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The problem on modelling of a precision shaping and boundary conditions are
formulated according to Faraday’s law and with applying of stepwise dependence current
efficiency on current density. The problem is reduced to the solution of a boundary problem
for definition of two analytical functions of the complex variable. The first function is a
conformal mapping of region of parametrical variable on the physical plane. In order to
determine this function we use the Schwartz’s integral and a spline interpolation. Unlike a
plane problem for determination of potential and stream function of an axisymmetric field,
the integration transformations of the second analytical function are used. The analytical
function is defined in the form of a sum of two addends. The first addend takes into
account the singularities of the function so that the second addend has no singularities.
The second function is defined by the Schwartz’s integral. Interpolation by spline functions
is carried out, where the spline coefficients are derivatives of these functions by means of
which the intensity vector components are calculated. We propose the method to solve the
axisymmetric stationary problems, which differs from the known methods by the accuracy.
By means of the method, we obtain the numerical results, describing the workpiece form.
The error estimation of the obtained results is carried out. Also, we show qualitative
coincidence with results of plane problem solution.

Keywords: electrochemical shaping; stepwise function; precision model; error

estimation.

Introduction

Electrochemical dimensional machining is one of the promising ways to obtain
complex-shaped parts from hard-to-machine materials. In addition, during electrochemical
machining (ECM) the electrode - tool (ET) practically does not influence to the detail
mechanically and thermally. But, the determination of the machined surface shape is a
complicated problem [1].

Simulation of ECM is based on the Faraday’s law, according to which the dissolution
rate Ve, is as follows [1]:

k. KE
Vvecm = ET,]? k= > (1)

where ¢ is the electrochemical equivalent; p is the density of the dissolved material; k is
the electrolyte conductivity; j is the current density on the anode boundary; n = 7 (j)
is the current efficiency (the fraction of the current taking part in the metal dissolution
reaction).

In this paper, the dependence of the current efficiency on the current density is modeled
by the stepwise function [1]:
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We consider a machining mode called the limit stationary one, at which at each point
of the anode, where dissolution occurs, 7 = j;, and 1 may change from 7, to zero or some
minimum value. In this case, the highest degree of localization of the dissolution process is
achieved [1]|. Heating of the electrolyte and gas filling is neglected, i.e. the ideal process in
a homogeneous electrolyte is under consideration. Assuming that the environment is ideal
we can apply the methods of the theory of functions of a complex variable to solve the
problem. Two-dimensional plane models of ECM [2-11] have become widespread. Three
dimensional problems of general form were also previously considered [12-14]. This work
is devoted to axisymmetric models with variable current efficiency. Such problems are not
previously solved, although they are of great interest.

1. Problem Statement

Consider the problem of the Laplace equation solving for the electric field potential
® inside some axially symmetric area. The condition of constancy of ® hollos on the area
boundary. The conditions on the machined surface (anode) areas are discussed below.

We consider the stationary problem of point electrode-tool (ET) machining. The
meridional cross section of the inter-electrode space (IES) is shown in Fig. 1. Here ADA"
is the boundary of the dissolved material, the point C' is the point ET moving with the
velocity V,; to the machined surface.
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Fig. 1. Scheme of IES for limit stationary process: GDH is the zone of the constant
(threshold) value of strength; AG and A"H are the undissolved (rectilinear) boundaries.

The potential ® and the stream function ¥ of an axisymmetric field are expressed by
the function f(z) of the complex variable Z. The function f(z) analytic (i.e., f(2) satisfies
the Cauchy—Riemann equations [15, 16]) in the area Z = X + Y. Apply the formulas of
the Polozhy integral transformations [17]:

Zo
1 dz
P (Xo.Y0) = ——Im [ f(2) —, (3)
P V(2 = 20) (2 - Z0)
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(Z — Xo)dZ
\/(Z — 20 (2~ Z0)

where Z, = Xy + 1Y, and Zy = X, — Y. X7 + 40 is some point on the axis of symmetry
X.

Thus, the potential and stream function of the axisymmetric problem are determined
using plane complex variable function f(Z)=dW /dZ [18|.

The boundary conditions of the auxiliary plane problem are written in the form of
integral equations, which are obtained by equating to the constant the right-hand side
both in (3) for equipotential boundaries and in (4) for isolated ones in the general case.
The equality to zero of the imaginary or real part of f(Z) does not lead to equality to zero
or a constant of the corresponding integrals.

We map conformally the area corresponding to the IES on the plane Z onto the band
x = o +iv (Fig. 2, a). Therefore, the problem on determining the function W (Z), which
is analytic in the field of the IES, can be solved in a parametric form and we find W(x)
and Z(x).

¥ (XoY0) = 1w [ £(2) )

v @ v (W)
A C B' C ilg
i/2 >D
A D B Ay
0 o 0 0
a b

Fig. 2. The images of the IES on the planes for the parametric variable y: (a) and for the
plane complex potential w(z) (b)

2. Boundary Conditions

The boundary condition for the function W(x) determination is the condition of
axisymmetric anode equipotentiality ®,=0 (3). In this case, on the plane w = W /U, the
image of the IES region is a curvilinear half-band (Fig. 2, b). In the calculations, it is more
convenient to use dimensionless values

Z X Y Dkl Vst
AR A A R I
where [ is the character size; I is the current; ¢ is the time. The dimensionless velocity of
ET is vy = dze/dr = 1.
According to the Faraday’s law for n = 9 = const, the amount of dissolved metal is

AQ =

where @ is the charge flowing in the chain during the time At, S' is the cross-sectional area
of the groove formed during the penetration of ET into the workpiece body S = 7R?; R
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is the radius of the groove. Then we obtain the formula

knol 2 [knol
— |=2R = — ) 5
/fvet7 ﬁ K Vet ( )

The dimensionless strength of the electric field at the equipotential anode is

dp Do 10y 10y _ zaqp(%)l

TR?

éxt+iey,=——+i—=———i——=———
Y Ox oy yOoy y Ox y 0o \ Do
In this case, from the condition of equality of the ET velocity V,.; and the rate Vp of
dissolution at the point D in the stationary process, using (1), we obtain Vg = knoEp,
ep = lEp/U = 4/m. The boundary condition for determining the function Z(y) in the
limiting case is the condition

7 = év (6>

7

100

1990z
y 0o

do
which holds on the boundary section y = 0410, 0 < ¢ < 0y, where the dissolution occurs.

On the section o > oy, where dissolution does not occur, the value y (o) = y(01)
remains.

le, +ie,| =

3. Conformal Mapping

We use the parametric variable y as a band of width 1/2 (Fig. 2(a)).
As a first step of the solution method, the function that maps the plane y to the
physical one is searched in the form of the sum

2(x) =920 (X) + 2a (x) - (7)
For x — oo, the magnitude Imza (x) — 0. The function

2 ' 1 h '
20:——lnchz X—E = ~In¢ 7m+larctg shmo (8)

s 2 2 2 s
is the solution of the plane stationary problem [19] with constant current efficiency. The
boundary xy = o + i0 maps onto the surface ADB, and the boundary x = o + /2 maps
onto the cut A’C’B. The location of the point source is zg (i/2) = 0. The derivatives are

as follows:

dz T i 1 chm dz i
o0 (X— 5) “WEGCD (—“”“’* chm) Y
The value of the coefficient ¢ in (7) is determined from the condition
Im za (00 +i0) = 0.
Then we have the equations
y(01) = ya(o1) + 9% arctg shmoy,
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17
y(oo):0+g;§:y(al).

We solve the equations above and find
(00) =0+ 972 =y (1)
o0) = —— =y (o1).
Y g 9 Yylo1

2ya (01)
1 — 2arctg shmoy’

g=2y(0n) = ua () = y (o) g arctg sho

The function za () is obtained as follows. We find the solution on the boundary y = o,
0 < o < oy at the node points g, (m=0,...,n). The values Im 2z (0,,) = ¥y, are to be
found. We use a cubic spline P(¢) to obtain the values Im za (o) at the points between
node ones.

Note, that an analytic function za (x) has the purely real values for Imy=1/2.
Then we analytically continue this function to a band 0<x<1. Then Im za (0 +1i) =
—Im za (0 +1i0)). Because of za (0 +40) is an odd function we use the Schwarz formula
in the form [15] to restore the za (x)

(e 9]

r h h
/ﬁ SITo da+l/1’Qﬂ———E—Ig———da. (10)
0

ch7r0+ch7rx chmo — chmy
0

2 (o ) is determined as follows. The coefficients of the spline P (o) are
equal to the derlvatlves dyA (0m). The values x (0,,) obtained from (10) are interpolated

by the spline P; (o). The coefficients of the spline are equal to the values %M (Om)-
Note that z, (i/2) = 0 according to (8), (10), and

o0

A (i/2) :2/P(0)th7mda.

0

4. The Potential and Stream Function Determination

Axisymmetric problem is solved by reducing to the auxiliary plane problem. In order
to solve the problem, the area corresponding to the IES on the plane of the complex
potential (Fig. 2, b) is conformally mapped onto the plane of the parametric variable x
(Fig. 2, a). The method of problem solving consists of representation of the potential and
stream functions as the sums

¢ (0, Y0) = ¢o (foyyo) + 1 (foa Yo) =

(z0+1)%+42 V/(2(0)—20)(2(0)—%0)’
Y (o, 900) 1/)0 (foa 900) + ¢1 (20, 0) =
-l 1m f oy ( (2(0)~20)do (12)

(2(0)=20)(2(0)—20)

T/ (mo+1)*+

where the first terms represent the potentlal and stream function of the point source [19].
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We find the solution in the form of the function

. 8w1

fi (x)—a(x)'

The desired parameters are the values of the real part of the function Ref; (0,,) = fin
at the node points o,,, (m =1, ...,2n). For 0 = 09 = 0, we have Ref (09) = 0, since the
real part of f; is an odd function of o. For o = 0y, we accept Ref; (02,) = 0. The values
of Ref (o) at intermediate between the node points are found using the cubic spline S(o).
In order to restore the function f; (x), we use the Schwartz formula [15].

This function must have the following properties: the real part must be an odd function
of o for x = o + 40 and must be purely real; for x = ¢ + i/2. Then the function can
be analytically continued to a band of unit width. Thus, Ref; (0 +1i) = Ref; (o +i0).
Therefore, similarly to (10),

o0 o0

shro shro
il 50— 4o ()P4
filx) =1 / (o) cho + chry g / (o) chmo — chmyx 7
0 0

Substituting the expression of f; () through a spline and Schwartz’s formula in (11),
(12) use Sokhotsky’s formula [15], we obtain

(e 9]

o (0m) = —%Im 7 S (o) - 2iv.p./5’(p)

0

chmo shwpdp do
ch?mp—ch’mo | /(2= z(om)) (z — Z (0m))

Y

(e 9]

1 F _ chmo shwpdp z—x(oy))do
P (o) = —Im / S(o) — 2w.p./5’(p) 5 5 ( (7)) — )
L J ch®mp —ch*mo | \/(z— 2 (0m)) (z —Z(0m))
The condition of equipotentiality of the machined surface y = o for solving by the

collocation method leads to the system of equations
Fpo=¢(on) —p(om) =0, m=1,....2n—1. (13)

Condition (6) represents a nonlinear equation for the unknown function za(o). The
problem is solved by the method of collocations. The sought values are Im 2 (0,,) = Ym,
(m=1,..., n=1), Ref) (0,) = fm (m=1,..., 2n—1) at the node points o, (as mentioned
above, yo= 0, fo = fon=0). In order to determine these parameters we construct a system

of nonlinear equations. We require that equation (6) holds for ¢ = o, (m=1,..., n—1)
and equation (13) holds for o = o, (m=1,..., 2n—1). The image of the point G on the
plane y (0,,) is also the required parameter. The equation % (o) = 0 is included in the

system to determine this parameter. The maximum value of o5, is chosen to be equal to
12. Therefore, we obtain the system of 3n — 1 nonlinear equations, which is solved by the
Newton method with step regulation.

5. Numerical Results

Figs. 3, 4 show the shapes of the machined surface, as well as the dependence of
strength on the abscissa of the machined surface, in comparison with the plane case, the
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solution of which is obtained by the formula

o /3siniry—442i 3
71n

—i=—21ln2] .

_6 n
V3sin 2w — 44 2i V3sin?mp—4—i 2

According to this formula, for the plane problem we have

i
7 —
3V3rE;

1 3 1
Tp = —+2In2 ), = .
b 3v/37 (2 ) va 3v/37

[
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Fig. 3. Comparison of limit stationary shapes for the axisymmetric problem (the 1-st
curve) and for the plane problem (the 2-nd curve)

06 -0.4 02 0.0 02 x

Fig. 4. Dependence of the dimensionless strength on the abscissa for the axisymmetric
problem (the 1-st curve) and for the plane problem (the 2-nd curve)

Nonstationary machining process is shown at unmoving coordinate system in Fig. 5 (a)
and at coordinate system connected with ET in Fig. 5 (b). The rapid formation of
limit stationary configuration is observed. We compute the nonstationary process by the
modified method described in [1, 18, 19]. The comparison of the obtained solution with
the solution to the limit stationary problem shows their coincidence up to estimated error.

The estimation of the numerical solution error is carried out by the method of
calculation results filtration [20]. Fig. 6 presents the filtration results on a logarithmic
scale. The ordinate axis is the decimal logarithm of the absolute values of the obtained
estimates of the relative errors 0, therefore —Igd is the obtained data accuracy. The
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Fig. 5. Nonstationary forms of the machining surface for A7=4 in the unmoving coordinate
system (a) and in the coordinate system connected with ET (b)
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Fig. 6. Estimate of the relative error of the axisymmetric problem solution for the abscissas
of the center point D (a) and for the ordinates of the point G (b)

decimal logarithms of the number of segments n (which varies from 32 to 243 with the
increase of 1,5 times) are plotted on the abscissa axis. The abscissa of the center point xp
in Fig. 6 (a) and the ordinate of the transition point ys in Fig. 6 (b) are considered as the
estimated parameters. The digit 0 marks the estimated accuracy of the computed data,
the digits 1, 2, ... are the results of the first, second, etc., filtration. The difference of the
ordinates between the two curves is the logarithm of the ratio of the estimates for different
filtrations. This ratio is called an estimate blurriness. There is a violation of regularity due
to round off error at the level of the 10~7. In Fig. 6 (a), the components of n=*, n=2 orders

46 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2020, vol. 13, no. 1, pp. 39-51



MATEMATNYECKOE MOJAEJIMPOBAHINE

are found (the 2-nd order component turned out to be more powerful than the 1-st one). In
Fig. 6 (b), the component orders start from the 2-nd one. The values xp=0,26781194+10""7
and y¢—0,283235439+10~"are obtained using filtration.

Conclusion

Thus, in this paper it is offered the method for the numerical solution of the problem
of limit stationary electrochemical machining by a point electrode-tool. This method and
algorithm realizing it use the integral transformations of an analytical function. The
numerical values (with its error estimate) of geometric parameters are obtained. For
example, the boundary coordinates values are calculated with the high accuracy about
7 significant digits.
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MOAEJINPOBAHVE OCECUMMETPNYHOT' O ITPEIMN3NOHHOTI'O
QJIIEKTPOXNMUNYECKOI'O ®OPMOOBPA3OBAHUA

B.II. 2Kumnuxos', H.M. Illepwxasuna', C.C. IHopeunni', A.A. Coxonosa
YdbumMcknit rocy1apcTBeHHBIN aBUAITMOHHBIN TeXHUYECKUI yHUBEpCUTET, I. ¥ da,
Poccuiickas Peiepartiust

IIpobrema MomeIMpOBaHNS MPEMU3UOHHOTO (POPMOOOPAZOBAHUS 1 TPAHUIHBIE YCIOBHUST
copmysmpoBanbl corsiacHo 3akoHy Papajies cO CTYIeHYaTOH 3aBUCHMOCTBHIO BBIXOJA IO
TOKY OT IJIOTHOCTH TOK&. 3aJia9a CBOJUTCS K PEIEHUI0 KPAEBOil 389l JIJIst ONPeIe/IeHuUsT
JIBYX aHAJUTHIECKUX (DYHKIUI KOMILJIEKCHOTO TlepeMeHHOTr0. [lepBast (pyHKIUS IpOon3BOuT
KOHGPOPMHOE 0TOOpaKeHrne 00IACTU APAMETPHIECKOT0 IEPEMEHHOI0 Ha (DU3UIECKY IO IITI0C-
KoCTh. [Jist 3TOro ncnosb3lyercst marerpast [IBapiia u uaTEpIIONANMs CliaiiHoM. B oTsmdue
OT ILIOCKO# 3a/1a4ud, IJjIs OIPEIeJIeHUS HMOTEHINAJA U (PYHKIUU TOKA OCECHUMMETPUIHOMN
3a/[a90 UCHOJIB3YIOTCH MHTErPAJIbHbIE MPe0OPA30BaAHUs BTOPOIl aHAIUTUIECKON (DYHKIIUH.
Anajmmruueckasi GyHKIMS OlpeieieHa B (hopMe CyMMBI JIByX cjiaraembix. IlepBoe ciaraemoe
YUUTHIBAET OCOOEHHOCTH (DYHKIMHU TaK, YTOOBI Y BTOPOrO CJIAraeMoro He ObLIO 0COOEHHO-
creit. Bropast dyHKIust onpejesnsiercs: ¢ nomorrnso uaTerpasa [sapra. [IpoBogurcs ua-
TepoJIsIus (PYHKINH CIIaifHAMU TPETheil CTeleHu, IPU 9TOM KO3(DPUIMEHTHI CIIANHOB
PaBHBI IPOU3BOIHBIM 3TUX (DYHKINN, MOCPEACTBOM KOTOPBIX BBIYUCISIIOTCS KOMIIOHEHTHI
BEKTOPOB HampsikennocTu. [Ipemioxken MeTo 1 peneHnst 0CECUMMETPUIHBIX CTAIIMOHAPHBIX
3384, KOTOPBI OTJINYAeTCs OT U3BECTHBIX METOJIOB CBOE TOYHOCTHIO. C IOMOIIBIO IIPeII0-
2KEHHOI'O MEeTO/1a IOJIy9YeHbl YNCJIEHHbIE Pe3yJIbTaThl, ONKUChIBatoIue (hopmy obpabaTbiBae-
MOl TIOBepXHOCTH. BhInosinena oreHKa IOrPEITHOCTH [TOJIy 9€HHBIX pe3ysibTaros. [Iposemeno
CpPaBHEHUE C Pe3YJIbTATAME PEIIeHns IIJIOCKON 3aa49i, KOTOPOe ITOKA3aJI0 UX KAUECTBEHHOE
COBIIQJIEHUE.

Karouesvie cr08a: anexmporumuieckoe Bopmoobpasosanue; cmynenuamas GyHKkuus;

NPeyU3uUOHHAA M00€./Lb,' OUEHKA NO2PEULHOCTNU.
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