �ow of the rock
varies in time. These changes are very signi�cant even during the daily period of the rock
mining (Fig. 2) [14]. Fig. 2 demonstrates the percentage of the time, during which a
conveyor works in one of several speed modes, certain relative speed g = v/Vn, where v
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Fig. 1. Characteristics of the conveyor line Neyveli Lignite Corporation, India [9]

Fig. 2. Chart of a relative speed of the belt conveyer for a day long: a)mine WESTFALEN,
Germany; b)mine KWK ANNA, Poland [14]

actual speed of the conveyor, Vn is the maximally possible speed of the conveyor during
the day. The speed of the conveyor belt should correspond to the level that ensures the
optimum work of the conveyor line. The uneven distribution of the loaded rock along the
length of the conveyor has a signi�cant e�ect on the law control the speed of the conveyor.
This e�ect consists in the fact that the process of the changing the speed of the conveyor
belt is performed with a delay, the value of which is determined the linear density of the
distribution the rock along the conveyor line. It can be assumed that the value of delay is
proportional to the length of the conveyor and is inversely proportional to the speed of the
belt. Although a large number of research on conveyor lines, the problem of regulating the
speed of belt conveyors, which reduce energy consumption at transporting, is currently
very actual [11]. Exclusive attention deserves the problem of the transport dependence
and operating costs on changing the distributing of the rock load along the conveyor and
the speed of the conveyor belt. In this regard, this article is devoted to the study of the
distribution of the linear load of the rock along the conveyor on the speed of the conveyor
belt.

1. PDE-Model of the Production Line

For investigating the parameters of conveyor lines the basic models are discrete-event
models and queuing models [10, 11, 13]. These models are not e�ective for modelling
production lines because they do not allow describing the distribution subjects of the
labour along the production line [4, 7, 8]. For designing control systems for modern
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production lines, at the moment a new class of models uses � PDE-model [4�6]. PDE-
models take into account the stochastic nature of the interact of the technological
equipment and the subject of labour during technological processing [5, 6, 16] as well
as their distribution by technological positions. We will consider the ideal production
systems, which are characterised by the absence of loss of the subjects of the labour as a
result of the production process (there are no defective products). The system of equations
that determines the behaviour of the parameters of the production line in a one-moment
description has the form [4, p. 70; 5, p. 4585]:

∂ [χ]0 (t, S)

∂t
+
∂ [χ]1 (t, S)

∂S
= 0, (1)

[χ]1 (t, S) = [χ]1ψ (t, S), [χ]0 (t0, S) = Ψ (S), (2)

where [χ]0 (t, S) is the density of the distribution of the subjects of the labour
by technological positions (WIP: work-in-progress); [χ]1ψ (t, S) is the capacity of the
processing of the subjects of the labour on a technological operation; [χ]1 (t, S) is the
rate of processing of the subjects of the labour by technological positions at a time t. The
position of the subject of the labour in the technological route is characterized by the
coordinate S ∈ (0;Sd). When using the coordinates of the cost space, Sd corresponds the
full self-cost of the product. The initial condition determines the number of the subjects
of the labour at a time t on each technological operation. The solution of the system of
the equations (1),(2) allows us to calculate the parameters of the production line.

2. PDE-Model of the Conveyor Line

A widespread method of organizing a �ow production is the use of conveyor lines with
the variable speed of the belt movement [10,11,13,14]. A conveyor with a variable speed of
the belt is used to reduce the costs of the transporting the rock (in the mines, [10,11,13]), as
well as to synchronize the output of the product with the existing demand (in industrial
enterprises, [4, 5]). A characteristic feature of the modelling of the conveyor line for an
industrial enterprise is that the subjects of the labour move along the conveyor with the
same speed. Similarly, for mine conveyors, the rock transport speed at an arbitrary location
of the conveyor is equal to the speed of the belt. In this connection, the system of equations
describing the motion of the rock along the conveyor line has the form:

∂ [χ]0 (t, S)

∂t
+
∂ [χ]1 (t, S)

∂S
= δ (S)λ (t),

∞∫
−∞

δ(S)dS = 1, (3)

[χ]1 (t, S) = [χ]0 (t, S) a(t), [χ]0 (t0, S) = H (S)Ψ (S), H(S) =

{
0, if S < 0;

1, if S > 0.
(4)

The technological position with the coordinate S = Sd corresponds to the degree
of readiness of the subject of the labour, that is, the state to which the subject of the
labour must correspond when leaving the conveyor line according to the production and
technological documentation. Parameters [χ]0 (t, S) and [χ]1 (t, S) (4) are related each other
by a coe�cient a = a(t) that determines the speed of the conveyor belt. For de�niteness,
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we assume that the speed of the belt during the day has the form:

a(t) = a0 − a1cos

(
2π

t

TS

)
, a0, a1 > 0, a0 − a1,> 0, (5)

where a0 is an average conveyor speed during the duration TS ( e.g. during the day); a1 is
the amplitude of the change of the speed during the duration TS. Here we consider the case
where the speed of the conveyor at the start of the day is a(t)|t=nTS = a0−a1, increases with
the time and reaches the maximum value in the middle of the day a(t)|t=(n+ 1

2)TS
= a0+a1,

then decreases to its start value a(t)|t=(n+1)TS
= a0 − a1. The right side of the equation

speci�es the source of the supply of the rock on the �rst technological operation at the
point with the coordinate S = 0.

3. PDE-Model of Conveyor Line in Dimensionless Form

The state of �ow parameters of the conveyor line will be described using dimensionless
variables and parametrs

τ = t/Td, ξ = S/Sd, (6)

H(ξ)ψ (ξ) =
H (S)Ψ (S)

Θ
, γ (τ) =

λ (t)

Θ

Td
Sd
, g(τ) =

a(t)Td
Sd

, (7)

θ0 (τ, ξ) =
[χ]0 (t, S)

Θ
, Θ = max

Ψ(S),

t∫
t0

λ(η)dη

 . (8)

Taking into account the notation introduced, we write down the balance equation (3)
� (4) in the dimensionless form:

∂ θ0 (τ, ξ)

∂τ
+ g(τ)

∂ θ0 (τ, ξ)

∂ξ
= δ (ξ) γ (τ), (9)

θ0 (τ0, ξ) = H (ξ)ψ (ξ) . (10)

We write for the system (16) the system of characteristic equations (9):

dξ

dτ
= g(τ), ξ|τ=τ0 = æ, (11)

d θ0 (τ, ξ)

dξ
= δ(ξ)

γ (τ)

g(τ)
, θ0 (τ0, ξ)|τ=τ0 = θ0 (τ0,æ) = H(æ)ψ(æ). (12)

The solution of the equation (11) can be written

ξ −
∫
g(τ)dτ − C1 = 0, ξ −G(τ)− C1 = 0,

∫
g(τ)dτ = G(τ), C1 = const,

ξ|τ=τ0 = æ ⇒ C1 = æ−G(τ0), ξ = G(τ)−G(τ0)+æ or ξ =

t∫
t0

g(τ)dτ+æ. (13)
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We are going to express from the equation (13) the time τ

τ = G−1
(
ξ +G(τ0)− æ

)
and substitute the resulting expression in the equation (12). This will allow us to write

θ0 (τ, ξ) =

∫
δ (ξ)

γ (τ)

g(τ)
dξ + C2 =

∫
δ (ξ)

γ
(
G−1(ξ +G(τ0)− æ)

)
g
(
G−1(ξ +G(τ0)− æ)

)dξ + C2 =

= H(ξ)
γ
(
G−1(G(τ0)− æ)

)
g
(
G−1(G(τ0)− æ)

) + C2 = H(ξ)
γ
(
G−1(G(τ)− ξ)

)
g
(
G−1(G(τ)− ξ)

) + C2, C2 = const. (14)

The integration constant C2 is determined from the initial condition (12)

θ0 (τ0,æ) = H(æ)
γ
(
G−1(G(τ0)− æ)

)
g
(
G−1(G(τ) − æ)

) + C2 = H(æ)ψ(æ) (15)

where from

C2 = H(æ)ψ(æ)−H(æ)
γ
(
G−1(G(τ0)− æ)

)
g
(
G−1(G(τ0)− æ)

) . (16)

We substitute the obtained expression for the integration constant (16) in (12), obtain a
solution for (9) � (10)

θ0 (τ, ξ) = H (ξ)
γ
(
G−1(G(τ)− ξ)

)
g
(
G−1(G(τ)− ξ)

) −H(æ)
γ
(
G−1(G(τ0)− æ)

)
g
(
G−1(G(τ0)− æ)

) +H(æ)ψ(æ). (17)

We can use (13) to represent the solution in the following form

θ0 (τ, ξ) =

(
H(ξ)−H

(
ξ −

τ∫
τ0

g(τ)dτ

))
γ
(
G−1(G(τ)− ξ)

)
g
(
G−1(G(τ)− ξ)

)+

+H

(
ξ −

τ∫
τ0

g(τ)dτ

)
ψ

(
ξ −

τ∫
τ0

g(τ)dτ

)
. (18)

The solution (18) satis�es the initial condition (10)

θ0 (τ0, ξ) =

(
H(ξ)−H

(
ξ −G(τ0)

))
γ
(
G−1(G(τ0)− ξ)

)
g
(
G−1(G(τ0)− ξ)

) +H(ξ)ψ(ξ) = H (ξ)ψ(ξ), (19)

θ(τ, 0) =

{
γ(τ)/g(τ), if τ > τ0;

H(0)ψ(0), if τ = τ0.
(20)
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4. Analysis of the Solution

We assume that the initial distribution of the rock along the conveyor line is given at
the time τ0 = 0

θ(0, ξ) = ψ(ξ) = H(ξ)(1− ξ). (21)

The intensity of the arrival of the rock on the conveyor line is started at time τ0 = 0 and
has a constant value

γ(τ) = H(τ − τ0) = H(τ). (22)

In accordance with the results of the research (Fig. 2, [14]), the conveyor speed is
represented by a periodic function with a period TS= 24 hours:

g(τ) = g0 − g1 cos (ωSτ) , g0 =
a0Td
Sd

, g1 =
a1Td
Sd

, τS =
TS
Td
, ωS =

2π

τS
. (23)

The �rst integral (13) has the form

ξ = G(τ)−G(τ0) + æ, G(τ) = g0τ–
g1
ωS

sin (ωSτ), G(0) = 0. (24)

Taking (21) � (24) into account, the solution q can be written as follows

θ0 (τ, ξ) =

(
H(ξ)−H

(
ξ – g0τ +

g1
ωS

sin (ωSτ)

))γ
(
G−1(g0τ–

g1
ωS
sin (ωSτ)−ξ)

)

g

(
G−1(g0τ–

g1
ωS
sin (ωSτ)−ξ)

)+

+H

(
ξ – g0τ +

g1
ωS

sin (ωSτ)

)
ψ

(
ξ – g0τ +

g1
ωS

sin (ωSτ)

)
. (25)

Let us determine the time of the transition period Ttr. If the working time of the conveyor
line is longer than the duration of the transition period ∆τ = (τ − τ0) ≥ Ttr, then the
solution (25) will not depend on the initial conditions (21). For a period of time equal to
the duration of the transition period, all the rock that was on the conveyor belt will be
unloaded from the conveyor

ψ

(
1 – g0τ +

g1
ωS

sin (ωSτ)

)
= 0,when ∆τ = (τ − τ0) = τ ≥ Ttr. (26)

The duration of the transition period is determined by solving equation

1− g0Tpr −
g1
ωS
sin (ωSTpr) = 0. (27)

If Td >> TS, the transition period can estimate the next value 1−g0Tpr ≈ 0, Tpr ≈ 1/g0.
The distribution of the rock along the conveyor belt for the steady state is described by
formula

θ0 (τ, ξ) = g

(
G−1

(
g0τ–

g1
ωS

sin (ωSτ)−ξ
))−1

, τ ≥ Ttr. (28)
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Fig. 3. Distribution of the rock along the conveyor for times τ = (0, 0; 0, 1; 0, 2; ...; 0, 9; 1, 0)

Fig. 3 shows the solution for the parameters g0 = 2, g1 = 1, τS = 0, 5 that determines
the speed of the conveyor belt. A detailed representation, which clearly demonstrates the
distribution of the rock along the conveyor belt for di�erent times, is shown in Fig. 4.
The distribution of the rock at the initial time (Fig. 4.1) is determined by the initial
condition (10). The distribution of the rock along the conveyor, shown in Figs. 4.1 � 4.5,
corresponds to the transient mode of the working of the conveyor line. For the conveyor
operation times exceeding the duration of the transition period Tpr (Figs. 4.6 � 4.10), the
initial distribution does not participate in the formation of the distribution of the rock
along the conveyor line. This corresponds to the steady state of the conveyors' work (28).
For a steady state, a local accumulation of the rock with a period of τS is observed, which
negatively a�ects the performance characteristics of the conveyor [10,11,13]. The dispersion
of the distribution during a period is determined by the value of the variable component
of the speed g1, or more precisely by the relationship g1/g0. The distribution of the rock at
times τ = (0, 0; 0, 1; 0, 2; ...; 0, 5) is determined by the source of the rock input (22) and the
displacement of the initial distribution of the rock (21) along the conveyor line with the
speed g(τ). Fig. 5 shows the values of the amount of rock for a particular technological
position, which is determined by the coordinate S. A detailed representation determining
the change in the unit density of the rock as a function of time for a certain technological
position on the conveyor is shown in Fig. 6. Fig. 6.1 demonstrates the amount of rock in
relation to the time that enters the conveyor line. This quantity is formed by the function
of the intensity of the arrival of the rock λ(τ) (22), on the one hand, and the speed of the
movement of the conveyor belt g(τ) (23), on the other hand. Fig. 6.10 shows the amount of
the rock depending on the time that is shipped from the conveyor line. This is an important
characteristic that determines the competitive ability of the production system [4�8]. This
�gure clearly demonstrates that the output �ow of rock from the conveyor line is great
extenting determined by the law of the speed of the movement of the conveyor belt. This
is an important circumstance that should be taken into account when designing enterprise
management systems with a �ow-based method of the production organization. And this
can be done using the PDE-model, as shown here. The speed control of the conveyor belt
allows not only to save the resources used in the work of the conveyor, as correctly pointed
out in [10, 11, 13], but also makes it possible to obtain revenue by ensuring the ful�lment
of the optimal portfolio of orders [4�8]. Also attention should be paid to the fact that the
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Fig. 4. Detailed representation of the distribution of the rock along the conveyor for times
τ = (0, 0; 0, 1; 0, 2; ...; 0, 9; 1, 0)
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Fig. 5. Distribution of the rock along the conveyor for the technological position
S = (0, 0; 0, 1; 0, 2; ...; 0, 9; 1.0)

amount of the rock at the output is determined by its amount of the input with some
delay, which is a function of the speed of the conveyor belt.

5. Calculation of the Duration of the Production Cycle

The duration of the production cycle is an important characteristic of the production
system. Let us demonstrate the calculation of this characteristic below. The characteristic
equation (24) determines the trajectories of the movement of individual objects along the
technological route of the conveyor line (Fig. 7). As one would expect, the movement of a
single object along the technological trajectory is carried out at a constant speed equal to
the speed of the conveyor line. Equation (24) allows you to calculate the duration of the
production cycle. The duration of the production cycle is equal to the time interval for
which the object of labour passes the path from the �rst technological position to the last.
Calculation of the duration of the production cycle for enterprises with a �ow-method of
organizing production is given in [16]. The value the duration of the production cycle for
a conveyor-type production line can be de�ned as follows

τd =

1∫
0

dξ

g(τ)
. (29)

Products that arrived on the conveyor line at the time τ0, leave the conveyor line at time
τ with a delay τd = τ − τ0. This delay is equal to the duration of the production cycle.
The delay depends on the time at which the rock enters the conveyor, it is not constant
value.

6. Conclusions and Further Prospects of Development and

Improvement of PDE-Models of Production Systems

The obtained results of the research are basic for the development of control systems
for the production of the conveyor type. It is shown that the distribution of the rock along
the conveyor belt is determined by the speed of the conveyor belt. The in�uence of the
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Fig. 6. Detailed representation of the distribution of the rock along the conveyor for the
technological position S = (0, 0; 0, 1; 0, 2; ...; 0, 9; 1, 0)
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Fig. 7. Family of characteristics

initial and boundary conditions on the parameters of the state of the conveyor line is
considered. Along with the advantages in describing complex production systems of �ow
type, the use of PDE-models is associated with a number of di�culties, one of which is
the construction of a closed system of equations of the production process. In this paper,
the construction of a closed system of equations is solved by using an additional equation
that determines the speed of the conveyor (23). An important result of this work is the
method of calculating the duration of the production cycle (29), based on the use of the
characteristic equation (24). The duration of the production cycle is not a constant but is
determined by the speed of the conveyor belt. A further perspective of the development
of the issue discussed in this paper is the construction of a control system for a conveyor
line with a variable speed of movement of the belt.
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Ñòàòüÿ ïîñâÿùåíà ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ ïðîèçâîäñòâåííûõ ïîòî÷íûõ

ëèíèé êîíâåéåðíîãî òèïà. Ðàçðàáîòàí àíàëèòè÷åñêèé ìåòîä ðàñ÷åòà ïàðàìåòðîâ ïî-

òî÷íîé ëèíèè ñ ðåãóëèðóåìîé ñêîðîñòüþ äâèæåíèÿ ïðåäìåòîâ òðóäà âäîëü êîíâåéåðà.

Îïèñàíèå ñîñòîÿíèÿ ïàðàìåòðîâ ïîòî÷íîé ëèíèè âûïîëíåíî â îäíîìîìåíòíîì ïðè-

áëèæåíèè ñ èñïîëüçîâàíèåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Ïîëó÷åíî ðåøåíèå,

îïðåäåëÿþùåå ñîñòîÿíèå ïàðàìåòðîâ ïîòî÷íîé ëèíèè äëÿ çàäàííîé òåõíîëîãè÷åñêîé

ïîçèöèè â âèäå ôóíêöèè âðåìåíè. Îïðåäåëåíà ïðîäîëæèòåëüíîñòü ïåðåõîäíîãî ïå-

ðèîäà, â òå÷åíèå êîòîðîãî íà÷àëüíîå óñëîâèå ðàñïðåäåëåíèÿ ïðåäìåòîâ òðóäà âäîëü

êîíâåéåðà îêàçûâàåò âëèÿíèå íà ïàðàìåòðû ñîñòîÿíèÿ ïðîèçâîäñòâåííîé ëèíèè. Ðàç-

ðàáîòàííûé ìåòîä ðàñ÷åòà ïîòîêîâûõ ïàðàìåòðîâ ïðîèçâîäñòâåííîé ëèíèè ïîçâîëÿåò

ïðîåêòèðîâàòü ñèñòåìû óïðàâëåíèÿ ïðîèçâîäñòâåííûìè ëèíèè êîíâåéåðíîãî òèïà ñ

ðåãóëèðóåìîé ñêîðîñòüþ äâèæåíèÿ ïðåäìåòîâ òðóäà. Îðèãèíàëüíîñòü ïîëó÷åííûõ ðå-

çóëüòàòîâ çàêëþ÷àåòñÿ â óëó÷øåíèè PDE-ìîäåëåé ïðîèçâîäñòâåííûõ ñèñòåì êîíâåéåð-

íîãî òèïà, èñïîëüçóåìûõ äëÿ ïðîåêòèðîâàíèÿ âûñîêîýôôåêòèâíûõ ñèñòåì óïðàâëåíèÿ

ïðîèçâîäñòâîì.

Êëþ÷åâûå ñëîâà: êîíâåéåð; ïðîèçâîäñòâåííàÿ ëèíèÿ; ïðåäìåò òðóäà; ïîòî÷íàÿ

ëèíèÿ; PDE-ìîäåëü ïðîèçâîäñòâà; ïàðàìåòðû ñîñòîÿíèÿ ïîòî÷íîé ëèíèè; òåõíîëî-

ãè÷åñêàÿ ïîçèöèÿ; ïåðåõîäíîé ïåðèîä; ñèñòåìû óïðàâëåíèÿ ïðîèçâîäñòâîì.
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