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We consider the limiting description of control in a Gaussian one-armed bandit problem,
which is a mathematical model for optimizing batch processing of big data in the presence
of two alternative methods with known efficiency of the first method. We establish that this
description is given by a second-order partial differential equation in which the variance of
one-step income is known. This means that in the case of big data, the variance can be
arbitrarily accurate estimated at a short initial stage of processing, and then the obtained
estimate is used by the control strategy.
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Introduction

The article continues the work [1], which provides an overview of other approaches
to the problem and a bibliography; we note here [2,3]. Let’s briefly describe the results
of [1]. The problem of optimizing batch processing of big data is considered in the presence
of two alternative processing methods with different efficiencies and the efficiency of the
first method is known. Processing of each data unit is accompanied by income equal to
one in the case of successful processing and zero otherwise. It is required to organize the
processing in such a way as to maximize the mathematical expectation of the total number
of successfully processed data (total income). Batch processing means that data is divided
into batches, the same processing methods (hereinafter referred to as actions) are applied
to all data in each batch, and the cumulative incomes in the batches are used for control. If
the batch sizes are large enough, then by virtue of the central limit theorem, the incomes
in them have approximately normal (Gaussian) distributions. Therefore, mathematically
this problem is described as the problem of a Gaussian one-armed bandit, i.e., a two-armed
bandit with known income characteristics for choosing the first action.

Formally, a Gaussian one-armed bandit is a controlled random process &,, n =
1,2,..., N, which values are interpreted as incomes, depend only on the current chosen
actions y,, of which there are two (y, € {1,2}), and have normal distributions. In
the case of choosing the second action, one-step income has the distribution density
fp(zim) = (QWD)1/2 exp (—(z — m)2/(2D))> where m = E(§u|yn = 2), D = D(&u|yn = 2)
are the mathematical expectation and the variance of one-step income. In the case of
choosing the first action, mathematical expectation m; is assumed to be known and,
without loss of generality, m; = 0 (otherwise, one can consider the process &, — my). The
value of the variance Dy = D(§,|y, = 1) is insignificant because it does not affect the
goal of the control. So, one-armed bandit is described by the parameter § = (m, D), which
value is assumed to be unknown. At the same time, the set of admissible parameters ©
is known and has the form © = {(m, D) : |m| < C, D < D < D}, where 0 < C' < oo,
0<D<D < .
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A control strategy o determines the choice of an action y, 1 to process the batch with
the number n+1 depending on the current values of cumulative income X and s?-statistics
S for choosing the second action, which are sufficient statistics. Statistics based on the
results of data processing by the first method are not used because the corresponding
distribution is known. To state the goal of the control, let’s define a regret

N
Ly(0,0) = Nmax(0,m) —E,, <Z §n> ,
n=1

which characterizes the mathematical expectation of loss of total income due to incomplete
information. Here E, g is the sign of the mathematical expectation with respect to the
measure generated by the strategy ¢ and the parameter 6. An important feature of batch
processing is that it virtually does not lead to an increase in the maximum regret value if
the amount of data being processed and the batch sizes are large enough [1,4].

Let’s assign a prior distribution density A(#) = A(m, D) on the set © and define a
Bayesian risk

RE(V) = inf / L (o, 0)\(0)d0, (1)
(C]

the corresponding optimal strategy o® is called a Bayesian strategy.

In [1], recursive integro-difference equations were obtained to describe optimal control.
In this paper, we obtain a limiting description of the control by a second-order partial
differential equation. It turned out that in this equation the normalized value of s-statistics
plays the role of a constant parameter and the equation itself is equivalent to a differential
equation that can be obtained in the case of a priori known variance. This means that,
when processing big data, the variance of one-step income can be arbitrarily accurate
estimated at a short initial stage, and then the obtained estimate is used for control. For
comparison, we indicate the articles [5,6] in which limiting descriptions of the control by
differential equations are also obtained and which also do not contain dependence on the
estimate of variance.

The rest of the article is as follows. In section 1, recursive equations for calculating
Bayesian risk are obtained, which are equivalent to those obtained in [1] but more
convenient for performing the passing to the limit. In section 2, a limiting description
of the recursive equation is given by a second-order partial differential equation if the
number of batches grows infinitely. Section 3 contains the conclusion.

1. Recursive Equations for Finding Bayesian Risk

Consider batch processing. Let the total number of data be N = MK, where M is
the batch size and K is the number of batches. The same action is applied to all the data
in the batch, resulting in income x; = Zﬁf(k_l)MH &,. In the case of the second action,
the mathematical expectation and the variance of income in the batch are equal to Mm
and M D. The mathematical expectation of income for the application of the first action
is still zero.

We will use the following intuitively clear property of the optimal strategy which was

first established in [7] and has already been used in [1]. Since the application of the first
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action does not provide additional information (the corresponding distribution is known),
then being selected once, it will be applied until the end of the control. Thus, the second
action is always applied at the initial stage. We will assume that the duration of the initial
stage is at least kg > 2. Note that if ky < K then the corresponding Bayesian strategy is
almost optimal.

Let the second action be applied to £ > ky batches. We calculate the values

k k
X:in, S:Zx?—X2/k‘,
i=1 i=1

which in this case are sufficient statistics and characterize the current cumulative income
and s?-statistics for the application of the second action. Let’s find how to update X and
S. Assume that k > kg and let 23,1 = Y be a new income. Then X,,.,, = Ziﬁf r;=X+Y,

Snew = (X45 02) = X2, /(1) = (Sh, 22) +Y2 = (X 1Y/ (k1) = S+ AX K Y),

where

X — kY)?
A Y) = X2k + Y2 — (X + V)2 (k +1) = S —F) 2
(X5 Y) = Xk Y7 = (X + Y)Y/ (k1) = = (2)
Thus, X, S are updated according to formulas

X+ X+Y, S+ S+AXkY), (3)

where A(X,k,Y) is determined in (2). Given a prior distribution density A(m.D), let’s
-1

describe the posterior one. Denote by xi(z) = <2§F(k/2)) z5'e~%, k > 1, the chi-

squared distribution density with k& degrees of freedom and consider the functions

ferrp (X|EMm) = (2rkMD)~Y/2 exp (—(X — kMm)?/(2kMD)), n
Y1 (MD)™18) = (MD)~ i, (MD)715).

Note that defined above cumulative income X and s?-statistics S after processing k batches
have exactly the distribution densities described by (4). Since X and S are independent
random variables, the posterior distribution density is

Foren (X|EMm) d_y (MD)=18) \(m.D)
P(X, S, k)

with  P(X, S, k) = ,/ frrnep (X |kMm) ¢p_y (MD)~'S) M(m.D)dmdD,

A(m, D|X, S, k) =

if £ > ky. However, recursive equation is simpler if the posterior distribution is defined in
the following equivalent way. Denote

F(X, S, klm, D) = D2 frpp(X|kMm)_, (S/(MD)), (5)
with

fo (2m) = exp (—(x — ”J D)),
U1 (s) = (k/(4m)) 2 (s/k) 7 exp (—(s — k)/2).
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Clearly, for k > kg the posterior distribution density is
F(X, S, klm, D)\(m, D)

’

P(X, S, k) (7)

with  P(X, S, kz)://f‘(X, S, klm, D)X(m, D)dmdD.
S)

A(m, D|X, S, k) =

Let RB(X, S, k) denote a Bayesian risk on the remaining control horizon k+1,. .., K,
computed with respect to the posterior distribution A\(m, D|X, S, k), i.e., RB(X,S, k) =
RE _,(M(m, D|X, S, k)). Denote m* = max(m,0), m~ = max(—m, 0). Taking into account
mentioned above property of the optimal strategy, a standard recursive equation for
computing Bayesian risk is

R®(X, 8, k) = min (R{'(X, S, k), By (X, S, k)) , (8)
where RP (X, S, k) = RP(X,S,k) =0if k = K, and

RP(X, S, k) = (K — k) / Mm™*A(m, D|X, S, k)dmdD,

RB(X,S. k) = f/k(myDW S, k) (9)
S)

x | Mm™ + /RB(X +Y,S+AX, kYY), k+ 1) fup(Y|Mm)dY | dndD,
if ko <k < K —1. In the second equation (9), we used (2) — (3). Here R (X, S, k) is equal
to the loss of cumulative expected income at the remaining control horizon k+ 1, ..., K if
at first the /th action was chosen and then the control was optimally performed. Bayesian
strategy prescribes, when processing the batch with the number k£ + 1, to choose an action
corresponding to the smaller of the current values RP (X, S, k), RZ(X, S, k). In the case of

a draw, the choice can be arbitrary. Once the first action is chosen, it will be used until
the end of the control. Bayesian risk (1) is

RE(N) = ko / /@ Mm=X(m, D)dmdD + 7 7 RB(X, 8, ko) P(X, S, ko)dXdS.  (10)

0 —o0

Let’s present another form of (8) — (10) which is more convenient for computations.
We put Ry(X, S, k) = RE(X, S, k)x P(X,S,k), £ = 1,2, where P(X, S, k) is defined in (7).

Theorem 1. To determine the Bayesian risk, one should solve the recursive equation

R(X, S, k) = min (Ri(X, S, k), R2(X, S, k), (11)
where Ry (X, S, k) = Ro(X,S,k) =0 if k = K and then
Ri(X, S, k) = M(K — k)G1(X, S, k), (12)
Ro(X, S, k) = MGo(X, S, k) + / RX+Y,S+AX,kY), k+1)H(X, S, k Y)dY,
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if ko <k <K —1. Here A(X,k,Y) is given by (2),

Gi(X, S, k) = // mF(X, S, k|m, D)X\(m, D)dmdD,
5 (13)
Go(X, S k) = //am_F(X, S, k|m, D)A(m, D)dmdD,
(S

where F(X, S, k|m, D) is given by (5) and

ENY2 (k1) 7 S E
H(X, 8,k Y) = e . 14
xsin=(gs) () (svacenm) o

When processing the batch number k+ 1, Bayesian strategy prescribes to choose the action
corresponding to the smaller value of Ry(X, S, k), Ro(X,S,k); in the case of a draw the
choice can be arbitrary. Once the first action is chosen, it will be used until the end of the
control. Bayesian risk (1) is

Ra(A) = ko / / Mm~\(m, D)dmdD + Hy / / R(X, S, ky)dXdS, (15)
(S
0 —o0

where

(ko /2)ko=1)/2

0= ORI (k172 explRo/2)

(16)

Proof. Is done similarly to the proof presented in [1]. Formulas (14) and (15) for
H(X,S,k,Y) and Hy are obtained after converting the expressions

F(X, S, klm, D) faurp(Y|Mm)

F(X+Y,S+ A k+1/m,D)’

- P(X,Sko) _ (Y [koMm)i, 1 (MD)'S)
P(X,S.ko) D732 fronp(Y ko Mm)thy,—1 (M D)~1S)

H(X,S,kY)=

O

Let’s give an invariant form of formulas (12) — (16) with control horizon equal to one.
We choose the following set of parameters Oy = {(m, D) : D < D < D, |m| < ¢(D/N)'/?},
where ¢ > 0,0 < D < D < D < oo. If we put D = 8D, m = a(D/N)'/?, then it takes
the form Oy = {(a, ) : D/D = By < B < 1,]a| < ¢}

Consider the change of variables X = z(DN)Y2, Y = y(DN)Y2, S = skMD,
k=tK, kg = tok, M/N = K™' = ¢, A\(m, D) = (N/D3)"?p(a, 3). Let Ry(X,S, k) =
(D N)Y2(D)=3/?ry(z,s,t), £ = 1,2. The following theorem is valid.

Theorem 2. To find the Bayesian risk, one should solve the recursive equation

r(z,s,t) = min (r(z, s,t), ra(x, s, 1)), (17)
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where r(z, s,t) = ro(x,s,t) =0 if t =1 and

ri(z,s,t) = (1 —t)g1(x, s, 1),

(e 9]

-1
test) =comst + [raey T o s, (0
ifto <t <1—¢. Here
g1, 5. ) = / / ot B2 o (alte) s (ks B)o(cr, B)dad,
o (19)

gol,5,1) = / / o B2y (ot D (ks B)ol e, B)dadB,

where fig(z|ta), Pp_1(ks/B) are given by (6),

k=2

1 \Y? e\ 5 S H
h(xy S7t7 y) = (27‘(685) (1 + Z) (8 + tilg(xy t? y)) (20>

and

(ez —ty)®

-1 .
t7o(x, t,y) = Aite)

(21)

At the point of time t + ¢ (or, equivalently, when processing (k + 1)th batch) Bayesian
strategy prescribes to choose the action corresponding to the smaller value of ri(x,s,t),
ro(x, s, t); in the case of a draw the choice can be arbitrary. Once the first action is chosen,
it will be applied until the end of the control. Bayesian risk (1) is

Ry(\) = (DN)V2 [ t, / /@ ) o~ o(a, B)dadf + hg 7 7 r(z, s, to)dxds (22)

0 —o0
with

B (ko,/2)ko=1)/2
Mo = T T T (kg = 1)/2) explha/2) (23)

This description of control on the horizon equal to one is invariant in the sense that it
does not depend on the total amount of data N but only on the number of batches K.

The proof is similar to that given in [1] and is, therefore, omitted.

Remark 1. The recursive equations (11), (12) and (17), (18) are equivalent to those
obtained in [1]. Some differences in the form of the equations are due to a different choice
of the function 9,_;(s) as well as another change of variables for S (more convenient for
the passing to the limit).
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2. Passing to the Limit. Differential Equation

Let us now consider the passing to the limit in the equation (17), (18) as e — 0. We
need the following auxiliary results.

Lemma 1. The asymptotic (as Kk — o0o) estimate is valid

(e 9]

I, = / (Hf%)“ _ (g)m (1 + % + o(m—1)> | (24)

—0o0

Proof. Performing the change of variables x = x~'/2y in the integral in (24) we obtain that
In(x) In(x)

L=k [ (14r ) dy with [ (1+r Y2 dy= [ e ¥dy+o(l)=n">+0o(1)
—o0 —In(k) —In(k)
o0 —ln(/-c) o0
and [ (1+r ') "dy= [ (1+r*)"dy < [ (1+y*)~'dy = o(1), where o(1) — 0
In(k) —00 In(k)

as k — 0o. Therefore, lim, o I, X (7/K)71/2 = 1.

Next, let’s obtain a recursive formula for computing I,. We have I, = [ /(1 +

?)Fde = (14 22) 7" +2k [ (22£1)(1+22)" " Vde = 2k(I, — I,11), whence I, =

I.x(2k—1)/(2k). Denote J, = k21, J = lim,,_s0 Jisn. Using recursive formula, we have

(k+1)"Y2J, 1 = k2], x (26 — 1)/(2k), whence Jo1 = J, x (1 + 1) (1 = (26)71).
Let’s put v, = In J,. Then

1/1 1 1 1 3
n =t g (2= 5 ) + (g = gz )+ = g 0k

2\ k 2K? 8k?

Denote v = lim,, .o V1n, SO that J =¢e7 = 742 For k large enough we have
_ S 3 -1\ _ 3 -1
P)/_P)/Ii ;8(%—1—71)2 +0('Li )_P)/Ii 8/1_‘_0(/41 )7

and, hence, J, = J X (14 3/(8k) + o(k™')). Taking into account the definition of J, J,
we obtain (24).

a
Lemma 2. For k > 2 the equality holds
[ 22dz r (x® £ 1)dz I
IP = —— = ~ =l I, = —"—. 25
. /(1+x2)~ / (1+ 22)" ! 2% — 3 (25)
Proof. 1t is checked using the recursive formula I, = I, X (2k — 1)/(2k).
|

Lemma 3. For a factor hg in (22) with ko = toK, to > 0, the asymptotic (as K — o0)
estimate is valid

ho = (21to) "2 (1 + o(1)). (26)
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Proof. To approximate I'((ky — 1)/2) in (23), we use the Stirling’s formula
[(k + 1) ~ (27)Y2k"*+1/2¢=% Then hy in (23) is approximated as (kome)™'/? x
kg—1
(ko/ (ko — 3)) " ((ko — 3)/(2ko))""* exp (—3/2). From here (26) follows.
O
Lemma 4. Let the density o(a, B) be a continuous function of o, 3. If t > to > 0 then
the limiting (as K — oo) formulas are valid

C

gi(x,s,t) =1(s,(Bo, 1)) x /04+s_1/2fts(x]t04)g(04, s)da,
S (27)
g2(x,s,t) =1(s,(Bo, 1)) x /&sl/Qﬁs(x]m)g(&, s)da,

—C

where the indicator 1 (s, (o, 1)) =1 if s € (Bo, 1) and 1(s,(Bo, 1)) =0 if s & [Bo, 1].

Proof. Consider a function ¢y, (ks/8) = (k/(4m))"? (s/ﬁ)% exp (—k(s/8—1)/2)
from (19). Let's put S = kMD + (kM)Y2DAS. Taking into account
the change of variables S = kMDs, the equality kMDs = EkMDJ +
(kM)Y2BDAS holds, whence AS = (kM)Y/2(s/B — 1). Therefore, ty_1 (ks/B) =

(k/(4m)"? (1 + AS(kM)_lﬂ)% exp (—AS(kM)'2/(2M)). Next, we have the estimate
In <(47r/k)1/%k,1 (ks/ﬁ)) = —AS?/(AM) + o(1) = —t(s/B — 1)?/(4¢) + o(1). Therefore,

BV 1(ks/B) = (t/(4meB?)*exp (—t(s — B)%/(4eB2)) (1 + o(1)). This function
converges to the Dirac delta function 6”(s — 3) as ¢ — 0. This means that for any

1
continuous function g(3) the equalities hold: [ g(8)d6”(s — 8)dB = g(s) if s € (Bp, 1) and

Bo
1

[ 9(B)dP(s — B)dB =0 if s ¢ [y, 1]. Taking into account (19), we obtain (27).

Bo O

Let’s obtain a limiting description of recursive equation (17), (18) as ¢ — 0. We
introduce a variable z by condition sz? = t710(x,t,y), where t~15(x,t,y) is defined in
(21). Then y = ext™' + (s(t + )%z, dy = (s(t+¢))"/2dz and the second equation in (18)
takes the form

k-3

1 1/2 19 2
.5, 1) = .5, 1 — (1 —) t4e)/%x
ro(x, 8,t) = ego(x, 8, 1) + (2#@5) + . (t+¢)

X]Or(Hy,MHS)X( ! >—d (28)

1+e/t’ 1+ 22

where y = ext™! +(s(t+¢))"/22. Denote r = r(x, s,t+¢). Let” assume that r(x, s,t+¢) has
partial derivatives of the required orders by z, s. Presenting r(z+y, s(142%)/(1+et™!), t+¢)
as a Taylor’s series and taking into account that s(1 + 22)/(1 +et™!) = s(1 + 2%) — s(1 +
2%)et™! + o(e), we obtain
rArl x (wet ™t 4 (s(t +€))V22) + 0,507, x (wet™ + (s(t 4 €))%+
1l x (=s(1+ 2%)et™" +82%) + A(e, 2) = (29)
=71 +7r) xzet T+ 0,507, x s(t+e)2 + 1, x (—set™ 4+ 52%) + A(e, 2).
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Here v/, 7" 1. are calculated at the point (z, s,t+ ¢) and additional term A(e, z) contains
a Value of the order of o(¢) and terms of the form z, €22, z* (i > 3) (these terms
becomes equal to zero or will have the order of o(e) after integration). Substituting
(29) into the integral in (28), taking into account (25), we obtain that integral in (28)
is (147}, x e/t — 15 X se/t +0(€)) Iyjo—1 + (0,575, X s(t+e) +rixs+o(e) [, | =
(r+e(rl, o= 4+0,5r.s) + o(¢)) Ix/2—1. Taking into account the factors, the second term
in (28) is F' x (r +e(r’, at~1 4+ 0,5r" s)) (1 +0(¢)), where F = (2mes)~1/2 (1 + a/t) (t+
eV o1 and Iijoq = (m/(k/2 — 1))Y?(1 + 3/(4k — 8)) + (k~!) according to (24). It is
straightforward to verify that F' =1+ 1/(2k) + o(k™') =1+ ¢/(2t) + o(e).

Let’s obtain the differential equation. From (28), taking into account the
transformation of the second term on the right hand side of (28), and from the first
equation of (18) we have

ro(-,t) — (-, t) = ega(-,t) + (L +e/(2t)) r(-,t+e) —r(-,t)+
+e(rl(,t+e)x/t+ 0,581 (- t+¢))+ o(e), (30)
ri(,t) —r(nt) =1 =g 1) —r(,t).
Complementing (30) with equation (17), which is written in equivalent form min(ry (-, t) —
r(t), e (ra(-,t) — (-, 1)) = 0, we get in the limit as ¢ — 0 the equation

min (1 —¢)gy — r, vy +1/(2t) + r, x (x/t) + 0,581, + g2) = 0, (31)

with initial condition r(x, s, 1) = 0. Here g1, g2, 7, 74, 7, v, are functions of z, s, t. Bayesian
strategy prescribes to choose the action corresponding to the smaller term on the left hand
side of (31); in the case of a draw the choice can be arbitrary. Once the first action is chosen,
it will be applied until the end of the control. Here g, g5 are given by (27) and the Bayesian

risk (1) asymptotically is equal to

1 oo
— 1
I}EHOO(DN)ﬂ/QRN(M =t //@N a oo, B)dadf + W/ / r(z, s, to)dzds. (32)

Bo —o0

Remark 2. In the case of a priori known variance (3, the corresponding differential
equation for r(z,t) has the form min((1 — t)g; — r,7, + r/(2t) + rl x (z/t) + 0,587, +

2) = 0 with gu(r. 1) = [ a* 3 fy(rta)o(a)do, ga(a.t) = [ @372 f(alta)of)do
initial condition r(z,1) = 0, and the Bayesian risk satlsﬁes the asymptotic equality

limg oo (DN)V2RN(N) = 1o f a~ola)da + (2mty) Y2 f r(z,to)dx. Therefore, (31) —
(32) actually provide the value of Bayesian risk, which is asymptotically equal to
Ep (Ry(A(m|D)), where Ry(A(m|D)) is a Bayesian risk with respect to conditional prior
distribution density at a fixed D and Ep is a sign of mathematical expectation with respect
to marginal distribution of D.

Conclusion

We obtained a differential equation that allows one to calculate the limiting value
of the normalized Bayesian risk in the Gaussian one-armed bandit problem. The form of
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this equation is such that the variance estimate present in it is used as if it were precisely
determined at a short initial stage of control. It is of interest to analyze the corresponding
difference equation taking into account the terms of a higher order of smallness. One can
expect that it will allow to describe the process of refining the variance estimate in a
similar way as it takes place in the integro-difference recursive equation.
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INPEAEJIBHOE OIIMCAHUNE B 3A/TAYE O TAYCCOBCKOM
OJHOPYKOM BAHJIWUTE C OBONMU HEN3BECTHBIMUA
ITAPAMETPAMMUA

A.B. Koanozopos, HoBropoickuii rocyIapCTBEHHbBI YHIBEPCUTET
nM. dpocnaBa Mynaporo, r. Beruknit Hosropon, Poccuiickas Penepanms

Ms1 paccMaTpuBaeM IIpejiesIbHOE OIICAHUE YIIPABJICHHUA B 3aa4e O TayCCOBCKOM OJHO-

PYKOM OamauTe, KOTOpPAas SBJISETCS MaTEMAaTHIEeCKONH MOJEJbI0 ONTUMHU3AINN TaKETHOM
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MATEMATNYECKOE MOJAEJIMPOBAHINE

06pabOTKU OOJIBIUX JIAHHBIX [IPU HAJHMYAU JIBYX AJbTEPHATHBHBIX METOJIOB ¢ M3BECTHOM
3¢ HEKTUBHOCTHIO IEPBOrO METO/IA. YCTAHOBJIEHO, YTO 9TO ONUCAHUE HaeTcs auddepeHI-
AJIbHBIM yPABHEHUEM B YACTHBIX [TPOM3BOJIHBIX BTOPOTO MOPSIIKA, B KOTOPOM JUCIIEPCHS
OJTHOIIIATOBBIX JIOXOJIOB SIBJISIETCS] M3BECTHOM. DTOT PE3yJIbTAT 03HAUAET, UYTO B CIydae 60JIb-
[IUX JIAHHBIX JUCIIEPCUS MOYKET ObITH CKOJIb YTOAHO TOYHO OLIEHEHa HA KOPOTKOM HaYaIbHOM
sTane 06paboTKH, a 3aTeM MOJIyYeHHAs! OIIEHKA MCIIOJb30BaHa YIIPABJISIIONIEH CTPATErHeil.
Karouesvie caosa: odnopykutl 6andum; batliecosckuti U MUHUMAKCHOIT NO0TO0bL; UHEA-

PUAGHMHOE ONUCAGHUE; NAKEMHAA 00pabOMKa.
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