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This article is a review of the works carried out by the author together with her
students and devoted to the study of various Oskolkov models. Their distinctive feature
is the use of the semigroup approach, which is the basis of the phase space method
used widely in the theory of Sobolev-type equations. Various models of an incompressible
viscoelastic fluid described by the Oskolkov equations are presented. The degenerate
problem of magnetohydrodynamics, the problem of thermal convection, and the Taylor
problem are considered as examples. The solvability of the corresponding initial-boundary
value problems is investigated within the framework of the theory of Sobolev-type equations
based on the theory for p-sectorial operators and degenerate semigroups of operators. An
existence theorem is proved for a unique solution, which is a quasi-stationary semitrajectory,
and a description of the extended phase space is obtained. The foundations of the theory
of solvability of Sobolev-type equations were laid by Professor G.A. Sviridyuk. Then this
theory, together with various applications, was successfully developed by his followers.
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Introduction

A.P. Oskolkov studied the initial-boundary value problems for equations describing the
motion of viscoelastic fluids, “which are capable of relaxation of stresses during deformation
or exhibit the phenomenon of delayed development of deformations after stress relief” [17].
Relationship between the stress tensor ¢ and the strain rate tensor D determines the type
of fluid, is called determining or rheological one, and has the form

1+Z)\latla—2y +an ——)D - pE,

where {\;}, I = 1,..., L, are relaxation times, {xk,,}, m = 1,..., M, are lag times, p is a
pressure of the fluid.

The simplest of them are Maxwell fluids (L = 1, M = 0), Kelvin—Voigt fluid (L = 0,
M =1) and Oldroyd fluid (L = M = 1). In Maxwell’s fluids, after the cessation of motion,
the stresses decrease as exp(—tA;~'). In Kelvin—Voigt fluids, when stress is relieved, the
strain rate decreases as exp(—ts;~1). In Oldroyd fluids, both an exponential relaxation of
stresses and exponential deformation lag are observed.
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As a result of substitution of the corresponding rheological ratio in equations of motion
for an incompressible fluid

u+ (u-Viu=Vo+ f, V-u=0,

the work [15] obtains a system, which is a generalization of the famous system of Navier—
Stokes equations [12], to which the obtained system is reduced when L = M = 0.

A.P. Oskolkov (see [16, 19]) investigated solvability of an initial-boundary value
problem in Holder and Sobolev spaces in the cylinder 2 x (0,7)

u(z,0) = ug(x), z € Q, u(z,t) =0, (z,t) € 002 x (0,7T),
for the linear equation
A=VHu, =vVu—-Vp+f, V-u=0.

Here v is a positive parameter, A > —A; (A; is the smallest eigenvalue of the spectral
problem —V?y +Vp = A\v, V-v =0, v =0 on 09).

The works [15,16] investigate the solvability of an initial-boundary value problem for
the “quasi-linear” system of equations

A=VHu =vVu—(u-VYu—Vp+f, V-u=0,

in the cylinder Q2 x (0,7), Q C R",n =2,3,4, for A > —)\; in the space L*(Q).

Further, A.P. Oskolkov together with his students (see, for example, [18|) establishes
the theory of global solvability of initial-boundary value problems for flows of Oldroyd
fluids (n = 2) and Kelvin—Voigt fluids (n = 3) on [0, 00), on the basis of which the theory
of attractors and dynamical systems generated by these initial-boundary value problems
arose. A.P. Oskolkov together with his students obtained global a priori estimates on the
semiaxis R, for solutions to the equations of motion of Oldroyd fluids and Kelvin—Voigt
fluids.

In [20], the equation of motion of Kelvin—Voigt fluids was reduced to the operator
equation

Li=Mu+ F(u)+ f(t), t € Ry,

for which a number of non-local problems were investigated.

Previously, using the phase space method, we investigated the first initial-boundary
value problem for the equations obtained by Oskolkov that describe the motion of
viscoelastic incompressible Kelvin—Voigt fluids of various orders. In an autonomous case,
the foundations of such studies were laid in the articles [36,37|, while the non-autonomous
case was established in [45]. These works were fundamental for the construction of
the theory of solvability of the Cauchy problem for a semilinear autonomous and non-
autonomous Sobolev-type equation. As applications of these theories, initial-boundary
value problems for equations obtained by A.P. Oskolkov were investigated. Therefore,
we refer to such equations as “Oskolkov equations”. Initial-boundary value problems
for the equations of magnetohydrodynamics generated by the Oskolkov equations were
investigated in [7,10] in the autonomous case and in [11] in the non-autonomous case.

Note that all these models were studied within the framework of the theory of
solvability of the Cauchy problem for Sobolev-type equations. And now the theory of
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such equations is developed in many directions that is confirmed, for example, by the
works [4,48,50].

This article is a review of the works, which are devoted to the study of various Oskolkov
models and carried out by the author together with her students. A distinctive feature
of these works is the use of the semigroup approach, which is a base for the phase space
method widely used in the theory of Sobolev-type equations.

Therefore, following [11]|, first of all, we consider one of the problems of
magnetohydrodynamics.

1. Oskolkov Models in Magnetohydrodynamics

1.1. Problem Statement

The system of Oskolkov equations

K
1 1
(1 —»V?)v, = vV — (v-V)v+Zﬁlv2wl - ;Vp—QQXU%—ﬁ(VXb) x b+ f1
=1
V=0 V-b=0, b=0Vb+Vx(vxb)+f2 (1)
8wl

E:v—l—&lwl, aqeR_, eR,I=1 K,

simulates the flow of an incompressible viscoelastic Kelvin—Voigt fluid [19] of the non-
zero order K in the magnetic field of the Earth. Here the vector functions v =
(vi(x,t),va(x,t), ..., vn(x,t)) and b = (by(z,t), ba(x,t), ..., by(x, 1)) characterize the fluid
velocity and magnetic induction, respectively, p = p(x,t) is the pressure, s» is the
coefficient of elasticity, v is the coefficient of viscosity, €2 is the corner velocity, ¢ is the
magnetic viscosity, p is the magnetic permeability, p is the density, and the parameters
B, I = 1, K, determine the time of pressure retardation (delay). The free terms
=0 D fh = iz, t), f2 = f3(x,t) respond to external effects on the fluid.
Consider the first initial-boundary value problem for system (1)

v(x,0) =vo(x), b(x,0)="bo(x), w(z,0)=wy(z), x€ D,

2
v(x,t) =0, b(z,t) =0, wx,t)=0, (z,t) €D xR, =1, K @)

under the assumption that =1 and p = 1. Here D C R" is a bounded domain with the
boundary 0D of the class C'*°.

Problems similar to problem (1), (2) arise, for example, in mathematical modelling in
geophysical sciences [5].

Note that degenerate models of magnetohydrodynamics were previously studied in the
works [6,8,32,34]. A distinctive feature of this work is the presence of the vector-functions

V= (fL ..., fH, f = fHa,t), f2 = f%(z,t) in the right part of equation (1). The model
of magnetohydrodynamics taking into account various external influences at K = 0 was
considered in [|9]. The case of K > 0 is investigated for the first time in [11].

Problem (1), (2) is investigated in the framework of the theory of semilinear Sobolev-
type equations [36,37|. The main tool of the study is the notion of a relative p-sectorial
operator and the resultant resolving degenerate semigroup of operators [42, 46]. The
theorem on the existence of a unique solution to this problem is proved and the description
of its extended phase space is obtained.
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This work continues investigations of magnetohydrodynamics models, which were
begun in [6,32]. The distinctive feature is the existence of the vector-functions f* =
(fF, f5 ..., fF) in the right part of equations (1).

1.2. Cauchy Problem for Sobolev-Type Equations

Suppose that & and F are Banach spaces, the operator L € L(U; F), i.e. L is linear and
continuous; the operator M : dom M — F is linear and closed and, moreover, M is densely
defined in U, i.e. M € Cl(U; F). Denote Uy = {u € dom M : |Ju|| = || Mu||F + ||ull,}. Let
the operator F' € C®(Uys; F). We suppose that the operator F' € C®(Uy; F), and the
function f € C*(Ry;F).

Consider the Cauchy problem

u(0) = wuyg (3)

for the semi-linear non-stationary Sobolev-type equation
Li = Mu+ F(u) + f(t). (4)

By a local solution (hereinafter solution) to problem (3), (4) we mean the vector-
function u € C*((0,T");Uy) satisfying equation (4) and such that u(t) — ug at t — 0+ .

We assume that the operator M is strongly (L, p)-sectorial [14]. It is well known that
under this condition a solution to problem (3), (4) may be non-unique [41]. Therefore, we
seek only solutions to problem (3), (4), which are quasi-stationary semi-trajectories.

Definition 1. Let the space U be splitted into the direct sum U = Uy & U, such that
ker L C Uy. A solution u = v + w to equation (4), where v(t) € Uy, and w(t) € Uy for all
t € (0,7, is called a quasi-stationary semi-trajectory if Lv = 0.

Also, it is well known [14] that a solution to problem (3), (4) does not exist for all
ug € Uyps. Therefore, we introduce another definition.

Definition 2. The set B* C Uy x R, is called an extended phase space of equation (4),
if, for any point ug € Uys such that (ug,0) € B°, there exists a unique solution to problem

(3), (4), and (u(t),t) € B".

We consider problem (3), (4) under the condition that the operator M is strongly
(L, p)-sectorial [14]. It is well known that in this case there exists a solution to this problem
not for all uy € Uy, and the solution may be non-unique, even if a solution exists. So we
introduce two definitions (extended phase space and quasi-stationary semi-trajectory).

It is well known that if the operator M is strongly (L, p)-sectorial, then U = U° & U*,
F=F'aF whereU’ ={peld :Ulp=0FHeR,}, F'={peF:Fp=03t eR,}
are kernels, and U' = {u e U : tl_i)r& Uw=u}, Ft ={f e F: tli)I&th = f} are images

of the analytic solving semigroups

1 1
U'=— [ RL(M)e'd Ft:—/LLM Hd
o [ EEanetan = oL [ haneta
(here ' C S§ (M) is a contour such that argu — £O when |u| — +oc) of the linear
homogeneous equation
Li = Mu. (5)
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Denote by Ly(M,) the restriction of the operator L(M) on U* (U* Ndom M), k =0, 1.
Then Ly : U* — F*, My, : U* Nndom M — F* k = 0,1, and the restrictions M, and
L, of the operators M and L on the spaces U° N'dom M and U, respectively, are linear
continuous operators and have bounded inverse operators.

Therefore, problem (3), (4) is reduced to the equivalent system, which we call the
normal form of problem (3), (4):

Ri® = u® + G(u) + g(t), u°(0)=up, 6
it = Sul+ H(u) + (1), u'(0) = u] (6)
where u* € U* k = 0,1, u = u°® + u!, the operators R = M; 'Ly, S = L{'M,, G =
My (I—Q)F, H = LT'QF, g = My (I - Q)f. h = L' Q.

Here Q) € L(F)(= L(F; F)) is the projector that splits the space F as required.

So we study the quasi-stationary semi-trajectories of equation (4) for which Ru® = 0.
Then we assume that the operator R is bi-splitting, i.e. its kernel ker R and image im R
are completed in the space U. Let U = ker R, and U** = U’ S U be a complement of
the subspace U”. Then the first equation of normal form (6) is reduced to

Ru™ = u™ +u™ + G(u) + g(t), (7)
where u = u% + 4% 4+ .

Theorem 1. Let the operator M be strongly (L, p)-sectorial, and the operator R be bi-
splitting. Suppose that there exists a quasi-stationary semi-trajectory u = u(t) of equation
(4). Then u = u(t) satisfies the relation

0=u" +u" + G(u) + g(t),u” = const. (8)

It is known that under the condition of strong (L, p)-sectoriality of the operator M, the
operator S is sectorial. Therefore, on U!, the operator S generates an analytic semigroup,
which we denote by {U}f : ¢ > 0}, since in reality the operator U is a restriction of the
operator U! on Y.

From the fact that U = U° @ U' it follows that there exists a projector P € L(U)
corresponding to this splitting. It is easy to see that P € L(Uy). Then the space Uy
splits into the direct sum Uy, = U, ® Uy, such that the embedding UY, € U*, k = 0,1,
is dense and continuous. Further, A! denotes the Frechet derivative at the point v € V of
the operator A defined on the Banach space V.

Theorem 2. Let the operator M be strongly (L, p)-sectorial, the operator R be bi-splitting,
the operator F' € C>®(Uyr; F), and the vector-function f € C*(Ry;F). Suppose that the
following conditions hold:

(i) In the neighborhood O,, C Uy of the point ug, the following relation takes place:

0=ug" 4+ (I — Pg)(G(u® + ug" +u') + g(t)).
(ii) The projector Pp € L(Uy;), and the operator I + PrG', : Uy — Uy is the
0

topological linear isomorphism (U = Uy NU).
(iii) For the analytic semigroup {U} : t > 0}, the following condition holds:

/ 10 gt < 00 ¥r € R, (9)
0
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Then there ezists a unique solution to problem (3), (4), which is a quasi-stationary semi-
trajectory.

Remark 1. For ordinary analytic semigroups having the estimate [|Uf ||z 1,y < const/t,
condition (9) is not satisfied. Denote by U} = [U';U3]a, o € [0,1], an interpolation space
constructed by the operator S. In Theorem 2, the condition F' € C*(U},; F) is completed
by condition H € C*®(U,,;UL), and the condition (9) is replaced by

/ U] 2y dt < oo, T € Ry. (10)
0

Then the statement of Theorem 2 does not change.

Now let U, and Fj, be Banach spaces, the operators Ay € L(Uy, Fi), and the operators
B, : dom B, — F be linear and closed with domains of definitions dom B dense in
U, k =1,2. Let us construct the spaces Y = Uy x Uy, F = F; X F and the operators
L=A®A;, M = B; ® By. By construction, the operator L € L(U; F), and the operator
M : dom M — F is linear, closed and densely defined, dom M = dom B; x dom Bs.

Theorem 3. Let the operators By be strongly (Ag, pr)-sectorial, k = 1,2 and p; > po.
Then the operator M is strongly (L, py)-sectorial.

1.3. Reduction to Abstract Cauchy Problem

In order to reduce problem (1), (2) to problem (3), (4), we move from system (1) to
the system

K
(1—%V2)vt:VVQU—(v-V)v—i—ZﬁlVle—p—QQxv+(Vxb) x b+ f1,
=1

V(V-0)=0, V(V-b)=0, b=0V+Vx(vxb)+f% (11)

0 _

%:U—i_alwb QZGR—a ﬁleR-H l:17 K.
Now we are interested in solvability of (11), (2). Following the works
[14, 43|, we introduce the spaces H2, H2, H, and H,. Here H2 and

H, are subspaces of solenoid functions in the spaces (WZ(D))" N

N (V?/%(D))” and (Lo(D))", respectively, and H2 and H, are their orthogonal (in sense
of (Ly(D))™) complements. Denote by ¥ the orthoprojector on H,, and denote its
restriction on the space (W2(D))" N (VC[)@(D))" by ¥ also. Let IT = I — X. By the equality
A=V?E,: H2® H? — H, ® H,, where E, is the unit matrix of the order n, we define
a linear continuous matrix operator with the discrete finite-time spectrum o(A4) C R
condensing only on —oo. The formula B, : v = V(V-v)(B, : b — V(V -b)) gives a linear
continuous surjective operator B,(By) : H2®H2 — H, with the kernel ker B, = B, = H2.
Using the natural isomorphism of the direct sum and the Cartesian product of Banach
spaces, we introduce the spaces U;y = HZ x H2 x H,,, Fio = H, x H, x H,, where

H, = H,; U; =H’NnH'=H2xH2 nuF;=Ly,=H, xH,, i =1, K. Then we arrive
at the spaces Uy = & Uy, F1 = &F, Fu.
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The operators A; and B; are defined by the formulas A; = diag [Al, Ek], where

X A, O . (I —NAY SA— NA)II
Al:(o 0)’ Al:(HE]I—/\Aiz HAE]I—AA%H);

By = (Bi'j):jzl, where

vEA vESA O LA ... BrxZA
Bi'=| vIIA vIIA -1 |, BP?=| plA ... BgIIA
O B O o ... O

In the matrix Bi!, B=V(V -v) — V(V -b) = B, — By. The matrix B#' contains K rows
of the form (I, T, O), B# = diag[ay, ..., ag].

Remark 2. Denote by A, the restriction of ¥A on HZ. According to Solonnikov—

Vorovich—Yudovich theorem, the spectrum o(A,) is real, discrete, finite-time, and
condenses only on —oo.

Theorem 4. i) The operators Ay, By belong to L(Uy; F1) and if = ¢ o(A), then the
operator Ay is bi-splitting, ker Ay = {0} x {0} x H, x {0} x ... x {0}, im A; = H, xH, X

K
{0} x Fi X Fo X ... x Fk.
i) If N1 ¢ o(A) Uo(A,), then the operator By is (Ay,1)-bounded.

Remark 3. The concept of a (L, p)-bounded operator can be found, for example, in [14].

Next, we set Uy = Fo = Lo(D) and define the linear closed and densely defined

operator By by the equality By = 6V? : def By — Fy, dom By, = WZ(D) N V?/%(D) Let
AQ =1

Theorem 5. The operator By is strongly As-sectorial.

Let U = Uy x Uy, F = Fi X Fy. The vector u of the space U has the form
u =col(Ug, Ur, Up, W1, ..., Wk, Up), Where col(Uy, Uy, Up, W, ..., wg) € Uy, and u, € Us,
up = (by,by), by € H2, b, € H2. The vector f € F has a similar form. The operators
L and M are defined by the equalities L = A; ® Ay and M = B; ® By. The operator
L belongs to L(U; F), and the operator M : dom M — F is linear, closed and densely
defined, dom M = U; X dom Bs.

Theorem 6. Let 7' ¢ o(A), then the operator M is strongly (L, 1)-sectorial.

We proceed to the construction of a nonlinear operator F. Represent
F=F ® P,
where
Fy = Fi(tg, g, b) = col (=S (((ug + tr) - V) (g +tr) — 22 X (g +uz) + (V X b) X b+ f1),

—II(((ty + tr) - V) (g + tr) — 20 X (g + uy) + (V x b) x b+ f1),0,...,0),

K+1
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FQ = Fg(ua,uﬂ, b) =V x ((UU + uﬂ) X b) + f2.
In our case, Uy = U; x dom By (due to the continuity of the operator By).

Theorem 7. The operator F' belongs to C®(Upr; F).

Therefore, the reduction of (1), (2) to (3), (4) is finished. Further, we identify these
problems. Now we check the conditions of Theorems 1 and 2.

1.4. Existence Theorem for Unique Solution in Oskolkov Model

By virtue of Theorem 6 and results of Paragraph 3.1 of the work [14], there exists an
analytic semigroup {U* : t € R, } of the resolving operators of equation (5), which in this
case is represented naturally in the form U* = V' x W' where V(W) is the restriction of
the operator U* on U, (Us). Since By is sectorial, W' = exp(tBy), it follows that the kernel
of this semigroup W° = {0}, and the image W' = Us,.

Consider the semigroup {V*: ¢ € Ry }. By virtue of Theorems 4 and 6 and results of
Paragraph 3.1 of the work [14], this semigroup is extended to the group {V*: t € R}. Its
kernel VO = UP & UM, where U = {0} x {0} x H, x {0} x ... x {0}(= ker 4; due to
Theorem 5), and U = SAZTAZHZ] x H x {0} x ... x {0}. Here A, =T—3A, A, is

o0
the restriction of the operator ITA on H,. It is well known that if >~ ¢ o(A) U o(A4,),
then the operator A, : H, — H?2 is a topological linear isomorphism [14]. Denote by U;}
the image V. Then, due to the strong (A;, 1)-sectoriality of the operator By, the space U,
decomposes into the direct sum of the subspaces Uy = UP & UM & U]

Construct the operator R (see (6), (7)). In our case, R = By, A9 € LUXBUY), where
Ayo(Bp) is the restriction of the operator A;(B;) on UY @ U'. (The operator By, exists
due to Theorem 6 and the corresponding results from [14]). By construction, ker R = U°,
and the work [35] shows that im R = U*. Then the operator R is bi-splitting. Denote by
Pg the space projector U @ UM on UP along U, By construction of the space Uy, the
projector Pg belongs to L(UY,), where Uy, = Uns N (UY & UM ) (= UP & UM). Therefore,
the following lemma takes place.

Lemma 1. Let ' ¢ o(A)Uo(A,). Then the operator R is bi-splitting, and Pr € L(UY,).
Let us introduce the projectors
P, = diag [Py, 0], Q= diag[Q4,0], k=0, 1.

For a detailed description of these projectors, see [14]. From the results of [14] and from the
fact that the kernel WP = {0}, it follows that I— P = (Py+ P1) x O, Q = (I— Qo — Q1) x 1,
P:U — U, Q:F — F' Then, applying the projector I — P to equation (4) in our
situation, we obtain the equations

K

H(vA(ue + ur) — (U + ur) - V) (s + ur) + Z BiV2w, — uy — 29 X (g + Ug)+ (12)

=1
+(V xb)xb+ fY(t))=0, Buy,=0, Bb,=0.

Hence, by Theorem 1 and the properties of the operator B, we obtain the necessary
condition for the existence of the quasi-stationary trajectory u, = 0, b, = 0, i.e. all
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solutions to our problem (if such solutions exist) must necessarily belong to the plane
B={uely:u,=0,b, =0}

Due to the fact that Ilu, = u,, from the first equation of (12), we obtain ratio (8), i.e.
in our case

K
up = (v Au, — (e - Vg + Y BV W — 22 X up + (V X by) X by + f1(1)).  (13)
=1

Lemma 2. Under the conditions of Lemma 1, any solution to (1), (2) belongs to the set
K
M = {u €Uy tr = 0,by = 0,0, = H(vA, — (ug - Vu, + Y FV w0 — 20 X ug+
=1

+(V X by) x by) + f1(1)}-

Remark 4. Condition Ay) of Theorem 2 follows from relation (13) for any point u) €
UY (= U x {0}). Therefore, similarly to [14], we obtain that the set 90 is a simple Banach
manifold, which is C*°-diffeomorphic to the subspace U] x Uy, and M is a candidate for
the role of the extended phase space of problem (1), (2) ((2), (13)).

Check conditions (9), (10). Construct the space U, = U; X I/f/%(D) Obviously, this
space is an interpolation space for the couple [U,Uys]q, and o = 1/2. As noted earlier, the
semigroup {U' : t € R, } is extended to the group {V{ : t € R} on U}, where V{ is the
restriction of the operator V' on U}. By construction, Ui, = Uy N U, while the operator
B is continuous by virtue of Theorem 4, and the semigroup {U* : ¢ € R} is uniformly
bounded. Hence, we obtain the inequality

/HWHﬁ(u};u}w) dt < const x HBlHﬁ(ul;ﬂ)/HVquu;)dt <oo, TERy. (14)
0 0

According to Sobolev inequality [14], the semigroup {W?! : t € R,} satisfies the
estimate

t
/HW | otcom oy & < 2 (15)
0

Let Ul = U, NU*, where U' = U} x Uy. Then, from inequalities (14) and (15), we
obtain the following lemma.

Lemma 3. Under the conditions of Lemma 2, ratio (9) holds.

Now, taking into account condition (10), we find the operator H. The operator H is
naturally represented in the form H = H, ® H,, where H, = A]'(I — Qo — Q,)F}, and
Hy = F, (Ay; is the restriction of the operator A; on U}). For the operator H, a statement
similar to Theorem 7 for the operator F'is true, i.e. H € C®(Ui;;UL), where U} = U, NU*.

Therefore, all the conditions of Theorem 2 are satisfied. Hence, the following statement
takes place.

Theorem 8. Let ' ¢ o(A)Uoc(A,). Then, for any ug such that ug € M, and some
T € Ry, there exists the unique solution u = (u,, 0, up, up) to problem (1), (2), which is a
quasi-stationary trajectory, and u(t) € M for allt € (0,T).
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2. Thermoconvection Problem for Oskolkov Model

The system of equations

k
(1= AV v, = Vv — (v V)V—i-z BiViw, —gqf — p + 1,

=1
OZV(V'V), (16)

0 N
%:V—i_alwla aleR—y l:]-) ky

0, =V —v-VO+v-q

models the evolution of the velocity v = (vq,...,v,),v; = v;(z,t), pressure gradient p =
(p1,---,pn), Pi = pi(x,t) and the temperature § = 0(x,t) of an incompressible viscoelastic
Kelvin—Voigt fluid of the order & > 0 [19]. The parameters A € R, v € R, and & € R,
characterize the elasticity, viscosity and thermal conductivity of the fluid, respectively;
g € R, is the acceleration of gravity; the vector q = (0,...,0,1) is the unit vector in R™.
The parameters 3, € Ry, [ = 1, k determine the time of pressure retardation (lagging).
The free term f = (f1, ..., fa), fi = fi(x,t) responds to external influences on the fluid.
Consider the solvability of the first initial-boundary value problem

v(z,0) = vo(x), wi(z,0) =w,(z),

0(x,0) = Oy(x), Vo € Q; (17)
V(xat) = 07 Wl(xat) = 07

O(z,t) =0, V(1) €00 xRy, I =1, k

for the system (16). Here 2 C R", n = 2, 3,4, is the bounded domain with the boundary
00 of the class C*. Problem (16), (17) was studied by professor G.A. Sviridyuk [39] in
the particular case (k =0, f = f(x)). This problem was at first considered in [25] for an
incompressible viscoelastic Kelvin—Voigt fluid of the order k£ > 0 with the nonstationary
free term f(z,t), and for an autonomous case in [26].

In [25], the local unique solvability of problem (16), (17) is established. This problem
is considered within the framework of the theory of non-autonomous semilinear Sobolev-
type equations described above in Section 2. Problem (16), (17) is studied as a concrete
interpretation of the abstract Cauchy problem for the specified class of equations (3), (4).

Here, the same approach is used as in the study of the problem of
magnetohydrodynamics, that is, problem (16), (17) is reduced to problem (3), (4). To
this end, we at first describe the corresponding Banach spaces and the operators acting
in them. Then, the fulfillment of all conditions that guarantee the existence of a unique
solution to the problem is checked. The solution is a quasistationary semitrajectory. And
along the way, the description of the extended phase space of problem (16), (17) is given.
Here we confine ourselves to the formulation of the existence and uniqueness theorem for
the solution.

Theorem 9. Let \™' € 0(A) Ua(A,). Then, for any ug such that (ug,0) € A° and some
T € Ry, there exists the unique solution u € C*((0,T); Uyr) to problem (16), (17), which
is a quasi-stationary trajectory, and (u(t),t) € A"
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Under the conditions of Theorem 9, any solution to problem (16), (17) belongs to the
set

A" ={(u,t): u€Uy, tER,, ur =0,

k
up = H(vAu, — (uy - V)uy, + Z BiV2w, — gque + f(1))}.
=1
Here the set A! is a simple Banach manifold, which is C*°-diffeomorphic to the subspace
U} xUs. Moreover, the set A’ is an extended phase space of problem (16), (17), U = U; XUs,
F = Fi1 x Fy. The vector u of the space U has the form u = col (u,, Ur, Up, w1, . . ., W, Up),
where col (ug, Uy, Up, Wy, ..., wg) € Uy, and ug € Us. Here u, = Xv, u, = (I — X)v = Ilv,
u, = p. The vector f € F has a similar form. The operators L and M are defined by the
formulas L = Ay ® Ay and M = By ® By. The operator L € L(U; F), and the operator
M : dom M — F is linear, closed and densely defined, dom M = U; x dom B,.
Omne can prove that the operator M is strongly (L, 1)-sectorial. Hence, we arrive at
Theorem 9. A detailed description of the spaces U and F, as well as their subspaces, is
presented in [25].

3. Taylor Problem for Oskolkov System

3.1. Problem Statement

The Oskolkov system of equations

(18)

(1—rV?)vy=vV?—(v-V)v—Vp+ f,
0=V-v

models the dynamics of an incompressible viscoelastic Kelvin—Voigt fluid of the zero order
[19]. This fluid is the simplest one among non-Newtonian fluids, systematic research of
which was started by A.P. Oskolkov.

The function v = (v1,vs, ..., v,), v; = v;(z,t), x € R™ corresponds to the fluid velocity,
and the function p = p(z,t) corresponds to the pressure. The function f = (f1, fa, ..., fa),
fi = fi(x,t) characterizes an external influence that is assumed to be known. The real
parameters k and v characterize the elastic and viscous properties of the fluid, respectively.
It is known that v > 0. As for , experimental data [1| and theoretical studies [49] support
the fundamental unboundedness of the domain of definition of this parameter.

Taylor problem for system (18) simulates a situation when the viscoelastic
incompressible Kelvin—Voigt fluid occupies the space between two rotating coaxial
cylinders of infinite length [13].

In this situation, the bounded domain 2 C R", n = 2, 3,4 (with a piecewise-smooth
boundary) is chosen such that the periodicity condition is satisfied (i.e. v(z,t)|sona =
v(z,t)|aans » 02N (aUpB) =02 Vt € R) on a part of the boundary 02 (that belongs,
for example, for n = 3, to two planes « and 8 perpendicular to the cylinder axis) of the
domain €.

In addition, we choose some stationary solution v = o(z) of system (18) satisfying the
periodicity condition on 0;€ and the inhomogeneous Dirichlet conditions (for example,
Couette flow) on 0,2 = 9Q\0,€2 . Then, we investigate dynamics of deviation of v = v(x, t)
from this stationary solution caused by the initial condition. Therefore, system (18) takes
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the form
(1= &V, =V — (v-V)o — (8- V)v— (v V)v — Vp,

0=V-o.
Consider the Taylor problem

v(x,0) = vo(z), Vo € Q,
v(z,t) =0, V(z,t) € HQ xR, (20)
v(x,t) that satisfies the periodicity condition on 92 x R

for system (18).
Similar to the previous problems, we move from system (19) to the system

{ (1—rsVHo, =vVir—(v-V)o—(0-V)v—(v-V)v—p, (21)

0=V(V-v).

Replacement p = Vp is explained by the fact that, in most hydrodynamic problems,
the consideration of the pressure gradient is preferable to the consideration of the pressure.
Although the gradient operator, generally speaking, has a kernel spanned by a constant,
the study of system (21) gives no new solutions other than solutions of system (19), since
we consider spaces of functions given in a bounded domain and satisfying the adhesion
conditions on the boundary of the domain. This follows from the Gauss—Ostrogradsky
theorem.

In this section, we study the local unique solvability of problem (20), (21) based
on the theory of semilinear Sobolev-type equations [33]. Earlier, Taylor problem for an
incompressible viscoelastic Kelvin—Voigt fluid was studied in another aspect in [37].

3.2. Abstract Cauchy Problem

Let U and F be Banach spaces, the operators L € L(U;F) and M € C*(U; F), the
function f : R — F. Consider the Cauchy problem

u(0) = wug (22)
for the semilinear nonstationary Sobolev-type equation
Lu = M(u) + f. (23)

It is known that the linear operator L : U — F is called bi-splitting, if its kernel ker L
and the image im L are complemented in the spaces ker L and F, respectively. Let the
operator L be bi-splitting. Denote by M, &€ L(U; F) the Frechet derivative of the operator
M at the point uy € U and consider the chain of M), -associated vectors of the operator
L, which we choose from some complement coim L = U © ker L to the kernel ker L. Let
us introduce the following condition.

(A1) Regardless of the choice of coim L, any chain of M -associated vectors of any
vector ¢ € ker L\ {0} contains exactly p elements.

Denote by L the restriction of the operator coim L. By virtue of the Banach theorem
on a closed graph, the operator L :coimL — imL is a toplinear isomorphism. Assume
that U5 = ker L and construct the sets U = AU, g =1,2,...,p, where A = iiqu’m.
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Obviously, the sets 2] C coim L are linear spaces, therefore, the image F,) = M, [UU)] is
also a linear space, and F) Nim L = {0} (if (A1) holds).
Let us introduce into consideration one more condition.

(A2) F)@im L =F.

Lemma 4. Let the operators L € L(U; F), M € C®(U;F), where L is a bi-splitting
operator, and conditions (A1) and (A2) are satisfied. Then equation (23) is equivalent to
the corresponding system [33].

Let us begin searching for a solution to problem (22), (23).

Definition 3. By a solution to problem (22), (23) we mean the vector-function
u € C=((—to; to);U), to = to(uo) >0,

satisfying equation (23) and condition (22).

On this way, we need to overcome two difficulties. First, as it is well known [36,37],
solutions to problem (22), (23) do not exist for all ug € U. Second, even if a solution to
problem (22), (23) exists, the solution can be not unique [40]. In order to overcome these
difficulties, we introduce two definitions.

Definition 4. The set B' C U xR is said to be the extended phase space of equation (23),

if, for any point ug € U such that (ug,0) € B°, there exists a unique solution to problem
(22), (23), and (u(t),t) € B".

Remark 5. If B' = B x R, where B C U , then the set B is called the phase space of
equation (23) [36,37,40].

Definition 5. The solution u = u(t) to problem (22), (23), for which Li® = 0 Vt €
(—to;to), where u® = Pu, is called the quasistationary trajectory of equation (23).

In order to separate quasi-stationary trajectories from the set of possible solutions to
problem (22), (23), we impose two conditions.

(A3) fJ(t)=0VteR, ¢=1,2,...,p.

Consider the set U = {uel: ug = const, ¢ = 1, 2,...,p}. It is easy to see that U

is a complete affine manifold modeled by the subspace U ® U Let the point ug € U.
Denote by O, some neighborhood O,,, C U of the point wy.
(Ad) F(u) =0Vu € Oy, ¢=1,2,...,p.

Theorem 10. Let
(i) the conditions of Lemma 4 be satisfied;
(i) the point (ug,0) € B°, where B' = {(u,t) € U x R: Qo(M(u) + f(t)) = 0};
(iii) the vector-function f € C*(R;F);
(iv) conditions (A3), (A4) be satisfied.
Then there exists a unique solution to problem (22), (23), which is a quasi-stationary
trajectory, and (u(t),t) € B* Vt € (—to; o).
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3.3. Reduction to Abstract Cauchy Problem and Existence Theorem
for Unique Solution

Let us reduce problem (20), (21) to problem (22), (23). To this end, we set
U=H:xH2xH, F=H,xH,xH, (24)

where H, is a closure of the lineal {v € (C*(2))": V-v=0; suppv N 32 = O and
the periodicity condition is satisfied on 9, 9;Q2 U 9,2 = 9Q} in the norm L*(Q) =
(L*(Q))", H, = HL, H, = H,. Denote the orthoprojector by ¥ : L?(Q2) — H,. Then

Y e LI(WZ(Q)N WS (Q))". Let im X = H2 ker © = H2. The element u € U has the form
u = (Ug, Ur, up), Where u, = Xv, u, = Ilv,u, = p.
The operators L, M : U — F are defined by the formulas

YA YA O

L= mas o4 o |, (25)
O O O
where I=1—-%, A,=1-ksV?;
YB(uy + ug)
M(u) = [ IB(uy +uz) —u, |, (26)
C(uy + uy)

where B(uy+uy) = vV (Ug+tr)— ((Ug+r) V)0 —(0-V) (Ug+n) — (Ug+1n) V) (g +1r),
C(ug + ur) = V(V - (tg + ur)).

Lemma 5. Let the spaces U, F be defined by formulas (24), where n = 2,3,4, and the
operators L, M : U — F be defined by formulas (25), (26). Then

(i) the operator L € L(U; F), and if =+ & o(—V?), then ker L = {0} x {0} x H,, im L =
H, x H, x {0};

(ii) the operator M € C*™(U; F).

This completes the reduction of problem (20), (21) to problem (22), (23). Next, we
check that conditions (Al) — (A4) are satisfied, see [33| for details. In order to check
condition (A1), we denote by A, the restriction of the operator ¥ A, on H2.

Lemma 6. Let the conditions of Lemma 5 be satisfied, moreover ker A., = {0}. Then
each vector ¢ € ker L \ {0} has exactly one M]-connected vector regardless of the point
uel.

Lemma 6 implies that condition (A1) is satisfied, and p = 1. As a result of checking
conditions (A1) — (A4), we establish the following theorem.

Theorem 11. [33] Let the conditions of Lemma 6 be satisfied. Let ug € B. Then, for
some ty = to(uo), there exists a unique solution u = (u,,0,p) € C>((—to,to); B) to problem
(20), (21), which is a quasi-stationary trajectory.

Here B={u el : A_MIA;'B(u,) = up, uy = 0}.

™

Remark 6. In the dynamic case, non-stationary Oskolkov models of the incompressible
viscoelastic fluids were considered in [23,24]. Linearized Oskolkov models of different orders
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were studied in [27-31]|. The monograph [14] is devoted to the study of Oskolkov models
in the autonomous case. Other directions in the theory of Sobolev-type equations and its
applications are outlined in [2,3,21,22,38,44,47,51].

Acknowledgements. The author expresses her gratitude to Professor G.A. Sviridyuk for
his attention and constructive criticism.
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MOJEJIN OCKOJIKOBA 1 YPABHEHN A COBOJIEBCKOI'O TUITA

T.I. Cyxauesa'?

"Hosropockuii rocynaperBeHnblii ynusepeuter uMenn Spociasa Myporo,
r. Benukuit Hosropos, Poccniickast ®enepariust

2}OzxH0- Y pabCKHit TOCyIapCTBEHHBI YHIBEPCHUTET, T. YesIa0mHCK,

Poccuiickas @enepartiust

JlarHast cTaThsl IMOCBAIIEHA 0030PY PadOT, BHIIIOJHEHHBIX aBTOPOM COBMECTHO CO CBOU-
MU YYCHUKAME U TOCBSIIEHHBIX HCCIIEIOBAHNIO PA3INIHBIX Mojeseit OckoskoBa. Ux orn-
YUTEJILHON OCOOEHHOCTBHIO SIBJISIETCS] UCIIOJIB30BAHUE MOJIYIPYIIIIOBOIO MOJIX0/Ia, JIEYKAIIETO
B OCHOBe MeTo/ia $ha30BOTO MPOCTPAHCTBA, ITUPOKO IIPUMEHSIEMOTO B TEOPUH YPABHEHUH CO-
6oJieBckoro Tuna. [IpuBeeHbl pa3IndHbie MOIE/IN HECXKUMAEMON BA3KOYIIPYTOM X KUJKOCTH,
onmcbiBaeMble ypaBHeHusimu OcCKOJIKOBa. B KadecTBe IIPUMEPOB PACCMOTPEHBI BBHIPOXKIE€H-
Has 3aJl[ada MArHUTOIUIPOJMHAMUKY, 3aJa9a TEPMOKOHBEKIMMA U 3ajada Teiopa. Pas-
PEIIMOCTh COOTBETCTBYIONINX HAYAJBHO-KPAEBBIX 3aJa9 HMCCJIELyeTCsl B paMKaX TEOPHUH
ypaBHeHHUI COBOJIEBCKOTO THIIA, OCHOBAHHOW HA TEOPUH OTHOCHUTEJHHO P-CEKTOPUABHBIX
OIIEPATOPOB U BBIPOXKIAIOIINXCS IOJYTPYIIL orepaTopos. JlokazaHa TeopeMa CyIecTBOBa-
HUsl €JIMHCTBEHHOT'O PEIeHNs, SIBJISIFOIIErOCs KBa3UCTAIIMOHAPHON Oy TPaeKTOPHeii, 1 1Mo-
JIyYEHO OIMCAHUE PACHINPEHHOIO $a30BOTO IpocTpaHcTBa. OCHOBBI TEOPHUN PA3PEIINMOCTH
ypaBHeHuil co60JIeBCKOrO TUIA ObLIH 3aj102KeHbl podeccopom [.Cupuokom. 3aTem ara
TEOpUsi BMECTE C PA3IMIHBIME TPUJIOKEHUSIMU ObLJIA YCIIENTHO PA3BUTA €r0 MOCIIeI0BATE IS
M.

Karoueswie caosa: cucmemov, Ockonrosa; ypasnenus cobosesckozo muna; dazosoe npo-
CMPAHCMBO; HECIHCUMAEMAA BAZKOYNPY2QA HCUIKOCTID.

Tamapa I'ennagbeBna CykadeBa, JOKTOP (PU3UKO-MaTEMaTHICCKUX HayK, Ipodec-

cop, Kadenpa <Airedbpa um reomerpusi>, HoBropojckunii rocyapcTBeHHBIN yHUBEPCUTET
nmern fpociaasa Myaporo (r. Bemukuit Hosropon, Poccniickast @enepanus); HaywHO-
ncciefoBaTeIbckast Jaboparopusa <Hekiraccuieckue ypaBHEHHSI MaTeMaTUIeCKON (hu3u-
k>, FOxkmHo-Ypasbeknil rocyapersennstit yausepeurer (1. Yensounck, Poccniickas Pe-
nepanus), tamara.sukacheva@novsu.ru.
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