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The article describes the inverse problem of diffraction of electromagnetic waves, finding

surface H-polarized currents on an unclosed cylindrical surface according to a given radiation

pattern. The work is based on modelling an operator equation with a small parameter. The

operator is represented as the sum of a positive-definite, continuously invertible operator

and a compact positive operator. The positive-definite operator exactly coincides with the

main operator of the corresponding direct problem of diffraction of electromagnetic waves.

Due to this fact, the solution to the simulated equation satisfies the necessary boundary

conditions. And this is the novelty and difference of the approach developed in this work

from the methods known in the scientific literature. We develop a theory of an operator

equation with a small parameter and a numerical method based on Chebyshev polynomials

with weights that take into account the behavior at the boundary. The efficiency of the

numerical method is shown.

Keywords: inverse diffraction problem; equation with a small parameter; positive

definite operator; completely continuous operator; Hilbert space.

History of the Problem

For the first time, the problem of finding the currents that create a pre-set direction
pattern was considered by Bakhrakh L.D., Kremenetsky S.D. in the monograph [1]. The
connection between surface currents and the direction pattern for a cylindrical surface is
described by the equation [2, p. 145]

Ku = f, (1)
whereK is the completely continuous integral operator that belongs to the space L2 [−1, 1].
We do not give the form of the operator K, we only note that the core is an infinitely
differentiable function of two variables.

The Hilbert space L2 [−1, 1] is represented as the direct sum of the closure of the image
and the kernel conjugate:

L2 [−1, 1] = R (K)⊕N (K∗) . (2)
According to (2), the element f is decomposed into the sum: f = f̄ + f0. Three cases are
possible:

1. f0 = 0, the function f ∈ R (K) is realizable;

2. f0 = 0, the function f ∈ R (K) is approximable;

3. f0 6= 0, the functionf /∈ R (K) is not approximable [3].

In order to determine the case in the considered situation and to find the minimum of
the quadratic functional

M (u) = ‖Ku− f‖2 (3)

on some set, the monograph [4] propose the general methods.
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1. Statement of the Problem

It is necessary to find a function with the given properties. And if the inverse problem
of synthesis of surface currents on a cylindrical surface is solving, then it is necessary that
the currents have the same properties as the currents in the direct problem. To this end,
we involve the equation of the direct problem considered in [5]:

(Au) (τ) + (Ku) (τ) ≡ 1

π

∂

∂τ

1
∫

−1

u (t)
∂

∂t
ln

1

|τ − t|dt +

+

1
∫

−1

K (τ, t)u (t) dt = f (τ) , −1 ≤ τ ≤ 1,

where A is a positive definite operator.
The carrier of the properties of surface currents is the operator A. The operator

K:HA → L2 [−1, 1] , where HA is the energy space of a positive definite operator A.
Recall that the scalar multiplication and the norm in HA are determined by the formulas,
considered in [6]:

[u, v] = (Au, v) , [u]2 = (Au, u) .

This paper essentially uses the following fundamental result obtained in the paper [7].

Theorem 1. The operator A−1 is defined on the dense set L2 [−1, 1] and is completely
continuous. The operator is defined on in and is completely continuous.

2. Theoretical Study of Approximmability

The problem of finding the minimum of the functional (3) is unstable [4]; therefore,
we introduce into consideration the quadratic functional with a small parameter

N (u) = α (Au, u) + ‖Ku− f‖2 , u ∈ D (A) , (4)

where D (A) is the domain of the operator A, α is a small parameter. The Euler equation
for the functional (4) has the form

αAu+K∗Ku = K∗f. (5)

As shown in the paper [8, 10], the minimum of functional (4) is achieved precisely on
solutions to equation (5). Equation of the direct diffraction problem (4), equation with a
small parameter (5), and the equation of the inverse problem, have the same structure.
Apply the operator A−1 to equation (5), and obtain the equivalent equation

αu+ A−1K∗Ku = A−1K∗f. (6)

Further, each solution to equation (5) is also a solution to equation (6). A solution to
equation (6) may not belong to the domain of definition of the operator A. Such solutions
are called generalized solutions. With this proviso, equations (5) and (6) are equivalent.

Equation (5) is considered in the Hilbert space HA. As a consequence of Theorem 1,
we obtain that the operator T = A−1K∗K is completely continuous in HA. In addition, the
operator T is positive: [A−1K∗Ku, u] = (K∗Ku, u) = (Ku,Ku) ≥ 0 and therefore self-
adjoint [9, p. 352]. In the Hilbert space HA, a self-adjoint completely continuous operator
has a complete system of orthonormal eigenfunctions:

A−1K∗Kψn = λ2
n
ψn, n = 1, 2, ..., λ2

n
> 0, (7)

A−1K∗Kψ′

m
= 0, m = 1, 2, ... (8)
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Theorem 2. The system of functions M = {ψn, n = 1, 2, ..}∪{6 ψ′

m
, m = 1, 2, ...} is also

complete in the space L2 [−1, 1].

Proof. Let f ∈ L2 [−1, 1] be an element, which is orthogonal to all functions from the set
M : (f, ψn) = 0, (f, 6 ψ′

m
) = 0. Consider the preimage A−1f ∈ HA. We have [A−1f, ψn] =

(AA−1f, ψn) = (f, ψn)=0. By the same reason, [A−1f, ψ′

m] = 0. Hence, an element A−1f is
orthogonal to HA a complete set, i.e. A−1f = 0. Then f = 0.

✷

From this theorem we derive following statement

Theorem 3. 1) The system of functions Kψn, n = 1, 2, ..., is complete and orthogonal in
the space R (K) ⊂ L2 [−1, 1]. 2) Equality is fair. These equalities are correct K 6 ψ′

m =
0, m = 1, 2, ....

Theorem 4. To implement the function f , i.e. Ku ∈ R (K) necessary to satisfy the
inequality

∑

n

∣

∣

∣

∣

(f,Kψn)

λ2
n

∣

∣

∣

∣

2

< +∞, (9)

and if Ku ∈ R (K), then inequality (9) is also a sufficient condition.

Proof. If f is implemented, then there is such an element

u =
∑

n

(u, ψn)ψn +
∑

m

(u, ψ′

m)ψ
′

m (10)

that f = Ku. Then
(f,Kψn)

λ2
n

=
(Ku,Kψn)

λ2
n

= (u, ψn) .

From here, with considering the Bessel inequality in the Hilbert space, we obtain (9). We
prove the sufficiency. If inequality (9) realized, then the formula

u =
∑

n

(f,Kψn)

λ2n
ψn

defines some element of the space HA. Since the operator K is continuous, the system
Kψn, n = 1, 2, ... is complete in the space R (K) ⊂ L2 [−1, 1] , and the condition f = f̄
holds, we have

‖f −Ku‖2 =
∥

∥f̄ −Ku
∥

∥

2
= lim

n→+∞

∥

∥

∥

∥

∥

f̄ −
n

∑

k=1

(

f̄ , Kψk

)

λ2
k

Kψk

∥

∥

∥

∥

∥

2

= 0.

✷

Let us turn to the Euler equation (6). Using the proper decomposition (10) and
Theorem 3, we find a solution to the equation with a small parameter:

uα =
∑

n

(f,Kψn)

α + λ2n
ψn. (11)
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By dint of (11), we find the norm in the energy space and the residual:

ξ (α) = [uα]
2 =

∑

n

∣

∣

∣

∣

(f,Kψn)

α + λ2
n

∣

∣

∣

∣

2

, (12)

χ (α) = ‖Kuα − f‖2 =
∑

n

∣

∣

∣

∣

α

α + λ2n

∣

∣

∣

∣

2

|(f,Kψn)|+ ‖f0‖2 . (13)

From formulas (12) and (13) it follows that the norm function ξ (α) decreases
monotonically, and the residual χ (α) increases monotonically. If limχ (α) = 0 and
lim ξ (α) < +∞ with α → 0+ then the function is realizable; if limχ (α) = 0 and
lim ξ (α) = +∞, then the function is not realizable, but is approximable; finally, if
limχ (α) > 0, then the function is not approximable. The following theorem is a
consequence of Theorem 4.

Theorem 5. If 0 < r20 < lim ξ (α), then the functional (2) reaches a minimum on the set
[u]2 ≤ r20, at that at a single point.

3. Example of Numerical Algorithm

We do not know the eigenfunctions ψn 6 ψ′

m
, therefore, to solve the Euler equation

(5), we use functions that are used to solve the direct problem [7], namely, the system of
functions

ϕn (τ) =

√

2

πn
sin [n arccos (τ)] =

√

2

πn

√
1− τ 2Un (τ) , n = 1, 2, 3, ..., (14)

here (·, ·) means the scalar product in L2 [−1, 1], and U (τ) is the Chebyshev polynomials
of the second kind U1 (τ) = 1, U2 (τ) = 2τ, U3 (τ) = 4τ 2 − 1,...

This one is full and orthonormal

[ϕn, ϕm] = (Aϕn, ϕm) =

{

1, m = n,
0, m 6= n,

(15)

then it is an orthonormal basis of space HA [7].
In addition, the basis functions ϕn (τ) satisfy the Meixner condition on the edge: the

basis functions tend to zero according to the law ϕn (τ) = const ·
√
1− τ when τ → 1 (the

radiation point approaches the edge). And the basis functions tend to zero as ϕn (τ) =
const ·

√
1 + τ when τ → −1 (the point of radiation approaches the other edge).

An approximate solution to equation (6) is countuened in the form

u (τ) =

N
∑

n=1

cnϕn (τ) . (16)

We substitute (16) into (5) and multiply by basis functions ϕ1, ϕ2, ..., ϕN scalarly in
the space HA. Considering equality (15), we obtain a system of linear algebraic equations

αcn +
N
∑

m=1

cmKmn = fn, n = 1, 2, , ..., N. (17)

where Kmn = (K∗Kϕm, ϕn) = (Kϕm, Kϕn) , fn = (K∗f, ϕn) = (f,Kϕn, ) .
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After solving system (17), we find the approximate value of the norm and the residual:

[uα] =

√

√

√

√

N
∑

n=1

|cn|2, ‖Kuα − f‖ =

√

√

√

√

√

1
∫

−1

‖(Kuα) (τ)− f (τ)‖2 dτ. (18)

In conclusion, we consider a model example. After changing the variable, the
connection between the surface currents and the radiation pattern for the band, is given
by the following integral completely continuous operator:

f (τ) = Ku =

1
∫

−1

exp (ikaτt) u (t) dt, (19)

where k = 2π/λ is a propagation number, λ is a wavelength, in calculations it is usually
specified like a/λ the ratio of the half-width of the band to the wavelength. Table illustrates
the convergence of the Galerkin method for small values of the parameter α. The results
obtained with N = 10 and N = 20 completely coincided, which indicates a good
convergence of this numerical method.

Table
Internal convergence of the numerical method

N a

λ
= 0, 5,α = 0, 001 a

λ
= 0, 5,α = 0, 000001

[uα] ‖Kuα − f‖ [uα] ‖Kuα − f‖
1 0,8014824 0,07117072 0,8019675 0,07116798
5 1,034875 0,04108093 3,527968 0,002271569
10 1,034875 0,0408093 3,527968 0,00271566
20 1,034875 0,0408093 3,527968 0,00271566

Summary

Therefore, the following results were obtained.
1) In the energy space HA of a positive definite self-adjoint operator it is proved that

the Euler equation has a unique generalized or classical solution the direct diffraction
problem on an unclosed cylindrical surface.

2) We study the properties of the solution uα to the Euler equation. We obtain explicit
formulas for the norm and the residual, from which it follows that the norm is a decreasing
function of the parameter α, and the residual is a monotonically increasing function.

3) It is proved that the problem of finding the minimum of a residual has a unique
solution on a set bounded in norm set in the energy space.

4) We obtain the formulas for finding the functionals of the norm and residual after
solving the Euler integro-differential equation with a small parameter.
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СИНТЕЗ ПОВЕРХНОСТНЫХ H-ПОЛЯРИЗОВАННЫХ ТОКОВ
НА НЕЗАМКНУТОЙ ЦИЛИНДРИЧЕСКОЙ ПОВЕРХНОСТИ

С.И. Эминов1, С.Ю. Петрова2

1Новгородский государственный университет им. Ярослава Мудрого,
г. Великий Новгород, Российская Федерация
2Севастопольский государственный университет, г. Севастополь,
Российская Федерация

Работа посвящена обратным задачам дифракции электромагнитных волн, нахож-

дению поверхностных H-поляризованных токов на незамкнутой цилиндрической по-

верхности по заданной диаграмме направленности. В основе работы лежит модели-

рование операторного уравнения с малым параметром. Оператор представлен в виде

суммы положительно-определенного, непрерывно-обратимого оператора и компакт-

ного положительного оператора. Положительно-определенный оператор в точности

совпадает с главным оператором соответствующей прямой задачи дифракции элек-

тромагнитных волн. Благодаря этому факту, решение смоделированного уравнения

удовлетворяет нужным граничным условиям. И в этом новизна и отличие развитого

в данной работе подхода от известных в научной литературе методов. В работе авто-

рами разработана теория операторного уравнения с малым параметром и численный

метод на основе полиномов Чебышева с весом, учитывающим поведение на границе.

Показана эффективность численного метода.

Ключевые слова: обратная задача дифракции; уравнение с малым параметром;

положительно-определенный оператор; вполне непрерывный оператор; гильбертово

пространство.
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