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In this research article, we apply the generalized projective Riccati equation method to
construct traveling wave solutions of the 3d cubic focusing nonlinear Schrédinger equation
with Woods—Saxon potential. The generalized projective Riccati equation method is a
powerful and effective mathematical tool for obtaining exact solutions of nonlinear partial
differential equations, and it allows us to derive a variety of traveling wave solutions
of the 3d cubic focusing nonlinear Schrédinger equation with Woods—Saxon potential.
These solutions contain periodic wave solutions, bright and dark soliton solutions. The
study of many physical systems, such as Bose—FEinstein condensates and nonlinear optics,
that give rise to the nonlinear Schrédinger equation. We provide a detailed description
of the generalized projective Riccati equation method in the paper, and demonstrate its
usefulness in solving the nonlinear Schrédinger equation with Woods—Saxon potential. We
present various graphical representations of the obtained solutions using MATLAB software,
and analyze their characteristics. Our results provide new insights into the behavior of
the 3d cubic focusing nonlinear Schréodinger equation with Woods—Saxon potential, and
have potential applications in numerous fields of physics, as well as nonlinear optics and
condensed matter physics.

Keywords: 3d cubic focusing nonlinear Schréodinger equation; Woods—Saxon potential;

traveling wave solution; generalized projective Riccati equation method (GPREM).

Introduction

The development of the wave function of a quantum particle in a nonlinear system is
represented by the nonlinear Schrodinger equation which is a partial differential equation.
Important applications of the nonlinear Schrodinger equation with a potential term are
observed in many branches of physics, including as condensed matter physics, nonlinear
optics, and plasma physics. It is specifically used to explain the dynamics of Bose-
Einstein condensates, which are extremely cold atom gas combinations that can display
remarkable nonlinear behaviours. The relationship between the particle and its surrounding
environment is described by the potential term in the nonlinear Schrédinger equation. The
physical system under examination will determine which potential to use. For instance,
harmonic potentials are frequently utilized in solid-state physics, while Coulomb potentials
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are frequently used in the study of atomic and molecular systems. In quantum mechanics,
there are various types of potentials, including: Eckart potential [1-3|, improved Rosen—
Morse potential [4-6], Poschl-Teller potential |7, 8|, Coulomb potential [9], Hulthen
potential [10], degenerate potential [11,12], competing potential functions [13] and PT-
symmetric potentials [14-18]. Several other related studies can be seen in [19,20].

A partial differential equation that describes the behaviour of wave packets in nonlinear
media with a spatially changing refractive index is the 3d cubic focusing nonlinear
Schrédinger equation with Woods—Saxon potential. It is a particular form of the nonlinear
Schrédinger equation, which is a fundamental equation in many other physics domains,
including nonlinear optics. The Woods—Saxon potential is a core potential with a “diffuse”
tail region at very large distances and a “pocket” space in the center. It is frequently used
to represent the movement of waves in nonlinear media and to describe the movement of
particles in atomic nuclei. The Woods—Saxon potential affects the dispersion relation of
the waves in the structure of the 3d cubic focusing nonlinear Schrodinger equation, main
effects including wave guiding, self-focusing, and beam shaping.

We can write the equation as follows:

i¢t + A¢ - P(ZL‘,y, 2)¢+ ‘¢‘2¢ =0,

where ¢(z,vy, z,t) is the complex-valued wave function, and P(z,y, z) is the Woods—Saxon
potential with the following form [21]

Py

Pley:2) = Tty

where Py and « are arbitrary constants that define the shape and strength of the potential.

The generalized projective Riccati equation method (GPREM) [22, 23] is a
mathematical method is used for determining exact solutions of nonlinear ordinary
differential equations. It is a development of the traditional Riccati equation method,
a widely used technique for evaluating nonlinear ordinary differential equations. The
generalized projective Riccati equation method involves converting a given nonlinear
ordinary differential equation into a particular type of second-order ordinary differential
equation known as the generalized Riccati equation. Numerous nonlinear ordinary
differential equations have been successfully solved using the generalized projective Riccati
equation method in a wide range of science and engineering disciplines, including control
theory, fluid dynamics, mathematical physics, and mathematical biology. For problems
involving dynamical systems with singularities or boundary conditions, it has been found
to be particularly beneficial.

The article is organized as follows: Section 1, describes algorithm of the generalized
projective Riccati equation method. Section 2 provides the application of generalized
projective Riccati equation method to the 3d cubic focusing nonlinear Schrodinger
equation. Section 3 gives various kinds of graphical representation to aid visualize the
results of the study. The physical interpretation of the results and the conclusion are
presented in Section 4, which highlights the major conclusions, points out the study’s
merits and demerits, and suggests potential areas for future research.
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1. Algorithm of Generalized Projective Riccati Equation Method

In this section, we discuss the methodology of generalized projective Riccati equation
method. Consider the nonlinear partial differential equations (NLPDESs) of the following
form:

Q(¢7 ¢t7¢x7¢tya¢tmza"') = 07 (1>

where ¢(z,y,2,t) is a unknown function, @ is a polynomial in ¢ = ¢(x,y, z,t). The
following are the basic steps of the generalized projective Riccati equation method:
Step 1. Consider a traveling wave solution with the transformation shown below:

o =), ( =x+y+z—t, (2)

where v is wave speed.
Step 2. Substituting Eq. (2) into Eq. (1), we obtain the following nonlinear ordinary
differential equation (NLODE)

Q((b’(I)l’CI)N’(I)m’H~):O. (3)

Step 3. Calculating the positive integer N by balancing the nonlinear term and highest
order derivatives in Eq. (3).

Step 4. The formal solutions of Eq. (3) are given below:

Type 1: If G # 0, then

Q) = Ao+ D NTHOMANC) + BinlQ)), (4)

where the constant coefficients A;, B; (0 < ¢ < N). The functions A(¢) and u(() satisfy
the ordinary differential equations.

N(Q) = eA(Qu)],

NI(C) = G+€M2(C) _T)‘(C>7 €= =£l, (5)
such that
-1

20 = —c [G—wm 2. (©)

where (G and 7 are arbitrary constants.
Type 2: If G =7 =0, then

Q) = D Aw'(Q), (7)
where 1(() satisfies the ODE
K = 1) (8)

Step 5.
(1) when G # 0, substituting Eq. (4) into Eq. (3);
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(2) when G = 7 = 0, substituting Eq. (7) into Eq. (3);

obtain set of system of equations for Mpui, j = 0,1,2,---, i =0, 1. The coefficients of My’
terms, can be set to zero and yield a determined collection of system of equations in the
variables 7, A;, B; and G.

Step 6. The values of A;, B; and G are obtained by using Maple to solve system of
algebraic equations.

Step 7. We know the existence of the following solutions that Eq. (5) uses:

Familay 1: If e = —1,G # 0,

_ G sech(vVG() _ VG tanh(v/G()
Tsech(vVGC) + 1’ & 7 sech(vVG¢) + 17

G csch(vVGO) VG coth(VG()

N Tesch(VGO) + 17 = Tesch(VGO) + 1 (10)
Familay 2: If e =1,G # 0,
= G sec(v/GCQ) _ VG tan(vGQ) (1)
’ Tsec(vVGC) + 17 e rsec(VGC) +17
_ G cse(vVGQ) _ VG cot(vGC) (12)
Tese(VGO) + 17 i Tese(VGE) + 10
Familay 3: If G =7 =0,
_Q -1
A5_ Ca M3_€C7 (1?))

where Q) is a real constant.

2. Application of Generalized Projective Riccati Equation Method

Consider (1 + 1) dimensional 3d cubic focusing nonlinear Schrédinger equation:

i¢y =0 — P(z,y,2) ¢ + 9]’ =0, (14)

where ¢(z,y, z,t) is a complex wave function. Consider the following wave transformation
for traveling wave solutions

o(z,y,2,t) = @(C)ei‘s, (=x+y+z—clr,y,2)t, 06=—Krr+wt+0, (15)

where ®(() is the amplitude component and €? is the phase component of the solitary
wave solution, and z,y and z is the spatial variables, ¢ is the temporal variable, ¢(z,y, z)
is real function. Furthermore k, w, and 6 represent soliton frequency, wave number, and
phase constant respectively.
Substituting Eq. (15) into Eq. (14), the following constraint condition [24] for the
imaginary part is given by:
c(z,y,z) = —6K, (16)
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and for the real part, we have:
=3,0"(Q) + (w+ 35 + P(x,y,2)), 2(¢) — 2*(¢) = 0. (17)

Balancing the highest order derivative ®"(¢) along with nonlinear term @ (¢) in Eq. (16),
we obtain N = 1. Hence formal solution of Eq. (16) is

(I)(C> = AO(xa Y, Z) + Al(xa Y, Z) )‘(C) + Bl(xa Y, Z) IU(C>7 (18)

where Ag(x,y, 2), Ai(x,y, z) and By(x,y, z) are functions and \(¢) and pu(¢) satisfies the
ODE of Eq. (5) and (6).

Eq. (18) through 5 and 6 are substituted into Eq. (17) using Maple to produce a set
of mathematical equations for M (¢) u*(¢) (j = 0,1,...,i = 0,1). The coefficients of M i’
terms, can be set to zero and yield a determined collection of mathematical equations in
the variables Ao(z,y, 2), A1(x,y, 2), Bi(z,y, 2), and G.

(3G A3 (z,y,2)Bi(2,y,2) + 62 By (2, y,2) — eBi(z,y,2)—
—6€3By(z,y,2) + e Bi(z,y,2) =0,

3erGBy(x,y, z) — 6GAg(x,y, 2)A1(x,y, 2) By (z,y, 2)—
—2e7G B} (1,1, 2) — 637G By (2,y,2) = 0,

k*GBi(z,y,z) + GP(x,y,2)Bi(z,y, z) + €G*B3(z,y, 2)+
+GwB(1,y,2) — 3GA:(z,y,2)Bi(x,y,2) =0,

—GA3(z,y, 2) — 3eA1(x,y, 2) Bi(z,y, 2) + 6672 A (2, y, 2)—
—6e3 Ay (x,y, 2) + 3et? Ay (z,y, 2) Bi(z,y,2) = 0,

3et?Ao(z,y, 2) Bi(z,y, 2) + 3eTG A (z,y, 2)—

—6eTG A (z,y, 2)B¥(x,y, 2) — 3eAo(z,y, 2) Bz, y, 2)—
—12637G A (1, y, 2) — 3GAy(z,y, 2)A2(z,y,2) = 0,
—6eTGAg(n,y, 2)Bi(x,y, 2) — 3eG? Ay (x,y, 2) + wGA (2, y, 2)+
+GP(x,y,2)Ai(z,y,2) + 662G* Ay (2, y, 2)+

+3eG? A (x,y, 2)B¥(x,y, 2) — 3GA3(x,y, 2) Ay (2, y, 2) + 3k*G Ay (z,y,2) = 0,
wWGAy(z,y,2) + 3k2°GAo(2,y, 2) + 3eG* Ag(x,y, 2) B (x,y, 2)—
~GA}(x,y, 2) + GP(z,y,2)Ao(x,y, 2) = 0.

(19)

\

The following solutions of the system are obtained with the help of Maple software
Case 1

w+4l€2+P(ac,y,z)+25G(1—262)
AO .ﬁl? Y, &2 :l: \/w+p Ty, Al .CI? Y, %) = 6G\/w+P(x,y,z) )
Bi(x,y,2) i/%”HWH”mT:LG:G

Case 2
,z) =0,
6e4(1—72)(—14+2¢2
’ ) N \/ PEx,y,z))j-w+—;,€2)7 Bl(xa Y, Z) = 07 (21>
_ 1 Pxy.2)+w+3s?
37 (=112

{ony, =41 \/w+P3:y, , A(x,y,2) =0,

By(ovy,2) = 44,/ Pegi

72 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2024, vol. 17, no. 2, pp. 68—82

Ao(z,y
Ai(z,y

Q

Case 3

(22)




I[TPOI'PAMMIPOBAHNE

Plugging 20, 21, and 22 along with Eq. (18) into Eq. (17) and then Eq. (15) for solitary
wave solutions:

Case 1: If e=—1,G # 0,

le,l(m? Y, z, t) -
:|:l P + w+4l-£2+P(x,y,z)+2eG(l—2 52)
w + (xayaz) 6G\/w+P(xyZ) (23)
y G SeCh(\/_C \/ (w+4n2+P (2,y,2) \/_tanh(\/_g) :| el
Tsech(v/GC) + 1 msech(vGC) + 1 7
G12(2,y, 2,t) =
1 w+4l-£2+P(x,y,z)+2eG(l—2 52)
+1/w+ Plz,y,2) + YN e (24)
GCSCh(@C) 1 —(w+4K2+P(z,y,2)) \/@COth(\/@C) :| i)
X + 2 eG €
Tesch(vVGE) + 1 Tesch(VGE) + 1

where ( =x +y+ 2z —c(z,y,2)t and § = —kz +wt + 6.

Ife=1,G#0,

¢1,3($7 Y, z, t) =

w 452+P(x,y,z)+25G(1—252)
+1 ot Pla,y,2) £ X
2 ( Y ) 6G\/w+P(xyz) (25)

><< G sec(vV/GC) )i— (A2 P2 (ftan(f())}e

Tsec(vVGC) + 1 €@ 7sec(vVGC) + 1

¢174($, Y, z, t) =

w 52 X z € — 52
j:% w+ P(z,y,2) £ AR P(2) 26 G(1-2€2)

6G \/wtP(z,y,2)
% < GCSC(\/@C) ) 41 \/—(w+4/€2+P(ac,y,z)) ( \/@COt(\/@C) >:|ei67
Tese(VGE) + 1

2 @ Tese(vVGCO) + 1
where ( =x +y+ 2z —c(z,y,2)t and § = —kz +wt + 0.

Case 2: If e=—1,G # 0,

¢21(Z' y. t) :l:\/664 1—7’2 1+2€2) ( GSGCh(\/@C) >-6M (26)

P(z,y,2) +w+ 3% \ 7sech(v/G() + 1
6et(1 — 72)(—1 + 2¢€?) ( G csch(v/GQ) ) i

¢2,2 (33', Y, z, t) + e, (27)

P(x,y,2) +w+3k* \ 1Tesch(vVGC) + 1

1P 3K?
Wherec_l-_}_y_i_z_c(xy’ ’ :—/{x—i—wt—l—gandG__g (xzzll)j:;‘;;})_ K
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Ife=1,G #0,

B 6et(1 — 72)(—1 + 2¢2) G sec(vVGQ) is
9279, 2,t) = li\/ P(z,y,z) +w + 3K? (7’ sec(vVGC) + 1)} < (28)

B 6e4(1 — 72)(—=1 +2¢2) [ G ese(vVGO) s
2.4y, 2,1) = {i\/ P(z,y,2) +w + 3K2 (T csc(vVGQ) + 1)} © (29)

1P 3K2
where ( =x +y+ 2z —c(z,y,2)t, 0 = —kr +wt + 60 and G = —— (,9,2) +w+ 3k

3 e(—1+ 2¢?)
Case 3: If e=—1,G # 0,

$31(2,y,2,1) =
_ l% TTETD) i%\/_w+P(x,egz)+4ﬁ2 (Tﬁﬁ?%\c/)@f)lﬂeg (30)
P3a(r,y, 2,t) =
_ {i% Wt P(r,y,2) £ %\/_W + P(x;léZ) +4x? <Ti§£?%\c/)§ﬂ>]ed (31)
where ( =z +y+ 2z — c(z,y,2)t and § = —kx + wt + 0.
Ife=1,G #0,
$33(2,y,2,1) =
- [i% w+ Pz,y,2) + %\/_WjLP(x’e?gz) + 4k <T§E%\C/§f)1>}€i5, (32)
P3a(,y, 2,t) =
_ {i% TPy 4 4 e (@(;%@31)] g (33)

where ( =z +y+ 2z — c(z,y,2)t and § = —kx + wt + 0.

3. The Graphical Representation

In this Section, we presented 3D and contour representations that demonstrate
the effects of Woods-Saxon potential on the solutions of 3d cubic focusing nonlinear
Schrodinger equation.
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16, GO0

Fig. 1. 3-D and contour graphs of 23 for values of G = 500, 7 = 10, a = 10, Py, = 15,
k=019, w=1,0=1

16, G001
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08
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0 05 1 15 2 25 3
t

Fig. 2. 3-D and contour graphs of 24 for values of G = 50, 7 = 60, « = 0,1, F, = 10,
k= 0,00001, w=0,01,0 =1

Fig. 3. 3-D and contour graphs of 25 for values of G = 10, 7 = 10, a = 0,1, Py, = 0,01,
k=0,01, w=0,01,0=1
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Fig. 4. 3-D and contour graphs of 26 for values of G = 100, 7 = 10, a = 0,001, F, = 10,
k= 0,009, w = 0,0001, & = 0,001

Fig. 5. 3-D and contour graphs of 26 for values of 7 = 15, « = 10, Py = 2,5, k = 0, 45,
w=10=1

160, (%01

Fig. 6. 3-D and contour graphs of 27 for values of 7 = 150, o = 10, Py = 10, k = 0, 59,
w=>560=5
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Fig. 7. 3-D and contour graphs of 28 for values of 7 = 0,1, a =1, F, = 1, kK = 0,01,
w=0,01,0=1

Fig. 8. 3-D and contour graphs of 29 for values of 7 = 0,3, a =1, Py = 0,01, x = 0,0009,
w=0,001,0=1

Fig. 9. 3-D and contour graphs of 30 for values of G = 50, 7 = 2, a = 10, F, = 0,1,
k=0,001,w=50=0,1
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Fig. 10. 3-D and contour graphs of 31 for values of G = 1, 7 = 100, « = 0,1, Py = 0,1,
k=20,01, w=0,01,0=0,01

3

L
0 1 2 3 4 5 [}
t

Fig. 11. 3-D and contour graphs of 32 for values of G = 0,0001, 7 =0,1, a =2, Py =1,
k=0,01, w=0,001,6=0,1

"

1 2 3 4 5
t

Fig. 12. 3-D and contour graphs of 33 for values of G =1, 7 =1, a =1, By = 0,0001,
k=3, w=0,001,6=0,001

4. Physical Interpretation and Conclusion

The 3D and contour plots that are presented in the graphical representation section
are used to visually represent the shape of the wave function and to showcase the physical
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behavior of the solutions that are obtained. We discuss here the interpretation of these plots
and their importance in understanding the characteristics of the solutions. Both the 3D plot
and contour plot of the complex wave function are useful tools for visualizing the behavior
of the wave function and can provide insights into the dynamics of the system. They can
be used to identify the presence of solitons, nonlinear effects, and other interesting features
of the wave function. The Figs. 10 display singular solitary wave solutions, and Figs. 2, 6
display combination of singular solitary wave solutions. Similarly, the Figs. 11, 12 display
periodic wave solutions, and the Figs. 3, 4, 7, 8 display combination of periodic wave
solutions. Furthermore, the figures 9 display bright solitary wave solution, and figures 1,
5 display combination of bright-dark solitary wave solution.

In this study, the traveling wave solutions of the 3d cubic focusing nonlinear
Schrodinger equation with Woods—Saxon potential have been obtained successfully using
the generalized projective Riccati equation method. In this study, we investigate bright
and dark solitary wave, periodic wave, and other forms of exact solutions. The results
we obtained that the generalized projective Riccati equation method is an excellent
mathematical tool for finding exact solutions to nonlinear differential equations, such as
the 3d cubic focusing nonlinear Schrodinger equation with Woods—Saxon potential. The
determined solutions reveal important perception into the dynamics of wave propagation
in nonlinear media with complex potentials and may find application in a number of
physics and engineering disciplines. Our findings contribute to a deeper understanding of
the behavior of the 3d cubic focusing nonlinear Schrodinger equation with Woods—Saxon
potential and shed light on the nonlinear dynamics of wave propagation in physical systems
with different potentials. The obtained solutions and their properties may find applications
in various areas, such as in the design and optimization of nonlinear optical devices,
quantum information processing, and quantum computing. The generalized projective
Riccati equation method can be extended to other nonlinear equations in mathematical
physics, and its applications can be further explored in future research.
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DOPEKTHI COJINTAPHON BOJIHBI IIOTEHIINAJIA BY/ICA —
CAKCOHA B YPABHEHUU IIPEJIVHTEPA C 3D KYBUYECKO
HEJIMHENMHOCTbLIO

Mycmaga Unx', Myxrammad Cadacud Uxbar’?, Aau Xacan Aau*>0,
3yxra Mansyp’, Pappa Awpad’

YVuusepcurer @upart, Daswir, Typrus

2Vuusepcanbnblil Komtemx Opukce ¢ JIusepmyabckuM yausepcuTeroM zkona Mypca,
Hoxa, Karap

SHanmonaabpHBIH yHEBEpCHTeT HayK U Texnosornii, Mcramaba, [lakncran
4Vrusepcurer Bacpsl, Bacpa, Upak

SYuusepcurerckuii Kosne ik Anb-Mmam, Bamas, Mpak

SVuusepcurer Ann-Aiten, Iu-Kap, Upak

"Vausepcuter Jlaxopa, Ilenmka6, Ilakucran

B sToit ucciemoBaTebekoil cTaThe MBI TPUMEHSIEM MeTOJ1, 0000IEHHOTO ITPOEKTUBHOTO
ypaBuenus Pukkaru fjis mocrpoenust permenuii 6eryimeit Bosabl 3D kybudueckoro dhokycupy-
orero HesimHeitHoro ypasuenus 1Ipéuarepa ¢ morennuasom Byca — Cakcona. O60061eH-
HBII IPOEKTUBHLIN MeTo PuKKaTn siBiisieTcss MOIIHBIM U 3D @PEKTUBHBIM MATEMATHIECKAM
MHCTPYMEHTOM JIJIsI TI0JIy Y€HUsI TOYHBIX PElleHUil HeJIMHeHbIX yPABHEHN B 9aCTHBIX IIPO-
U3BOIHBIX U IO3BOJISET IIOJIyIUTh MHOYKECTBO DeIleHuil OeryIeil BOJHBI TPEXMEPHOI'O Ky-
6mdaeckoro (hOKyCUpPYOIIero HejtnHeitHoro ypasaenns [Ipéaunarepa ¢ morernuaasom Byca —
CakcoHa. DTH peIleHns] COIAEeP:KAT [TEPUOINIECKIE BOJHOBbBIE DEIeHs, CBETJIbIE U TEMHbIE
cosinToHHBIE pertenusi. VlccsemoBanne MHOIuX (DU3UIECKUX CUCTEM, TAKAX KAK KOHJIEHCATHI
Boze — DiiHmrreiina u cucTreM HEJUHENHONW ONTHKM, IPUBOJAT K HEJIUHEHHOMY ypaBHe-

nuio [IIpemumnrepa. B crarbe maerca mompobHoe ommcanne OOOOIEHHOTO TPOEKTUBHOTO

Bectauk FOVYpI'Y. Cepusa <Maremarndeckoe MOAeJIMPOBAHUE 81
u nporpammupoBanues> (Becruuk FOYpI'Y MMII). 2024. T. 17, Ne 2. C. 68—82



Mustafa Inc, Muhammad Sajid Igbal, Ali Hasan Ali et al

Merona PUKKATH U 1eMOHCTPUPYETCs €ro IMOJIE3HOCTD B PEIeHNe HEJIUHEHHOrO yPABHEHUS
[Ipémuarepa ¢ morernuajgom Bymaca — Cakcona. B crarhe mpejcraBiieHbl pa3jindHble I'Pa-
dbudeckre TpeaCTaBIeHNS Oy I€HHBIX PEIIeHN ¢ TOMOIMIIHIO IPOrPAMMHOIO 0DeCIIe IeHus
MATLAB u npoaHa/Jiu3upoBaHbl UX XapaKTePUCTUKU. [Ipe/icTaBeHHbIe Pe3yJIbTaThl JAl0T
HOBOE IIPEJICTABJIEHUE O HOBEJIEHUHN TPEXMEPHOI'0 KyOHIeCcKOro (hoKyCHpYIOIIEro HeJnHe-
noro ypasaenust [lIpeaunrepa ¢ norennuasom Byica — CakcoHa u UMEIOT TOTEHIIUAIBHBIE
[IPUJIOZKEHUS BO MHOTHX 00/IaCTsAX (DU3NKU, & TAKXKe B HEJIMHEHHON onTuke n (hU3NKe KOH-
JIEHCHPOBAHHOT'O COCTOSHUS.

Karoueswie crosa: 3D kybuueckoe doxycupyrousee neaunetinoe ypasruenue IIpéduneepa;
nomenyuan Bydca — Cakcona; pewenue beeywets 80arvl; mMemod 0606uwenn020 npoexmue-

Ho20 ypasnenua Puxkamu (GPREM).
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