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The article describes the results of recent years on the analysis of biharmonic and
harmonic models by the methods of iterative extensions. In mechanics, hydrodynamics
and heat engineering, various stationary physical systems are modeled using boundary
value problems for inhomogeneous Sophie Germain and Poisson equations. Deflection of
plates, flows during fluid flows are described using the biharmonic model, i.e. boundary
value problem for the inhomogeneous Sophie Germain equation. Deflection of membranes,
stationary temperature distributions near the plates are described using the harmonic
model, i.e. boundary value problem for the inhomogeneous Poisson equation. With the
help of the developed methods of iterative extensions, efficient algorithms for solving the
problems under consideration are obtained.
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Introduction

First, we consider the biharmonic model, i.e. mixed boundary value problem for the
inhomogeneous biharmonic equation

∆2ŭ = f̆ (1)

in a bounded domain on the plane Ω ⊂ R2 with the boundary conditions of four types

ŭ =
∂ŭ

∂n
|Γ0

= 0, ŭ = l1ŭ |Γ1
= 0,

∂ŭ

∂n
= l1ŭ |Γ1

= 0, l1ŭ = l2ŭ |Γ3
= 0,

where

∂Ω = s̄, s = Γ0

⋃

Γ1

⋃

Γ2

⋃

Γ3, Γi

⋂

Γj = ∅, i 6= j, i, j = 0, 1, 2, 3,

l1ŭ = ∆ŭ+ (1− σ)n1n2ŭxy − n2
2ŭxx − n2

1ŭyy,

l2ŭ =
∂∆ŭ

∂n
+ (1− σ)

∂

∂s
(n1n2(ŭyy − ŭxx) + (n2

1 − n2
2)ŭxy),

n1 = − cos(n, x), n2 = − cos(n, y), σ ∈ (0; 1).

The biharmonic model can be formulated as a scalar model, i.e. the problem of
representing a functional in the form of a dot product

ŭ ∈ H̆ : [ŭ, v̆] = F (v̆) ∀v̆ ∈ H̆, F ∈ H̆ ′, (2)

where the Sobolev space is
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H̆ = H̆(Ω) =

{

v̆ ∈ W 2
2 (Ω) : v̆|Γ0

⋃
Γ1

= 0,
∂v̆

∂n

∣

∣

Γ0

⋃
Γ2

= 0

}

,

the bilinear form, i.e. the dot product, is

[ŭ, v̆] = Λ(ŭ, v̆) =

∫

Ω

(σ∆ŭ∆v̆ + (1− σ)(ŭxxv̆xx + 2ŭxyv̆xy + ŭyyv̆yy))dΩ, σ ∈ (0; 1).

If f̆ is a given function, then the functional

F (v̆) = (ŭ, v̆) =

∫

Ω

f̆ v̆dΩ.

For problem (2), the following assumption ensures the existence and uniqueness of its
solution [1, 4]

∃c1, c2 ∈ (0; +∞) : c1 ‖v̆‖
2
W 2

2
(Ω) ≤ Λ(v̆, v̆) ≤ c2 ‖v̆‖

2
W 2

2
(Ω) ∀v̆ ∈ H̆.

Second, we consider the harmonic model, i.e. mixed boundary value problem for the
inhomogeneous harmonic equation

−∆ŭ = f̆ (3)

in a bounded domain on the plane Ω ⊂ R2 with the boundary conditions of two types

ŭ |Γ1
= 0 ,

∂ŭ

∂n
|Γ2

= 0,

where
∂Ω = s̄, s = Γ1

⋃

Γ2, Γ1

⋂

Γ2 = ∅.

The harmonic model can be formulated as a scalar model, the problem of representing
a functional in the form of a dot product

ŭ ∈ H̆ : [ŭ, v̆] = F (v̆) ∀v̆ ∈ H̆, F ∈ H̆ ′, (4)

where the Sobolev space is

H̆ = H̆(Ω) =
{

v̆ ∈ W 1
2 (Ω) : v̆|Γ1

= 0
}

,

the bilinear form, i.e. the dot product, is

[ŭ, v̆] = A(ŭ, v̆) =

∫

Ω

(ŭxv̆x + ŭyv̆y)dΩ .

If f̆ is a given function, then the linear functional

F (v̆) = (ŭ, v̆) =

∫

Ω

f̆ v̆dΩ .
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For problem (4), the following assumption ensures the existence and uniqueness of its
solution [1, 4]

∃c1, c2 ∈ (0; +∞) : c1 ‖v̆‖
2
W 1

2
(Ω) ≤ A(v̆, v̆) ≤ c2 ‖v̆‖

2
W 1

2
(Ω) ∀v̆ ∈ H̆.

Within the framework of the considered direction, such problems were studied
by the fictitious domain methods, for example, in works by A.M. Matsokin,
S.V. Nepomnyashchikh [3], S.B. Sorokin [5], G.I. Marchuk, Yu.A. Kuznetsov,
A.M. Matsokin [2] and others. There are difficulties in solving the above problems. The
promising direction of the fictitious domain methods for solving these problems also has
difficulties. We use the fact that if the problems considered as systems are similar, then
they have similar properties, and the methods for solving these problems are also similar
to each other. To develop new efficient methods, we use generalizations of the fictitious
domain method, i.e. methods of iterative extensions. In the fictitious domain method, on
the example of mechanics, we increase the support reaction and the stiffness of the material
on a fictitious continuation, i.e. additionally we use the choice of two parameters. Let us
minimize the error in a norm stronger than the energy norm of the emerging problem.
We apply the method of minimal residuals with indication of the conditions sufficient
for its convergence. With this new approach, the relative errors of the proposed iterative
processes are dominated by infinitely decreasing geometric progressions. The main goal of
the described works is the development of asymptotically optimal methods for solving the
above problems [6–12].

1. Analysis of Biharmonic Model

1.1. Biharmonic Model

Let us present the problem to be solved for ω = 1 and the fictitious problem for ω = II

ŭω ∈ H̆ω : Λω(ŭω, v̆ω) = Fω(v̆ω) ∀v̆ω ∈ H̆ω, Fω ∈ H̆ ′

ω, (5)

where we use Sobolev spaces

H̆ω = H̆ω(Ωω) =

{

v̆ω ∈ W 2
2 (Ωω) : v̆ω|Γω,0

⋃
Γω,1

= 0,
∂v̆ω
∂nω

∣

∣

Γω,0

⋃
Γω,2

= 0

}

in the bounded domains Ωω ⊂ R2 with the boundaries

∂Ωω = s̄ω, sω = Γω,0

⋃

Γω,1

⋃

Γω,2

⋃

Γω,3,

Γω,i

⋂

Γω,j = ∅, if i 6= j, i, j = 0, 1, 2, 3

nω are outer normals to ∂Ωω, bilinear forms at ăω ∈ [0; +∞) , σω ∈ (0; 1) are

Λω(ŭω, v̆ω) =

∫

Ωω

(σω∆ŭω∆v̆ω + (1− σω)(ŭωxxv̆ωxx + 2ŭωxyv̆ωxy + ŭωyyv̆ωyy) + aωŭωv̆ω)dΩω.

Each of the problems in (5) has a unique solution under the assumptions [1, 4]

∃c1, c2 ∈ (0; +∞) : c1 ‖v̆ω‖
2
W 2

2
(Ωω)

≤ Λω(v̆ω, v̆ω) ≤ c2 ‖v̆ω‖
2
W 2

2
(Ωω)

∀v̆ω ∈ H̆ω.
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If f̆ω is a given function, then

Fω (v̆ω) =

∫

Ωω

f̆ω v̆ωdΩω.

In the problem to be solved, with ω = 1, a1 = 0, Γ1,0 6= ∅. In the fictitious problem with

ω = II, f̆II = 0, ŭII = 0.

1.2. Continued Biharmonic Model and Its Analytical Study

Let us present the continued problem

ŭ ∈ V̆ : Λ1(ŭ, I1v̆) + ΛII(ŭ, v̆) = F1(I1v̆) ∀v̆ ∈ V̆ , (6)

where we use the extended solution space

V̆ = V̆ (Π) =

{

v̆ ∈ W 2
2 (Π) : v̆|Γ0

⋃
Γ1

= 0,
∂v̆

∂n

∣

∣

∣

∣

Γ0

⋃
Γ2

= 0

}

.

We assume that the solution domain of the original problem is complemented to the
rectangle

Ω̄1

⋃

Ω̄II = Π̄, Ω1

⋂

ΩII = ∅, Ω1, ΩII ⊂ R2,

and the boundary of the rectangular domain is

∂Π = s̄, s = Γ1

⋃

Γ2, Γ1

⋂

Γ2 = ∅.

We assume that the boundaries of the first domain and the second domain intersect each
other

∂Ω1

⋂

∂ΩII = S̄, S = Γ1,0

⋂

ΓII,3 6= ∅,

n is an outer normal to ∂Π. Subspace of solutions of the continued problem is

V̆1 = V̆1(Π) =
{

v̆1 ∈ V̆ : v̆1|ΠΩ1
= 0

}

.

In the formulation of the continued problem, we use the projection operator

I1 : V̆ 7→ V̆1, V̆1 = imI1, I1 = I21 .

We introduce subspaces

V̆3 = V̆3(Π) =
{

v̆3 ∈ V̆ : v̆3|ΠΩII
= 0

}

, V̆0 = V̆1 ⊕ V̆3,

V̆2 = V̆2(Π) =
{

v̆2 ∈ V̆ : Λ(v̆2, v̆0) = 0 ∀v̆0 ∈ V̆0

}

,

V̆ = V̆1 ⊕ V̆2 ⊕ V̆3 = V̆1 ⊕ V̆II, V̆I = V̆1 ⊕ V̆2, V̆II = V̆2 ⊕ V̆3.

Direct sums are considered using the inner product generated by the bilinear form

Λ(ŭ, v̆) = Λ1(ŭ, v̆) + ΛII(ŭ, v̆) ∀ŭ, v̆ ∈ V̆ .
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It is assumed that the bilinear form is such that

∃c1, c2 > 0 : c1 ‖v̆‖
2
W 2

2
(Π) ≤ Λ(v̆, v̆) ≤ c2 ‖v̆‖

2
W 2

2
(Π) ∀v̆ ∈ V̆ .

We use the statement on the possibility to continue the functions

∃β̆1 ∈ (0; 1], β̆2 ∈ [β̆1; 1] : β̆1Λ(v̆2, v̆2) ≤ ΛII(v̆2, v̆2) ≤ β̆2Λ(v̆2, v̆2) ∀v̆2 ∈ V̆2.

Note that
H̆ω(Ωω) = V̆ω(Ωω), ω ∈ {1, II} .

Statement 1. [12] The solution to problem (6) ŭ ∈ V̆1 coincides with the solution to
problem (3) for ω = 1 on Ω1 and equals zero on ΩII.

The study of the continued biharmonic model is carried out by the modified method
of fictitious components [6, 7, 9, 10]:

ŭk ∈ V̆ : Λ(ŭk − ŭk−1, v̆) = −τk−1(Λ1(ŭ
k−1, I1v̆) + ΛII(ŭ

k−1, v̆)− F1(I1v̆)) ∀v̆ ∈ V̆ ,

τ0 = 1, τk−1 = τ = 2/(β̆1 + β̆2), k ∈ N\ {1} , ∀ŭ0 ∈ V̆1 ⊂ V̆ . (7)

Let us introduce the norm
‖v̆‖V̆ =

√

Λ(v̆, v̆) .

Theorem 1. [12] There exist the following convergence estimates:

∥

∥ŭk − ŭ
∥

∥

V̆
≤ ε

∥

∥ŭ0 − ŭ
∥

∥

V̆
, k ∈ N,

where

ε = δ1q
k−1, δ1 =

√

‖I1‖
2
V̆ − 1, 0 ≤ q = (β̆2 − β̆1)

/

(β̆1 + β̆2) < 1.

1.3. Continued Biharmonic Model under Discretization
and Its Numerical Analysis

Let us discretize the continued model when

Π = (0; b1)× (0; b2), Γ1 = {b1} × (0; b2)
⋃

(0; b1)× {b2} ,

Γ2 = {0} × (0; b2)
⋃

(0; b1)× {0} , b1, b2 ∈ (0; +∞).

Let us introduce the grid

(xi; yj) = ((i− 1, 5)h1; (j − 1, 5)h2) ,

h1 = b1/(m− 1, 5), h2 = b2/(n− 1, 5), i = 1, 2..., m, j = 1, 2..., n, m− 2, n− 2 ∈ N.

We consider grid functions at the grid nodes

vi,j = v(xi; yj) ∈ R, i = 1, 2..., m, j = 1, 2..., n, m− 2, n− 2 ∈ N.

Use the completion for the grid functions

Φi,j(x; y) = Ψ1,i(x)Ψ2,j(y), i = 2, ..., m− 1, j = 2, ..., n− 1, m− 2, n− 2 ∈ N,
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Ψ1,i(x) = [2/i]Ψ(x/h1 − i+ 4) + Ψ(x/h1 − i+ 3)− [(i+ 1)/m]Ψ(x/h1 − i+ 1),

Ψ2,j(y) = [2/j]Ψ(y/h2 − j + 4) + Ψ(y/h2 − j + 3) + [(j + 1)/n]Ψ(y/h2 − j + 1),

Ψ(z) =











0, 5z2,
−z2 + 3z − 1, 5,
0, 5z2 − 3z − 4, 5,

0,

z ∈ [0; 1],
z ∈ [1; 2],
z ∈ [2; 3],
z /∈ (0; 3).

We consider the basis functions to be equal to zero outside the rectangle:

Φi,j(x; y) = 0, (x; y) /∈ Π, i = 2..., m− 1, j = 2..., n− 1, m− 2, n− 2 ∈ N.

Linear combinations of basis functions give a finite-dimensional subspace in the extended
space

Ṽ =

{

ṽ =

m−1
∑

i=2

n−1
∑

j=2

vi,jΦ
i,j(x; y)

}

⊂ V̆ .

Consider the continued model in the matrix form

ū ∈ RN : Bū = f̄ , f̄ ∈ RN , (8)

under the assumption that the projection operator vanishes the coefficients of the basis
functions whose carriers do not belong entirely to the first domain, and the continued
matrix and the continued right-hand side of the system are defined by the equalities

〈Bū, v̄〉 = Λ1(ũ, I1ṽ) + ΛII(ũ, ṽ) ∀ũ, ṽ ∈ Ṽ ,
〈

f̄ , v̄
〉

= F1(I1ṽ) ∀ṽ ∈ Ṽ ,

〈

f̄ , v̄
〉

= (f̄ , v̄)h1h2 = f̄ v̄h1h2, v̄ = (v1, v2, ..., vN)
′ ∈ RN , N = (m− 2)(n− 2).

In this case, we enumerate first the coefficients of the basis functions with carriers that
belong entirely to the inside of the first domain. Next, we enumerate the coefficients of
the basis functions with the carriers that cross the boundary of both the first and second
domains. We finish the enumeration with the coefficients of the basis functions with carriers
that belong entirely to the inside of the second domain. Then the vectors have the following
structure

v̄ = (v̄
′

1, v̄
′

2, v̄
′

3)
′, ū = ( ū

′

1, 0̄
′

, 0̄
′

)′, f̄ = (f̄
′

1, 0̄
′

, 0̄
′

)′.

The matrix has the structure

B =

[

Λ11 Λ12 0
0 Λ02 Λ23

0 Λ32 Λ33

]

.

We define the matrices

〈ΛIū, v̄〉 = Λ1(ũ, ṽ), 〈ΛIIū, v̄〉 = ΛII(ũ, ṽ) ∀ũ, ṽ ∈ Ṽ .

The matrices have the structure

ΛI =

[

Λ11 Λ12 0
Λ21 Λ20 0
0 0 0

]

, ΛII =

[

0 0 0
0 Λ02 Λ23

0 Λ32 Λ33

]

.
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Define the extended matrix

Λ = ΛI + ΛII =

[

Λ11 Λ12 0
Λ21 Λ22 Λ23

0 Λ32 Λ33

]

=

[

Λ11 Λ12 0
Λ21 Λ20 0
0 0 0

]

+

[

0 0 0
0 Λ02 Λ23

0 Λ32 Λ33

]

.

We introduce the corresponding subspaces

V̄1 =
{

v̄ = (v̄
′

1, v̄
′

2, v̄
′

3)
′ ∈ RN : v̄2 = 0̄, v̄3 = 0̄

}

,

V̄3 =
{

v̄ = (v̄
′

1, v̄
′

2, v̄
′

3)
′ ∈ RN : v̄1 = 0̄, v̄2 = 0̄

}

, V̄0 = V̄1 ⊕ V̄3,

V̄2 =
{

v̄ = (v̄
′

1, v̄
′

2, v̄
′

3)
′ ∈ RN : Λ11v̄1 + Λ12v̄2 = 0̄, Λ32v̄2 + Λ33v̄3 = 0̄

}

.

There exist decompositions

RN = V̄1 ⊕ V̄2 ⊕ V̄3 = V̄1 ⊕ V̄II, V̄I = V̄1 ⊕ V̄2, V̄II = V̄2 ⊕ V̄3.

Let us present the assumptions about the continuation in the matrix form

∃β1 ∈ (0; +∞), β2 ∈ [β1; +∞) : β1 〈Λv̄2, v̄2〉 ≤ 〈ΛIIv̄2, v̄2〉 ≤ β2Λ 〈Λv̄2, v̄2〉 ∀v̄2 ∈ V̄2.

The matrix form of the continued biharmonic model is

Bū = f̄ ,

[

Λ11 Λ12 0
0 Λ02 Λ23

0 Λ32 Λ33

][

ū1

0̄
0̄

]

=





f̄1
0̄
0̄



 .

The original problem in the matrix form and the fictitious problem in the matrix form are

Λ11ū1 = f̄1,

[

Λ02 Λ23

Λ32 Λ33

] [

ū2

ū3

]

=

[

0̄
0̄

]

,

[

ū2

ū3

]

=

[

0̄
0̄

]

.

When studying the continued biharmonic model in the matrix form, we define the
extended matrix in a new way as follows:

C = ΛI+γΛII,

[

C11 C12 0
C21 C22 C23

0 C32 C33

]

=

[

Λ11 Λ12 0
Λ21 Λ20 0
0 0 0

]

+γ

[

0 0 0
0 Λ02 Λ23

0 Λ32 Λ33

]

, γ ∈ (0; +∞).

We use the fulfilment of the statements about the continuation of functions in the following
form:

∃γ1 ∈ (0; +∞), γ2 ∈ [γ1; +∞) : γ2
1 〈Cv̄2, Cv̄2〉 ≤ 〈ΛAIIv̄2,ΛIIv̄2〉 ≤ γ2

2 〈Cv̄2, Cv̄2〉 ∀v̄2 ∈ V̄2,

∃α ∈ (0; +∞) : 〈ΛIv̄2,ΛIv̄2〉 ≤ α2 〈ΛIIv̄2,ΛIIv̄2〉 ∀v̄2 ∈ V̄2.

To solve problem (8), as a generalization of the modified method of fictitious
components, we apply the method of iterative extensions [8, 9, 11,12]:

ūk ∈ RN : C(ūk − ūk−1) = −τk−1(Būk−1 − f̄), k ∈ N, (9)

∀ū0 ∈ V̄1, γ > α, τ0 = 1, τk−1 =
〈

r̄k−1, η̄k−1
〉 / 〈

η̄k−1, η̄k−1
〉

, k ∈ N {1} ,
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where residuals, corrections, and equivalent residuals are respectively calculated

r̄k−1 = Būk−1 − f̄ , w̄k−1 = C−1r̄k−1, η̄k−1 = Bw̄k−1, k ∈ N.

Let us define the norm

‖v̄‖C2 =
√

〈C2v̄, v̄〉 ∀v̄ ∈ RN .

Theorem 2. [14] Process (9) has the following estimate

∥

∥ūk − ū
∥

∥

C2
≤ ε

∥

∥ū0 − ū
∥

∥

C2
, ε = 2(γ2/γ1)(α/γ)

k−1, k ∈ N.

Let us present an algorithmic implementation of the method of iterative extensions
for the biharmonic model. We use the method of minimal residuals to solve problem (8).

I. Set the initial approximation and the iterative parameter

∀ū0 ∈ V̄1, τ0 = 1.

II. Calculate the residual

r̄k−1 = Būk−1 − f̄ , k ∈ N.

III. Calculate the absolute error norm squared

Ek−1 =
〈

r̄k−1, r̄k−1
〉

, k ∈ N.

IV. Find the correction

w̄k−1 : Cw̄k−1 = r̄k−1, k ∈ N.

V. Calculate the equivalent residual

η̄k−1 = Bw̄k−1, k ∈ N {1} .

VI. Calculate the iteration parameter

τk−1 =
〈

r̄k−1, η̄k−1
〉 / 〈

η̄k−1, η̄k−1
〉

, k ∈ N {1} .

VII. Calculate the next approximation

ūk = ūk−1 − τk−1w̄
k−1, k ∈ N.

VIII. Check the iteration stop criterion

Ek−1 ≤ E0E
2, k ∈ N {1} , E ∈ (0; 1).

2. Analysis of Harmonic Model

2.1. Harmonic Model

Let us present the problem to be solved for ω = 1 and the fictitious problem for ω = II

ŭω ∈ H̆ω : Aω(ŭω, v̆ω) = Fω(v̆ω) ∀v̆ω ∈ H̆ω, Fω ∈ H̆ ′

ω, (10)
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where we use the Sobolev spaces

H̆ω = H̆ω(Ωω) =
{

v̆ω ∈ W 1
2 (Ωω) : v̆ω|Γω,1

= 0
}

in the bounded domains Ωω ⊂ R2 with the boundaries

∂Ωω = s̄ω, sω = Γω,1

⋃

Γω,2,Γω,1

⋂

Γω,2 = ∅,

nω are outer normals to∂Ωω , bilinear forms at κω ∈ [0; +∞) are

Aω(ŭω, v̆ω) =

∫

Ωω

(ŭωxv̆ωx + ŭωy v̆ωy + κωŭωv̆ω)dΩω.

Each of the problems in (10) has a unique solution under the assumptions [1, 4]

∃c1, c2 ∈ (0; +∞) : c1 ‖v̆ω‖
2
W 1

2
(Ωω)

≤ Aω(v̆ω, v̆ω) ≤ c2 ‖v̆ω‖
2
W 1

2
(Ωω)

∀v̆ω ∈ H̆ω,

If f̆ω is a given function, then

Fω (v̆ω) =

∫

Ωω

f̆ωv̆ωdΩω.

In the problem to be solved with ω = 1, κ1 = 0, Γ1,1 6= ∅. In the fictitious problem with

ω = II, f̆II = 0, ŭII = 0.

2.2. Continued Harmonic Model and Its Analytical Study

Let us present the continued problem

ŭ ∈ V̆ : A1(ŭ, I1v̆) + AII(ŭ, v̆) = F1(I1v̆) ∀v̆ ∈ V̆ (11)

where we use the extended solution space

V̆ = V̆ (Π) =
{

v̆ ∈ W 1
2 (Π) : v̆|Γ1

= 0
}

.

We assume that the solution domain of the original problem is complemented to the
rectangle

Ω̄1

⋃

Ω̄II = Π̄, Ω1

⋂

ΩII = ∅, Ω1, ΩII ⊂ R2,

and the boundary of the rectangular domain is

∂Π = s̄, s = Γ1

⋃

Γ2, Γ1

⋂

Γ2 = ∅.

We assume that the boundaries of the first domain and the second domain intersect each
other

∂Ω1

⋂

∂ΩII = S̄, S = Γ1,1

⋂

ΓII,2 6= ∅,

n is an outer normal to ∂Π. The subspace of solutions to the continued problem is

V̆1 = V̆1(Π) =
{

v̆1 ∈ V̆ : v̆1|ΠΩ1
= 0

}

.
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In the formulation of the continued problem, we use the projection operator

I1 : V̆ 7→ V̆1, V̆1 = imI1, I1 = I21 .

We introduce subspaces

V̆3 = V̆3(Π) =
{

v̆3 ∈ V̆ : v̆3|ΠΩII
= 0

}

, V̆0 = V̆1 ⊕ V̆3,

V̆2 = V̆2(Π) =
{

v̆2 ∈ V̆ : A(v̆2, v̆0) = 0 ∀v̆0 ∈ V̆0

}

,

V̆ = V̆1 ⊕ V̆2 ⊕ V̆3 = V̆1 ⊕ V̆II, V̆I = V̆1 ⊕ V̆2, V̆II = V̆2 ⊕ V̆3.

Direct sums are considered using the dot product generated by the bilinear form

A(ŭ, v̆) = A1(ŭ, v̆) + AII(ŭ, v̆) ∀ŭ, v̆ ∈ V̆ .

It is assumed that the bilinear form is such that

∃c1, c2 > 0 : c1 ‖v̆‖
2
W 1

2
(Π) ≤ A(v̆, v̆) ≤ c2 ‖v̆‖

2
W 1

2
(Π) ∀v̆ ∈ V̆ .

We use the statement on the possibility of continuing the functions

∃β̆1 ∈ (0; 1], β̆2 ∈ [β̆1; 1] : β̆1A(v̆2, v̆2) ≤ AII(v̆2, v̆2) ≤ β̆2A(v̆2, v̆2) ∀v̆2 ∈ V̆2.

Note that

H̆ω(Ωω) = V̆ω(Ωω), ω ∈ {1, II} .

Statement 2. [12] The solution to the problem (11) ŭ ∈ V̆1coincides with the solution to
problem (10) forω = 1 on Ω1 and equals to zero on ΩII.

The study of the continued harmonic model is carried out by the modified method of
fictitious components [6, 8, 9]:

ŭk ∈ V̆ : A(ŭk − ŭk−1, v̆) = −τk−1(A1(ŭ
k−1, I1v̆) + AII(ŭ

k−1, v̆)− F1(I1v̆)) ∀v̆ ∈ V̆ ,

τ0 = 1, τk−1 = τ = 2/(β̆1 + β̆2), k ∈ N\ {1} , ∀ŭ0 ∈ V̆1 ⊂ V̆ . (12)

Let us introduce the norm

‖v̆‖V̆ =
√

A(v̆, v̆) .

Theorem 3. [12] There exist the following convergence estimates:

∥

∥ŭk − ŭ
∥

∥

V̆
≤ ε

∥

∥ŭ0 − ŭ
∥

∥

V̆
, k ∈ N,

where

ε = δ1q
k−1, δ1 =

√

‖I1‖
2
V̆
− 1, 0 ≤ q = (β̆2 − β̆1)

/

(β̆1 + β̆2) < 1.

60 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2022, vol. 15, no. 3, pp. 51–66



ОБЗОРНЫЕ СТАТЬИ

2.3. Continued Harmonic Model under Discretization
and Its Numerical Analysis

Let us discretize the continued model when

Π = (0; b1)× (0; b2), Γ1 = {b1} × (0; b2)
⋃

(0; b1)× {b2} ,

Γ2 = {0} × (0; b2)
⋃

(0; b1)× {0} , b1, b2 ∈ (0; +∞).

Let us introduce the grid

(xi; yj) = ((i− 1, 5)h1; (j − 1, 5)h2) ,

h1 = b1/(m− 1, 5), h2 = b2/(n− 1, 5), i = 1, 2..., m, j = 1, 2..., n, m− 2, n− 2 ∈ N.

We consider the grid functions at the grid nodes

vi,j = v(xi; yj) ∈ R, i = 1, 2..., m, j = 1, 2..., n, m− 2, n− 2 ∈ N.

Use completion for the grid functions

Φi,j(x; y) = Ψ1,i(x)Ψ2,j(y), i = 2..., m− 1, j = 2..., n− 1, m− 2, n− 2 ∈ N,

Ψ1,i(x) = [2/i]Ψ(x/h1 − i+ 3, 5) + Ψ(x/h1 − i+ 2, 5),

Ψ2,j(y) = [2/j]Ψ(y/h2 − j + 3, 5) + Ψ(y/h2 − j + 2, 5),

Ψ(z) =

{

z,
2− z,
0,

z ∈ [0; 1],
z ∈ [1; 2],
z /∈ (0; 2).

We define the basis functions to be equal to zero outside the rectangle:

Φi,j(x; y) = 0, (x; y) /∈ Π, i = 2..., m− 1, j = 2..., n− 1, m− 2, n− 2 ∈ N.

Linear combinations of basis functions give a finite-dimensional subspace in the extended
space

Ṽ =

{

ṽ =

m−1
∑

i=2

n−1
∑

j=2

vi,jΦ
i,j(x; y)

}

⊂ V̆ .

Consider the continued model in the matrix form

ū ∈ RN : Bū = f̄ , f̄ ∈ RN , (13)

under the assumption that the projection operator vanishes the coefficients of the basis
functions whose carriers do not belong entirely to the first domain, and the continued
matrix and the continued right-hand side of the system are defined by the equalities

〈Bū, v̄〉 = A1(ũ, I1ṽ) + AII(ũ, ṽ) ∀ũ, ṽ ∈ Ṽ ,
〈

f̄ , v̄
〉

= F1(I1ṽ) ∀ṽ ∈ Ṽ ,

〈

f̄ , v̄
〉

= (f̄ , v̄)h1h2 = f̄ v̄h1h2, v̄ = (v1, v2, ..., vN)
′ ∈ RN , N = (m− 2)(n− 2).

In this case, we enumerate first the coefficients of the basis functions with carriers that
belong entirely to the inside of the first domain. Next, we enumerate the coefficients of
the basis functions with the carriers that cross the boundary of both the first and second
domains. We finish the enumeration with the coefficients of the basis functions with carriers
that belong entirely to the inside of the second domain. Then the vectors have the following
structure

v̄ = (v̄
′

1, v̄
′

2, v̄
′

3)
′, ū = ( ū

′

1, 0̄
′

, 0̄
′

)′, f̄ = (f̄
′

1, 0̄
′

, 0̄
′

)′.
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The matrix has the structure

B =

[

A11 A12 0
0 A02 A23

0 A32 A33

]

.

We define the matrices

〈AIū, v̄〉 = A1(ũ, ṽ), 〈AIIū, v̄〉 = AII(ũ, ṽ) ∀ũ, ṽ ∈ Ṽ .

The matrices have the structure

AI =

[

A11 A12 0
A21 A20 0
0 0 0

]

, AII =

[

0 0 0
0 A02 A23

0 A32 A33

]

.

Define the extended matrix

A = AI +AII =

[

A11 A12 0
A21 A22 A23

0 A32 A33

]

=

[

A11 A12 0
A21 A20 0
0 0 0

]

+

[

0 0 0
0 A02 A23

0 A32 A33

]

.

We introduce the corresponding subspaces

V̄1 =
{

v̄ = (v̄
′

1, v̄
′

2, v̄
′

3)
′ ∈ RN : v̄2 = 0̄, v̄3 = 0̄

}

,

V̄3 =
{

v̄ = (v̄
′

1, v̄
′

2, v̄
′

3)
′ ∈ RN : v̄1 = 0̄, v̄2 = 0̄

}

, V̄0 = V̄1 ⊕ V̄3,

V̄2 =
{

v̄ = (v̄
′

1, v̄
′

2, v̄
′

3)
′ ∈ RN : A11v̄1 +A12v̄2 = 0̄, A32v̄2 +A33v̄3 = 0̄

}

.

There exist decompositions

RN = V̄1 ⊕ V̄2 ⊕ V̄3 = V̄1 ⊕ V̄II, V̄I = V̄1 ⊕ V̄2, V̄II = V̄2 ⊕ V̄3.

Let us present the assumptions about the continuation in the matrix form

∃β1 ∈ (0; +∞), β2 ∈ [β1; +∞) : β1 〈Av̄2, v̄2〉 ≤ 〈AIIv̄2, v̄2〉 ≤ β2 〈Av̄2, v̄2〉 ∀v̄2 ∈ V̄2.

The matrix form of the continued harmonic model is

Bū = f̄ ,

[

A11 A12 0
0 A02 A23

0 A32 A33

][

ū1

0̄
0̄

]

=





f̄1
0̄
0̄



 .

The original problem in the matrix form and the fictitious problem in the matrix form are

A11ū1 = f̄1,

[

A02 A23

A32 A33

] [

ū2

ū3

]

=

[

0̄
0̄

]

,

[

ū2

ū3

]

=

[

0̄
0̄

]

.

When studying the continued harmonic model in the matrix form, we define the
extended matrix in a new way as follows:

C = AI+γAII,

[

C11 C12 0
C21 C22 C23

0 C32 C33

]

=

[

A11 A12 0
A21 A20 0
0 0 0

]

+γ

[

0 0 0
0 A02 A23

0 A32 A33

]

, γ ∈ (0; +∞).

We use the fulfilment of the statements about the continuation of functions in the following
form:

∃γ1 ∈ (0; +∞), γ2 ∈ [γ1; +∞) : γ2
1 〈Cv̄2, Cv̄2〉 ≤ 〈AIIv̄2,AIIv̄2〉 ≤ γ2

2 〈Cv̄2, Cv̄2〉 ∀v̄2 ∈ V̄2,
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∃α ∈ (0; +∞) : 〈AIv̄2,AIv̄2〉 ≤ α2 〈AIIv̄2,AIIv̄2〉 ∀v̄2 ∈ V̄2.

To solve problem (13), as a generalization of the modified method of fictitious
components, we apply the method of iterative extensions [8, 9, 11,12]:

ūk ∈ RN : C(ūk − ūk−1) = −τk−1(Būk−1 − f̄), k ∈ N, (14)

∀ū0 ∈ V̄1, γ > α, τ0 = 1, τk−1 =
〈

r̄k−1, η̄k−1
〉 / 〈

η̄k−1, η̄k−1
〉

, k ∈ N {1} ,

where residuals, corrections, and equivalent residuals are respectively calculated as

r̄k−1 = Būk−1 − f̄ , w̄k−1 = C−1r̄k−1, η̄k−1 = Bw̄k−1, k ∈ N.

Let us define the norm

‖v̄‖C2 =
√

〈C2v̄, v̄〉 ∀v̄ ∈ RN .

Theorem 4. [15] Process (14) has the following estimate:

∥

∥ūk − ū
∥

∥

C2
≤ ε

∥

∥ū0 − ū
∥

∥

C2
, ε = 2(γ2/γ1)(α/γ)

k−1, k ∈ N.

Let us present an algorithmic implementation of the method of iterative extensions
for the biharmonic model. We use the method of minimal residuals to solve problem (13).

I. Set the initial approximation and the iterative parameter

∀ū0 ∈ V̄1, τ0 = 1.

II. Calculate the residual

r̄k−1 = Būk−1 − f̄ , k ∈ N.

III. Calculate the absolute error norm squared

Ek−1 =
〈

r̄k−1, r̄k−1
〉

, k ∈ N.

IV. Find the correction

w̄k−1 : Cw̄k−1 = r̄k−1, k ∈ N.

V. Calculate the equivalent residual

η̄k−1 = Bw̄k−1, k ∈ N {1} .

VI. Calculate the iteration parameter

τk−1 =
〈

r̄k−1, η̄k−1
〉 / 〈

η̄k−1, η̄k−1
〉

, k ∈ N {1} .

VII. Calculate the next approximation

ūk = ūk−1 − τk−1w̄
k−1, k ∈ N.

VIII. Check the iteration stop criterion

Ek−1 ≤ E0E
2, k ∈ N {1} , E ∈ (0; 1).
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Conclusion

The biharmonic and harmonic problems considered as models and systems are similar,
have similar properties and similar methods for their solution. With necessary changes, the
corresponding results for the biharmonic and harmonic models hold for the scalar model.

Acknowledgements. The authors express their gratitude to Alexander Leonidovich
Shestakov as the head of the South Ural State University, which provides ample
opportunities for scientific research in the South Urals.
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АНАЛИЗ БИГАРМОНИЧЕСКИХ И ГАРМОНИЧЕСКИХ МОДЕЛЕЙ
МЕТОДАМИ ИТЕРАЦИОННЫХ РАСШИРЕНИЙ

А.Л. Ушаков1, Е.А. Мельцайкин1

1Южно-Уральский государственный университет, г. Челябинск,
Российская Федерация

В статье приводится описание результатов за последние годы по анализу бигармо-
нических и гармонических моделей методами итерационных расширений. Различные
стационарные физические системы в механике, гидродинамике, теплотехнике моде-
лируются с помощью краевых задач для неоднородных уравнений Софи Жермен и
Пуассона. Используя бигармоническую модель, т.е. краевую задачу для неоднородно-
го уравнения Софи Жермен, описывают прогибание пластин, потоки при течениях
жидкостей. Используя гармоническую модель, т.е. краевую задачу для неоднородного
уравнения Пуассона, описывают прогибания мембран, стационарные распределения
температур у пластин. С помощью разработанных методов итерационных расширений
получаются эффективные алгоритмы решения рассматриваемых задач.

Ключевые слова: бигармонические и гармонические модели; методы итерацион-

ных расширений.
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