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AN ANALYSIS OF THE AVALOS-TRIGGIANI PROBLEM
FOR THE LINEAR OSKOLKOV SYSTEM OF NON-ZERO ORDER
AND A SYSTEM OF WAVE EQUATIONS
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The Avalos—Triggiani problem for a system of wave equations and a linear Oskolkov
system of non-zero order is investigated. The mathematical model contains a linear Oskolkov
system describing the flow of an incompressible viscoelastic Kelvin—Voigt fluid of non-zero
order, and a wave vector equation corresponding to some structure immersed in the fluid.
Based on the method proposed by the authors of this problem, the existence of a unique
solution to the Avalos—Triggiani problem for the indicated systems is proved.
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Introduction

Let Q be a bounded domain in R", n = 2,3, with sufficiently smooth boundary 0f2.
Let u = col(uy, ua, ..., u,) be a n— dimensional velocity vector n = 2,3, the scalar function
p be a pressure, and the vector w = col(w;.wy, ..., w,) be a vector of displacement of a
body, which occupies the domain €2, and is immersed in a fluid occupying the domain 2.
Therefore, 0 = Q, U Qy, Q. N ﬁf = 0Q); = I'; is the common boundary of €2, and €. Let
us denote the outer boundary of Qf by I'y (see Fig).

Our goal is to investigate the Avalos—Triggiani problem [1,2| for the case when the
fluid in Qf is an incompressible viscoelastic Kelvin—Voigt fluid of the nonzero-order [3].
The considered mathematical model is determined by the system

K
(1 — kV?)uy — pVu — Zﬁlv2wl +Vp=0 V(t,z)e (0,T]xQr=Qr, (1)

=1

0 -
% —u+taw, wmeR., BeER, I=1,K Ytz e, (2
V-u=0, V(t,z) € Qpy, (3)

wy —Vw+w=0 V(taz)e (0,T] x Q= Qp, (4)

with the boundary value conditions

u\rf =0, V(t,z) € (0, 7] xI'y =I'py, (5)

Wl\rf =0, V(t,x) € Ipy, (6)

u = wy, V(t,x) € (0,T] x T's = T'pg, (7)
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ou Ow
5 — 5 = pv V(t, l‘) € FTS (8)

and the initial value condition
(U}(O, ')7 wt(07 ')7 W1(07 ')7 ey WK(07 ')7 U(O, )) - (w07 w1, W10, .- -, WKQ, UO) € H7 (9>

where H = (H'(2,))" x (L*(2))" x Hy X ... X Hg x Hy and H; = (L*(Q,))", 1 =1, K,
He={f€(L*(Q))":V-f=0inQ and [f - l/”rf =0}.

Fig. Physical model

In system (1), the parameters x and p characterize the elastic and viscous properties
of the fluid, respectively, the parameters 3, | = 1, K determine the time of pressure
retardation (delay), v is a unit normal vector. In the case of K = 0,k = 0, problem (1) —
(8) was investigated in [1,2], and for K = 0,k # 0 in [4], [5]. The case of K # 0,k # 0 is
investigated for the first time.

1. Reduction to the Cauchy Problem
Following [1,2], we assume that p(t) satisfies the following elliptic problem:

Ap = in  Qgpy,

B ou ow r
p—g-y—a-y on Ts» (1())
dp

—=Au-v on I'ry.
Then the pressure p can be represented as follows:

ou(t t
ut) |, owlt)
v v I'r
where the Dirichlet map Dy is defined by the relations

p(t) = Dy{( SN (Aut) - )ry,,) i Qs

AhZO n Qf,

_ h=¢g on I,
h = Dy(g) & on

ov
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and the Neumann map Ny is defined by the relations

Ah =0 in Qf,

_ h=0 on T4,
h—Nf(g)<:> oh

@Z‘q on I’y

Then original system (1) — (4), which describes the interaction of the fluid and the

body immersed in the fluid, takes the form

K
(1 — 6V uy — pV3u — Z BV*w, — Giw — Gou=0  V(t,z) € Qry,

=1

8wl
ot

V-u=0,

Wit — VQUJ +w=0 V(t, I') € QTS

with the boundary value conditions

u\rf =0, V(t,z) € Iy,

Wl‘Ff = O, V(t,l') - PTf,

U = Wi, V(t, 33') € FT57

where Bu()
w(t .
Giw = V{DS{(W : V)FTS}} in  Qpy,

ou(t)
0

Gou = =V{DA(——+- V)FTS} + Ne((Au(t) - v)p, )b in Qg

14

— = u+ qywy, aq€eR., p[eR, I[|=1 K

)

(11)

Let us rewrite the problem (11) — (17), in which pressure is excluded, in the form of

an abstract Cauchy problem:

Lo = Mv, v(0) = v, (18)
where the operators L and M are defined by the matrices
I O O O O O
O I O O O O
O O I O O O
-l oo o1 o o |
O O O O I O
O O O O O A,
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@) I O O @) @]
A-T O O O @) O
O 0O om O O 1
M = O O O O I
O O O O ... ag 1
Gl O 61A 62A e BKA vA + G2
Here v = col(w, wy, Wi, W, ..., Wi, u), A.,=1—rkV? [isa unit operator. Its domain

is clear out of the context. We study the problem (18) using the results obtained in [6-9].

Lemma 1. Let k € R, up € R, the operators L and M be linear continuous operators
from G to H (L,M € L(G, H)), then there exists L™' € L(H). Here the space G =
(H2(Q))" x (H*(Q))" % Gy X ... X G X Gy, where G = (H*(Q))", 1 =1, K, Gy is closure
according to the norm of the space (H?(S2))" that is the space of infinitely differentiable
solenoidal functions such that (15) — (17) are fulfilled.

Theorem 1. For any k € R, € Ry and vy € G, there is the unique solution to the
problem (18) v € C*((0,T], G)

In conclusion, we note that we intend to develop our research in the direction indicated
in [10-12].

Acknowledgements. The work was carried out within the framework of solving problems
for the development of the laboratory of Differential Equations and Mathematical Physics
of Yaroslav-the-Wise Novgorod State University. The authors express their gratitude to
Professor G.A. Sviridyuk for his attention to the work and discussion of the results.

References

1. Avalos G., Lasiecka I., Triggiani R. Higher Regularity of a Coupled Parabolic-Hyperbolic
Fluid-Structure Interactive System. Georgian Mathematical Journal, 2008, vol. 15, no. 3,
pp. 403-437. DOI: 10.1515/GMJ.2008.403

2. Avalos G., Triggiani R. Backward Uniqueness of the S.C. Semigroup Arising in Parabolic-
Hyperbolic Fluid-Structure Interaction. Differential FEquations, 2008, vol. 245, no. 3,
pp. 737-761. DOI: 10.1016/j.jde.2007.10.036.

3. Oskolkov A.P. Initial-Boundary Value Problems for Equations of Motion of Kelvin—Voight
Fluids and Oldroyd fluids. Proceedings of the Steklov Institute of Mathematics, 1989, vol. 179,
pp- 137-182.

4. Sviridyuk G.A., Sukacheva T.G. The Avalos—Triggiani Problem for the Linear Oskolkov
System and a System of Wave Equations. Computational Mathematics and Mathematical
Physics, 2022, vol. 62, no. 3, pp. 427-431.

5. Sukacheva T.G., Sviridyuk G.A. The Avalos—Triggiani Problem for the Linear Oskolkov
System and a System of Wave Equaions. II. Journal of Computational and Engineering
Mathematics, 2022, vol. 9, no. 2, pp. 67-72. DOI: 10.14529/jcem220206

6. Oskolkov A.P. Some Nonstationary Linear and Quasilinear Systems Occurring in the
Investigation of the Motion of Viscous Fluids. Journal of Soviet Mathematics, 1978, vol. 10,
pp- 299-335. DOI: 10.1007/BF01566608

96 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2023, vol. 16, no. 4, pp. 93—-98




KPATKIE COOBHIEHI

7. Sviridyuk G.A., Sukacheva T.G. Phase Spaces of a Class of Operator Semilinear Equations
of Sobolev Type. Differential Equations, 1990, vol. 26, no. 2, pp. 188-195.

8. Sviridyuk G.A., Sukacheva T.G. On the Solvability of a Nonstationary Problem Describing
the Dynamics of an Incompressible Viscoelastic Fluid. Mathematical Notes, 1998, vol. 63,
no. 3, pp. 388-395. DOI: 10.1007/BF02317787

9. Kondyukov A.O., Sukacheva T.G. Phase Space of the Initial-Boundary Value Problem for the
Oskolkov System of Nonzero Order. Computational Mathematics and Mathematical Physics,
2015, vol. 55, no. 5, pp. 823-828. DOI: 10.1134/S0965542515050127

10. Vasyuchkova K.V., Manakova N.A., Sviridyuk G.A. Some Mathematical Models with a
Relatively Bounded Operator and Additive "White Noise". Bulletin of the South Ural State
University. Series: Mathematical Modelling, Programming and Computer Software, 2017,
vol. 10, no. 4, pp. 5-14. DOI: 10.14529/mmp170401

11. Sviridyuk G.A., Zamyshlyaeva A.A., Zagrebina S.A. Multipoint Initial-Final Value for one
Class of Sobolev Type Models of Higher Order with Additive "White Noise". Bulletin of the
South Ural State University. Series: Mathematical Modelling, Programming and Computer
Software, 2018, vol. 11, no. 3, pp. 103-117. DOI: 10.14529 /mmp180308

12. Favini A., Zagrebina S.A., Sviridyuk G.A. Multipoint Initial-Final Value Problems for
Dinamical Sobolev-Type Equations in the Space of Noises. Electronic Journal of Differential
FEquations, 2018, vol. 2018, no. 128, pp. 1-10.

Received September 28, 2023

YAK 517.9 DOI: 10.14529 /mmp230407

AHAJIN3 3AJJAYN ABAJIOC — TPUJ2KNAHNI J1JIsl JIMHEMHOI
CUCTEMBbBI OCKOJIKOBA HEHVYJIEBOTI'O IIOPAJIKA I CUCTEMbI
BOJIHOBBLIX YPABHEHUI

T.I. Cyxauesa', A.O. Kondioxos!
"Hosropoickuii rocynaperBeHnblii ynusepeuter M. dpocaasa Mysporo,
r. Benukuit Hosropos, Poccniickast ®eneparius

B pabore uccienosana 3amada Apajioc — TpuIzKuaHu IJjis CUCTEMbI BOJHOBBIX ypaB-
HeHWiT u JuHelHoi cucrembl OCKOJIKOBa HEHYJIEBOrO HOpsijika. Maremarmdeckasi MOIEIb
COJIEPKUT JinHelHY0 cucreMy OCKOJIKOBa, OIMCHIBAIONLYIO TeUYeHNe HECXKUMAEMON BsI3KO-
yupyroi )xujgkoctu Kenbuna — Qoiirra HeHyJIEBOIO MTOPSIIKA, ¥ BOJJTHOBOE BEKTOPHOE YpPaB-
HEHUE, COOTBETCTBYIOIee HEKOTOPOH CTPYKTYpE, MOTPYKEHHON B YKA3aHHYIO KHUJIKOCTb.
Ha ocnoBe MeTosia, MpejioXKeHHOr0 aBTOPaMU 3a/1a491, JOKA3aHa TeOpeMa CyIeCTBOBAHUS
€JIMHCTBEHHOTO peleHns 3aa49u ABasoc — Tpupkuanu jijist yKa3aHHBIX CHCTEM.

Karoueswie caosa: 3adava Asanroc — Tpudoicuanu; Hecocumaemas 8A3K0OYNPY2a.a sHcuo-
Kocmo; aunetnas cucmema Ockonkosa.
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