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We propose a procedure to determine the strain rate sensitivity index of a superplastic
material from the results of bulge forming of a long thin rectangular membrane under
constant pressure of inertia gas. In contrast to other known procedures, the method
suggested takes into consideration the presence of entry radius in the matrix set used.
The mathematical model of the technological process is developed based on the main
assumptions of the thin shell theory. To validate the procedure suggested the finite element
analysis is fulfilled using the software package ANSYS 10 ED. Experimental approbation
of the method suggested is carried out on the titanium alloys Ti-6Al-4V, a good agreement
is achieved. It is shown that taking into account the influence of the entry radius allows
to improve considerably the accuracy for finite element modelling. We draw the conclusion
that the procedure developed may be recommended for practical usage to determine the
superplastic parameters of thin sheet superplastic materials.

Keywords: superplastic forming; rheological parameters; rectangular matrix; entry

radius; ANSYS.

Introduction

Superplastic forming (SPF) is one of the most promising processes for processing sheet
materials. Due to the effective use of the advantages of superplastic materials, this method
can be used to obtain complex-shaped products of various shapes. The traditional scheme
of the SPF process is the shaping of a sheet blank into a matrix cavity under action of
gas pressure. Superplastic forming makes it possible to obtain hollow products from a flat
or pre-profiled sheet or tubular workpiece due to the action of a small gas-static pressure
[1]. Superplastic forming processes have the following advantages over traditional metal
forming processes: the ability to obtain parts of complex shape in one pass; relatively low
cost of tooling; low capital costs of production equipment [2].

To describe the superplasticity (SP) of materials that deform under optimal SP
conditions, the standard power constitutive relation

σ = Kξm (1)

is used [3], where σ is the flow stress; ξ is the strain rate; K and m are the material
constants.

The adequacy of the mathematical models of technological processes of the
superplasticity depends on the determination of the superplastic parameters of the material
K and m. Traditionally, the method for calculating includes a series of uniaxial tensile
tests for standard specimens at different strain rates [4]. In [5], a method is proposed for
determining the material constants of the SP based on the results of full-scale experiments
consisting of three test formings of hemispheres into a cylindrical matrix. The authors of
[6] assessed the accuracy of the models of the SPF process created using the constants
of the material determined by different methods. It is shown that when determining the
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superplastic parameters of the material K and m from full-scale experiments, agreement
between the simulation results and experiment acceptable for engineering calculations is
achieved. Also, the issues of determining the superplastic parameters of the material K
and m are considered in [7–9].

The aim of this work is to determine the superplastic parameters of titanium alloys
based on the results of forming thin-sheet materials into a rectangular matrix taking into
account the input radius of the matrix at constant pressure.

1. Problem Statement

Deformation of an extended rectangular membrane is often used as a calculation
scheme in the analysis of the processes of superplastic forming of sheet materials into
a rectangular matrix [10–12]. Consider the deformation process of a sheet blank with the
initial thickness s0 into a rectangular matrix with the depth D, the width 2W and the
length L (Fig. 1).

Fig. 1. Scheme of deformation of sheet into a rectangular matrix

The following geometric relations are satisfied:

W + r0 = (R + r0) sinψ, (2)

H = (W + r0) · tg
ψ

2
, (3)

R =
W

sinψ

[

1 +
r0
W

· (1− sinψ)

]

. (4)

The work [13] presents experimental data on the results of forming extended
rectangular membranes from the titanium alloy Ti-6Al-4V. However, the authors of [13]
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do not take into account the entry radius of the matrix while determining the rheological
parameters.

Assume that the initial sheet is thin (s0 ≪W ), the membrane is long enough (W ≪ L),
and the material is incompressible. Assume that there is a sufficiently good lubricant at
the contact of the deformable sheet with the matrix in the zone of the entry radius r0 in
order to accept the condition of free slipping of the sheet along the matrix. In the average
(along the length L of the matrix) section, a plane strain condition is realized, in which
only two components of the strain rate tensor are nonzero: the circumferential ξt and the
normal ξn, and the condition of incompressibility in velocities involves ξt+ ξn = 0, whence
ξt = ξn = −(1/s) · ds/dt, where t is time.

Repeating the reasoning given in the book [12], we draw the conclusion that the middle
surface of the membrane during its deformation is a part of the surface of a circular cylinder
with a certain opening angle 2ψ. In this case, if the edge effect is neglected, we can conclude
that if the thickness of the membrane before deformation is constant, then it remains the
same at all points of the dome and throughout the entire forming process. Considering
this circumstance, the incompressibility condition can be written as

s0 · (W + r0) = s(R + r0)ψ, (5)

whence, taking into account

W + r0 = (R + r0) sinψ, (6)

we arrive at

s = s0

(

sinψ

ψ

)

. (7)

Thus, at any moment of time, the shell thickness is constant along its profile and is
determined by the value of ψ. By virtue of the accepted assumption about the free sliding
of the sheet along the matrix, a similar statement is also true for that part of the shell
that is in contact with the matrix in the zone of the entry radius.

Differentiating with respect to time, we obtain that the expression for the shell
thickness is

ξn =

(

1

s

)

·

(

ds

dt

)

= −

(

1

ψ
− ctgψ

)

·

(

dψ

dt

)

. (8)

Taking into account that each fiber of the length W +r0 in the initial state is stretched
by (R + r0)

ψ

(R+r0)W
times, the circumferential strain rate ξt is equal to

ξt =

(

dψ

dt

)

·
(

1

ψ
− ctgψ

)

. (9)

From incompressibility, ξt + ξn = 0. Therefore,

ξn = −ξt = −
(

dψ

dt

)

·
(

1

ψ
− ctgψ

)

. (10)

The remaining components of the strain rate tensor are equal to zero. The strain rate
intensity ξe is equal to

ξe =

[

2ξijξij
3

]
1

2

=
2ξt√
3
=

(

2
√
3

)(

dψ

dt

)

·

(

1

ψ
− ctgψ

)

, (11)
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where ξij are the components of the strain rate tensor, among which only two components
are nonzero: ξt and ξn. There are the basic equations of the thin shell theory. In this case,
they take the form:

σz
ρz

+
σt
ρt

=
p

s
, (12)

σz =
pρt
2s
. (13)

Then, taking into account that in this case ρz=∞ and

ρt = R =

(

W

sinψ

)

·

[

1 +
( r0
W

)

· (1− sinψ)

]

, (14)

σt =
pR

s
=

pW

s sinψ
·

[

1 +
( r0
W

)

· (1− sinψ)

]

, (15)

σz =
pR

2s
=

pW

2s sinψ
·

[

1 +
( r0
W

)

· (1− sinψ)

]

(16)

or, given

s = s0

(

sinψ

ψ

)

, (17)

σt =
pR

s
=

pW

s sinψ
=
pW

s0
·

ψ

sin2 ψ

[

1 +
( r0
W

)

· (1− sinψ)

]

, (18)

σz =
pR

2s
=

pW

2s sinψ
=
pW

2s0
·

ψ

sin2 ψ

[

1 +
( r0
W

)

· (1− sinψ)

]

. (19)

2. Mathematical Model

Consider the following relations for the strain rate intensity and stress intensity:

ξe =
2
√
3
·
dψ

dt
·
(

1

Ψ
− ctgψ

)

, (20)

σe =

√
3

2
·
pW

s0
·

ψ

sin2 ψ
·

[

1 +
r0
W

· (1− sinψ)

]

. (21)

Substitute relations (20) and (21) into the basic ratio of Backofen model (1):

√
3

2
·
pW

s0
·

ψ

sin2 ψ
·

[

1 +
r0
W

· (1− sinψ)

]

= Kξm =

[

2
√
3
·
dψ

dt
·
(

1

Ψ
− ctgψ

)

]m

. (22)

Rewrite the resulting expression (22) in the following form:

(√
3

2

)n+1

·
(

pW

Ks0

)n

=

(

sin2 ψ

ψ

)n

·

[

1

Ψ
− ctgψ

]

·
1

[

1 +
(

r0
W

)

(1− sinψ)

]n

(

dψ

dt

)

, (23)

where n = 1
m

.
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Consider the deformation mode at a constant gas pressure forming p = p0 = const.
Represent the main differential equation of the geometric model in the form

(√
3

2

)n+1

·

(

pW

Ks0

)n

dt =

(

sin2 ψ

ψ

)n

·

[

1

Ψ
− ctgψ

]

·
1

[

1 +
(

r0
W

)

(1− sinψ)

]ndψ. (24)

Integrating both parts of the equation, we obtain the expression

(√
3

2

)n+1

·
(

pW

Ks0

)n

t = F ′

m(ψ), (25)

where F ′

m(ψ) is a special function of two variables defined by the expression

F ′

m(ψ) =

∫ ψ

0

(

sin2 x

x

)n

·

(

1

x
− ctg x

)

·
1

[

1 +
(

r0
W

)

(1− sinψ)

]ndx. (26)

The prime at F is used to separate function (26) from function (27) corresponding to a
matrix with the entry radius r0 = 0:

Fm(ψ) =

∫ ψ

0

(

sin2 x

x

)n

·

(

1

x
− ctg x

)

dx. (27)

From equation (25), the forming time at constant gas pressure can be calculated by the
formula

t =

(

2
√
3

)n+1

·
(

Ks0
pW

)n

· F ′

m(ψ). (28)

To determine the value of the index of sensitivity to the strain rate m, we use the formula
proposed in the paper [5]:

m =
ln
(

p2
p1

)

ln
(

t1
t2

) . (29)

Obtain the expressions for the second constant K:

Ki =

√
3

2
·
piW

s0

( √
3t

2F ′

m(ψ)

)m

, (30)

where i = 1, 2. The final equation for calculating the parameter K is as follows:

K =
K1 +K2

2
. (31)
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3. Analysis

Consider superplastic forming of an extended rectangular membrane made of Ti-
6Al-4V titanium alloy of the thickness s0 = 1 mm, the width 2W = 30 mm and the
entry radius r0 = 0 mm and r0 = 2 mm into a rectangular matrix at a constant gas
pressure under the temperature T = 900◦C [14], using the rheological parameters K and
m calculated analytically. Deformation of an extended rectangular membrane is modeled
using the ANSYS 10 ED software package, in which the boundary value problem of creep
theory is solved. For r0 = 2 mm, the values of the material constants m = 0,522831 and K
= 964,034 MPa·sm are calculated for the minimum set of initial data at 0,8 and 1,2 MPa.

Therefore, in the ANSYS 10 ED calculations, we assume: C2 = n = 1/m = 1,9127,
C1 = 1/Kn = 6, 5532 · 10−18s−1Pa−n, the values of the elastic constants are chosen as
E = 1, 0 · 1010Pa, ν = 0,35. Fig. 2 shows the finite element mesh at the initial and final
stages of modelling, taking into account the entry radius of the matrix r0 = 2 mm.

Fig. 2. Finite element mesh taking into account the entry radius of the matrix

Analytically, using the minimum set of initial data at gas pressures of 0.8 and 1.2
MPa, for r0 = 0 mm, the following values of the material constants are calculated: m =
0,522831 and K = 948,6 MPa·sm. Therefore, in the calculations we assume that C2 = n =
1/m = 1, 9127, C1 = 1/Kn = 6, 7586 · 10−18s−1Pa−n. To prove the influence of the entry
radius on the accuracy of calculations, we also perform a calculation in ANSYS with a
zero entry radius. Fig. 3 shows the finite element mesh at the initial and final stages of
modelling, without taking into account the entry radius of the matrix r0 = 0 mm.

The results of finite element modelling of superplastic forming into a rectangular matrix
with the entry radius r0 = 0 mm and r0 = 2 mm are compared with the corresponding
experimental data for the Ti-6Al-4V alloy. The results obtained are shown in Table 1 and
Table 2, respectively.

For r0 = 0 mm, the modelling accuracy does not exceed 43%, as shown in Table 1,
however, for r0 = 2 mm, the modelling accuracy does not exceed 15%, as shown in Table
2. Thus, taking into account the entry radius into the rectangular matrix, we improve the
calculation results.
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Fig. 3. Finite element mesh without taking into account the entry radius of the matrix

Table 1

Duration of forming into a rectangular matrix with the entry
radius of 0 mm at constant pressure

Forming time (s) Accuracy of
modelling (%)Pressure (MPa)

Exp.[31] FEM
0.8 1290 737 42,9
1.2 594 359 39,6

Table 2

Duration of forming into a rectangular matrix with the entry
radius of 2 mm at constant pressure

Forming time (s) Accuracy of
modelling (%)Pressure (MPa)

Exp.[31] FEM
0.8 1290 1106 14,3
1.2 594 527 11,3

For graphical representation, it is also necessary to compare the data using graphs
(Figs. 4–7), where solid lines are FEM solutions, dashed lines are analytical solutions.
Time dependencies of the dome height H (Fig. 4) for SPF at constant gas pressure p
(indicated by numbers near the curves) and time dependencies of the stress intensity σ
(MPa) (Fig. 5) are calculated analytically and using the finite element method.
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Fig. 4. Dependence of the height of the dome on time, H (mm)

Fig. 5. Time dependencies of the stress intensity σ (MPa)

Fig. 6. Time dependencies of the thickness, s (mm)
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Fig. 7. Dependencies of the thickness on the height, s (mm)

As follows from a comparison of the dependencies of the height of the dome H
and the thickness of the dome s on time, a satisfactory agreement is achieved between
the dependencies calculated in ANSYS (solid lines) and the dependencies calculated
analytically (dashed lines) SPF at a constant gas pressure p. It was found that the
dependence of the dome thickness s on the dome height H does not depend on the gas
pressure.

Conclusions

The implemented method to determine the superplastic parameters allows to achieve
an acceptable accuracy of finite element modelling in the ANSYS program and may
be recommended for practical use when forming thin-sheet titanium materials into a
rectangular matrix, taking into account the entry radius at a constant gas pressure.

We show the influence of the entry radius into a rectangular matrix, which increases
the accuracy of calculations in the ANSYS software from 42,9% to 14,3% at the pressure
of 0.8 MPa and from 39,6% to 11,3% at the pressure of 1.2 MPa (Table 1 and Table 2).
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МЕТОДИКА РАСЧЕТА СВОЙСТВ СВЕРХПЛАСТИЧНОСТИ
ТИТАНОВЫХ СПЛАВОВ ПО РЕЗУЛЬТАТАМ ТЕСТОВЫХ
ФОРМОВОК В ПРЯМОУГОЛЬНУЮ МАТРИЦУ ПРИ ПОСТОЯННОМ
ДАВЛЕНИИ

Г.Р. Мурзина1, А.Р. Жармухаметова1, В.Р. Ганиева1, Ф.У. Еникеев1

1Уфимский государстенный нефтяной технический университет, г. Уфа,
Российская Федерация

Предложена методика определения индекса скоростной чувствительности сверх-
пластичного материала по результатам формовки длинной тонкой прямоугольной мем-
браны при постоянном давлении инерционного газа. В отличие от других известных
методик предлагаемый метод учитывает наличие входного радиуса в используемом на-
боре матриц. Математическая модель технологического процесса разработана, исходя
из основных положений теории тонких оболочек. Для валидации предлагаемой мето-
дики конечно-элементный анализ выполняется с использованием программного
комплекса ANSYS 10 ED. Экспериментальная апробация предложенного метода про-
водится на титановых сплавах Ti-6Al-4V, достигнуто хорошее согласие. Показано, что
учет влияния входного радиуса позволяет значительно повысить точность конечно-
элементного моделирования. Сделан вывод о том, что разработанную методику мож-
но рекомендовать к практическому использованию для определения сверхпластичных
параметров тонколистовых сверхпластичных материалов.

Ключевые слова: сверхпластическая формовка; реологические параметры; прямо-

угольная матрица; входной радиус; ANSYS.
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