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INVERSE PROBLEM OF RECOVERING FLUXES FROM INTEGRAL DATA
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In the article we consider a second order parabolic equation and well-posedness questions in
Sobolev spaces of inverse problems of recovering the heat flux on the boundary with the use of a
collection of integrals of a solution with weights over the domain. The flux is representable in the
form of a finite segments of the series with unknown coefficients depending on time. Under certain
conditions on the data, it is demonstrated that there exists a unique solution to the problem
which depends on the data continuously. A solution has all generalized derivatives occurring into
the equation summable to some power. The proof relies on a priori estimates and the contraction
mapping principle. The method is constructive and allows to provide numerical methods of solving
the problem. The numerical algorithm is based on the finite element methods and the method of
finite differences. The results of numerical experiments are quite satisfactory and the procedure of
constructing a solution is stable under small perturbations.
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Introduction

We examine the parabolic system of the form
Mu =w — Lu = f(z,t), (x,t)e Q=G x(0,T), (1)

where Lu = Z?J:l %azjuxi — > Giug, — apu, G C R™ is a bounded domain with boundary

I', a;j, a; are matrices of dimension h x h. The equation (1) is furnished with the initial-boundary
conditions

Ruls = g, u(x,0) = up(x), (2)

where Ru = 37", aij(t,x)vj% + o(x,t)u (¥ is the unit outward normal to I', and the
overdetermination conditions

/(u(t,x),tpi(x» do = y(t), i=1,2,....m, (3)

G

where the brackets (-, -) stands for the inner product in R" and @; are linearly independent vector-
functions. The function g in (2) is of the form g = Y, a;(t)®(t, ), where the functions a; are
to be determined and {®;} are known linearly independent vector-functions. The problem is to
find a solution u to the equation (1) satisfying the conditions (2), (3) and the functions {a;(t)}.

Inverse problems on determining boundary regimes arise in many of areas of mathematical
physics, in particular, when modeling heat transfer processes and designing heat-protective
materials, modeling the properties and thermal regimes of composite materials, modeling the
thermal regimes of soils in the permafrost zone, in environmental problems (see [1-3]). The most
used additional conditions are temperature measurements at some collection of points lying inside
the domain or on its boundary. These problems are well-posed only in the latter case and the
existence and uniqueness theorems in inverse problems of recovering the fluxes or the heat transfer
coefficients with pointwise measurements are exposed in [6,7]. The problem of recovering fluxes
with arbitrary location of the measurements points is considered in [8], where the uniqueness
and existence theorem was obtained under rather rigid constraints on the data. Note also the
articles [9, 10|, where in the model case the uniqueness theorem of a classical solution to the
problem of recovering of the heat transfer coefficient o(t) was obtained with the use of both the
pointwise condition u(t, z9) = «(t) and the integral condition of the form (3). Pointwise conditions
are also employed in [11] in the case of n = 1. In the articles [12,13] the integral conditions of the
form (3) are used as some approximation of the pointwise conditions. The problems (1) — (3) are
considered in [14,15], in the former of them some model problem was examined with g = g(¢),
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the latter contains more general results but for a single equation. In contrast to other results, we
consider inverse problem for a system of equations and our conditions for the data are a much
weaker than those in [15]. Moreover, the overdetermination conditions are actually do not assume
that they are valid for all components of a solution. It is possible that some of them do not occur
in (3). The article is devoted to well-posedness of the problem (1) — (3). Under certain conditions
it is proven that there exists a unique solution to the problem from some Sobolev space. We also
describe a numerical algorithm and the results of numerical calculations.

1. Preliminaries

Let E be a Banach space. The notations for Sobolev spaces W, (G; E), W, (Q; E), etc. are
standard (see [17,18]). If £ = R or E' = R" then we denote the last space simply by W;(Q).

Definitions of Holder spaces C*8(Q), C*#(S) can be found, for example, in [19]. By the norm

of a vector, we mean the sum of the norms of coordinates. Given an interval J = (0,7"), denote

Wy (Q) = W;(J; L,(GQ)) N Ly(J; W;(G)) Similarly, W, (S) = W;(J; Ly(T)) N Ly(J; W;(F))

Let (u,v) = [(u(z),v(x))dz. All considered spaces and coefficients of equation (1) are assumed
G

to be real. Next, we assume that I' € C? (see the definition in [19, Chapter 1]). Introduce the
notations @4 = (0,7) x G and S, = (0,7) x 0G.
The space W7(0,5;E) (s € (0,1), E is a Banach space) is endowed with the norm

t t
la®lwsope) = (allh .55+ < >5p)7, < g >2p= ff lel )t % ity dty. 1t = C then

we obtain the usual space W, (0, 8). For s € (0, 1), let Ws( ﬁ7 E)={qe W; (0,8, E): t~°q(t) €
L,(0,8; E)}. It is a Banach space with the norm ||¢(t )Hp SO.5E) = =& || 05T <4 >%p. For
s > 1/p , all functions ¢ from this spaces possess the property q(a) = 0 and, for s # 1/p,
the above norm and the usual norm in || - |ws(0,5,p) are equivalent for the functions g(¢) such

that ¢(0) = 0 if s > 1/p (see Lemma 1 in Sect. 3.2.6 [16]). The spaces W;(O,ﬁ; L,(@G)),
Wﬁ’Qs(Qg) = W;(O,ﬁ; Ly(G)) N Ly(0, 3; W2H(G)), for s # 1/p, include functions v(t,z) in
W3(0, 8; Lp(G)) and Wy %(Qq), respectively, such that v(0,z) = 0 whenever s > 1/p. The

norms || - HWS 25(Qp) N ||W5 0,8:L,(G)) are defined with the use of the above norm in Ws( B F)
and we have
u(t, Il )
u(t, x) u(t u(z, T
Jally o //  dtdz +/// t_T|1+sp dtdrde + [l o vy
00

The spaces W;3(a, 8; Ly, (")) and W;*5(S5) are defined by analogy.

Lemma 1. Assume that s € (0,1), s # 1/p and p € (1,00). Then
1) the product q - v of functions ¢ € W;(0,7), v € W2 (S7) N Ly(T; Lo (0,7)) (g0 = p if

s,2s

s> 1/p and qo > 1/s if s < 1/p) belongs to W,*"(S;) and we have the estimates

lqvllwso,m) < ellallwsor) (”U”VW 1) + VL o,m) a-a. on T,
lgvllyys2s gy < e2llallwgo.m) vllwees ) + 101,z 0m)); - (4)
if q(t) € W3(0,7) (7 € (0,T]) and v(t,z) € Wg;?*(S) N Lo(Q7) then qu € Wy*(S,) and
lavllvizs o, < esllallics 0.0 (lllwg 0. + 10llLom) < eallallis o llvlwg, o) a-a. on T,
3(0,7) 35(0,7) (o, 1VlIwg,
lavllyis2s sy < esllallso.m 0llwees sy + 101, 0iLm0m)) < cslldlliig om0l 2o sy (5)

where the constants cs —cg are independent of q,v and T € (0,T]. The claim of the lemma remains

valid if we replace ', S with G, Q.
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Proof. The proof in the case of s > 1/p is exposed in Lemma 1 in [15]. Similar arguments can be
used to treat the case of s < 1/p. So we omit the arguments.

O
Fix sg = 1/2 — 1/2p and assume that
aij € C([0,T]; WL (G)) N Loo(G; W2 (0,T)), 0 € Wi»(S) N Loo(I; W30(0,T))
((n+1)/2q1 <1—-1/2p), aij|s € W;QO’QSO(S) ((n+1)/2q2 < so); (6)

a;i € Loo(G3W,2(0,T)) N L5 (Q), g3 > (n+2), (i=1,...,n),
ag € Loo(G; Wi (0,T)) N Lg, (Q), qa > (n+2)/2, (7)
where 4,7 =1,2,...,n,qo=pif p> 3 and qo > 1/s¢ if p < 3.
State the Lopatinskiy and parabolicity conditions. Consider the map Ay(t,z,§) =
> i j=1aij(t, )&, and assume that
Jpa €[0,7/2) 1 o(Ao(t,z,8)) C Sy, ={2€C: |argz| < dpa} (8)

for all ¢ € R™ with [[¢]| = 1 and (t,2) € Q. Put Bou = Y},
is written as: given an arbitrary point (to,xo) € S, the boundary value problem

a;;Vjug,. The Lopatinskii condition

(A + Ao(to, w0, & + v(20)0:)v(2) = 0, Bo(to, w0, & + v(20)0:)v(0) = hj, z € R, 9)

has a unique solution from C(RT; E) vanishing at infinity for all £ € R™, \ € Sr—¢a,and hj € E
such that £ - v(zp) = 0 (v(zp) is the unit exterior normal to I' at xg) and |£] + |A| # 0.
Conditions on the data:

feLyQ), uolx) € Wi2P(G), p+#3; (10)
g € W0?0(8), g(0,2)|r = B(0,z)uqlr if p > 3; (11)
or € Wy (G), @ € W020(S), ooy € WPTHO,T), (f, k) € WS°(0,T), (12)

where o =pifp>3and go > 1/s0if p<3, k=1,2,...,m,and p' =p/(p —1).

Theorem 1. Let G be a bounded domain with boundary of the class C? and let the conditions
(6) — (11) hold, where p # 3. Then there exists a unique solution u to the problem (1)-(2) such

that w € Wp*(Q). A solution satisfies the estimate
||U’HWP1’2(Q) S C(Hf”Lp(Q) + HUOHWE*Q/P(G) + ||gHWP1/2*1/2P11*1/P(S))'

Existence and uniqueness of solutions to the problem (1), (2) results from the known results
on solvability of parabolic problems (Theorem 2.1 in [17,21] or Theorem 5.3 in [22]).

Theorem 1 validates the following statement.
Theorem 2. Let G be a bounded domain with boundary of the class C? and let the conditions (6)
—(11) hold, where f =0 anduy=0,p#3, g € W;/272/p’171/p(5). Then a solution u € Wp2(Q)
to the problem (1), (2) meets the estimate HUHWPI’Q(QW) < C‘|g||WI}/27/2p,lfl/p(S’y), where the constant
¢ is independent of v € (0,T] and g.

Proof. The proof coincides with that in [15, Theorem 2.

|
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2. Main Results

In addition to the conditions of the previous section, we require that

|det B(t)| > 6o > 0Vt € [0,7], /(uo(:c),gok(x» dz = (0), k=1,...,m, (13)
G

where B(t) is the matrix with entries b;; = [ ¢;(2)®; (¢, z) dT;
r

(A) if p > 3 then the function B(0,z)ug(z)|r belongs to the linear span of the functions
®,(0,2),...,9,(0,).
The main results of the article is the following theorem.

Theorem 3. Assume that G is a bounded domain with boundary of the class C?, p # 3,
and the conditions (6) — (10), (12), (13), (A) hold. Then there exists a unique solution (u,q)

(7= (q1,...,qm)) to the problem (1) — (3) such that u € Wp2(Q), q € W,0(0,T). A solution
meets the estimate

el + 1wz <

m

< O ly@) + ol o3 )+ 30l + 1020l

Proof. First, we consider the case of p > 3. In this case, the condition A) holds and thus there
exists constants ¢;(0) such that B(0,z)ug|r = Y i1 ¢;i(0)®;(0, ). In view of (13) these constants
are determined uniquely. The conditions (12) and Lemma 1 imply that if ¢ € W;°(0,T) then

Gi(t)®(t, ) € WS*0(S) and, respectively, g € W;5*?*°(S). In particular, Yot ai(0)®(t,x) =
go(t,z) € Wi?(S). Let v € W,*(Q) be a solution to the problem (see Theorem 1)

Mv = f, Bulg = go(t,z), v|i=o = ug(z). (14)

Make the change of variables © = v + w. In this case the function w € Wp1’2(Q) is a solution to
the problem

Mw =0, Buwls=g-go=3, wl=o=0. (15)
The condition (3) can be rewritten in the form
/(w,tpk(aﬁ» dz = iy — /(v(t,x),tpk(x» dr =y k=12, m. (16)
G G

In view of (13), ¥} (0) = 0 and, as is easily seen, ¢ (t) € W}(0,T). Below we shall demonstrate
that ¢ (t) € WI}“O(O,T). Multiply the equation in (15) scalarly by ¢x(z) and integrate over

G. We obtain that (w¢, o) = (Lw,¢k). If (u, ¢) is a solution to the problem (1) — (3) then
integrating by parts and (15), (16) yield

U(t) = a(w, px) — [ (ow, px) dT + Z ai(t) /<(I)i7 o) dl, ¢i(t) = ai(t) — a:(0),

=1 T

—

where k = 1,...,m and a(w, pi) = _fZZj:1<aiijiuSOkacj> — (3 aiwg, + agw, ¢g) dx. The
G

last equality can be rewritten in the form

Gi(t) [ (i, ox) dT = 94, () — a(w, 1) + [ {ow (17)
;q / Ok Lt ©k) F/ , Ok)

r

Bectauk FOYpI'Y. Cepus «MareMaTudecKoe MOJAeJIMPOBaHUE 35
u nporpammupoBanues> (Becruuk FOYpI'Y MMII). 2025. T. 18, Ne 4. C. 32-44



S.G. Pyatkov, E.I. Safonov, A.A. Petrov

or in the form

BG,=F, F=(F,...,F)", F, =4,(t) — a(w, ox) + / owpy, dr, (18)
T

where ¢, = ({1, ..,Gm)’. The function w in (18) is a solution to the direct problem (15). The
entries b;; of the matrix B are such that b;; € W;0(0,T) and, furthermore,

”binW;g(o,T) < (195l (F;W;(?(O,T))H‘Pi”Lq/(F)a ¢ = ao0/(q — 1), (19)
where the parameter ¢ is that of the condition (12). Similarly,
16651l 2c0,7) S N5l L0, L,pll0illz, @) < €l @il i0ry), P =p/(0—1),  (20)
By Lemma 1, the products of any number of the entries b;; belongs to W;0(0,7") and thus the
entries of the matrix B~! also possess this property. The condition (13) yields
Gu=B7'F = R(¢:) = 7+ Ro(da), (21)

where § = B™U, U = (U, U,,...,0,)7, U(t) = QL]/C(t) Next, we prove that this equation
is solvable, at least on some small time interval. Consider the segment [0,0] C [0,7]. Estimate
”Ro(q_;l)HW;O(Oﬁ)‘ By Lemma 1, we infer

m
I1Ro(@) o0 < ¢ D-(latw e)lios + 1| [ @) i) (22)
k=1 r
By definition,
n n
a(w, py) = —/ Z (@ijwe,, Pra;) + <(Z aWg; + apw), pr) dx.
G =1 i=1

The Minkowki and Holder inequalities and Lemma 1 yield

T =1 [t i, el < erl [ 19000 )
G G

S =

< allwllypoeswiay  (23)

If w is the zero extension of w to the interval (—oo,d) then it is easy to check that the norms
”w”vi/;0 (0.5:W1(G)) and HwHW;o(_w,&W;(G» are equivalent with constants independent of 0. The

definition of the norm and [18, Theorems 4.1.3, 4.5.5 of Ch. 7] yield

lollizo0,m3 6y < c2l@liwg oo swaiay < 287 1@llysot0 oo siwmay <

63570 H’J)”HZOJr’YOJrEO(fOO,(S;WZ}(G)) S 64570 ”QI]HWPLQ(QOO) S 04570 HwHWpl’Q(Qa)’ (24)

where 0 < 9 < 1/2 — sg — €0, €0 > 0, and Qo = (—00,0) X G. The relation (24) validates the
estimate

I [ Gosgen, onaddaligogas) < o™ [l gy (25)
where the constant cg is independent of §. The summands I; = f (ajwgy,, pr) dx and Iy =
G

[{aow, pi) dz in a(w, pi) are estimated by analogy and the estimates are simpler. So we omit
G
them. Proceed with the last summand J; = || 1[(aw, ©Ok) dr”vi/lfo(o,a)- We have (see (24)) that

Ji < allwllizo o5,y < 2wl osmwa) < 38wl g,)- (26)
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Here we have used the embedding W, (G) C L,(T') and the Hélder inequality. The estimates (25),
(26) and the corresponding estimates for I, I5 imply that

1Ro(@) o 05) < 487 [0]52 g 1)
where the constant ¢4 is independent of . Theorem 2 yields
[l oy < el (28)

By Lemma 1, HQHW;O,QSO <eayn H@'HW;O (0,5)- Here the constant ¢; depends on the norms

(S5)
|]<I>Z-HWSO,250(S). In this case it follows from (27), (28) that
0

m
[1Ro(da)llyizz0 0,5y < €507° Z 1G:llyi750 0,67 = €597 ldallyizzo 0,6 (29)
i=1

where the constant ¢ is independent of § and ¢,. Thereby, if §]°cs < 1 then the operator Ry
is a contraction and, by the fixed point theorem, the equation (21) has a unique solution from

the space W;°(0,d9) under the condition that W, € W;O(O,T ). In view of the conditions of
the theorem ¢ € W;3°(0,T). Demonstrate that 1o, = [v(t,z)pp(z)dr € WI,H'SO(O,T), i e,
G

Jve(t, z)or (x) de € W;°(0,T). Multiply the equation in (14) by ¢ and integrate the result over
G
G. We obtain that

Yor(t) —a(v,wk)—/mupk dr+zq~i(0)/¢’iﬁpkdr+(f,tpk), kE=1,...,m. (30)

r =1 r

Repeating the arguments used in the proof of the estimate for HRquHW;o (0.5) With 6 =T, we
can show that the right-hand side in the above equality belongs to W° (0,T) and, thus, ¥, €
W, 50(0,T). We have proven that the equation (21) has a unique solution (in correspondiong
ball) on the segment [0,3dy]. Next, we can define a solution w € Wy(Qs,) to the problem (15).

Demonstrate that the conditions (16) hold. Multiply the equation in (15) by ¢ and integrate
over G. Integrating by parts and the estimates (14), (15) imply that

/(wt,gok> dz = a(w, ) — /<0w,gok> dr' + Z(L(t) /(@i,gok> ', k=1,...,m.

G r =1 T

The vector-function ¢; meets the system (17), summing its kth equation with the equality
obtained, we derive that [(wy, @) de = ¢y, k=1,...,m. Integrating this equality with respect
G

to ¢t and using the initial condition, we justify (16) on [0,dy]. Next, we show that a solution is
extendible to the whole segment [0,7]. We have defined the vector-function ¢, only on [0, dp].

L o qa(t), t € (0,00)
Extend the vector-function ¢, by zero for ¢t < 0 and assign ¢, = { (260 — 1), t € [0, T} Denote
by ¢}, ...,q° the coordinates of the vector ¢;. The new vector-function ¢; belongs to W;O’%O(S ).

Make the change of variables ¢! = ¢;, — ¢j. This vector-function with the coordinates ql-1 satisfies
the system of equations

> @l (b = dp(t) — a(w, ox) + /(Uw, o) dT = g7 ()bgi-
=1

T =1
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In view of the definition, the vector ¢! vanishes on [0,dg]. Let wg be a solution to the problem
Lwy =0, Buwols => ;" @°®;, woli=o = 0. In this case the function w; = w — wy is a solution
to the problem

m
Lwy =0, Bwilg =Y ¢ ®;, wile—o =0. (31)
i=1

By Theorem 1, wy; = 0 for t € [0, g]. Thus, the extension problem for the function ¢, is reduced
to determining a solution to the system

Zqz (O = iplt) ~ alwr o) + [ owrord, (32)

r
where v, = 1. (t) —a(wo, px) + [ {owo, 1) AT —S"T | ¢2(t)bgi, and the function w; is a solution to
r

the problem (31). This soluton vanishes for ¢ < §y. We have obtained the same system as before,
but the Cauchy data are given at ¢ = § and the right-hand side of the system (more exactly the
vector §) differs from the previous one. Next, we can repeat the arguments of the previous proof
on the segment [0g, 2dp]. They are the same and without loss of generality we can assume that
the constants arising in the proof of the estimate for the norm of the operator Ry are the same.
Thus the system (32) is solvable on the segment [dg, 2dp]. Repeating the arguments on [2dg, 3d],
etc. we construct a solution on the whole segment [0,77]. The estimate from the statement of the
theorem was actually obtained in the proof of the theorem. Consider the case of p < 3. Take
go =01n (14) and g = g in (15). Next, we repeat the arguments without any distinctions.

O

3. Numerical Algorithm
The numerical algorithm employs the idea of the proof of Theorem 3. The equation under
consideration is as follows:
Mu =wu; — Lu = us — dzv(c(x t)Vu) + b( t)Vu + a(z, t)u
b(a,t) = (bi(z,t),..., bn(z,1))" VU—(—“ ) n =

oz’

(33)

where (t,z) € Q = (0,T) x G and c¢ is a diagonal matrix. Below we consider the case of n = 2 and
assume that G = (0, X) x (0,2), (X,Z > 0). As before, I' = 0G, let 'y = {(21,0) : =1 € (0,X)},
S =(0,T) xTI, Sy = (0,T) x I'y. The additional measurements and the initial and boundary
conditions are of the form

/uy, x)dr =i(t), i=1,2,...,7, (34)
G

0
ON
We employ the method of finite elements (FEM). The unknown function g is sought in the form
g= 22:1 a;(t)®;(x1), where the functions «; are unknowns. We assume that

U
uli=0 = uo(T), C2ugyls, = g(t,x), ulg\g, =0, or — + oulg\g, = 0. (35)

X

BO = det{bi]’}, bij == /(I)](.Il)\lfl(.’ﬂl,()) d.’El, detBo 75 0.
0

Given a triangulation of G and the corresponding basis {(; }¥; which is defined in accord with the
choice of the boundary conditions in (35). Denote the nodes of the mesh by {b;}. An approximate

solution is sought in the form v = ZZ]\L 1 Ci(t)g;. The functions C; are determined from the system

MC,+K(t)C=—-F+f, C=(Cy,Ca,....Cy)", i=0,1,2,... N, (36)
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where
X X
/g (t,1)p1(21,0) dzy, . ... /9 (t,z1)pn(21,0) dwy)”,
0 0
F= et fi= [ 1)o@ do.
G
The matrix M and K have the entries m;i; = (¢4, ¢;) f vi(x x)dx,

Kjk? = (61 (t7 "E)Sok;m ) @jxl) + (CQ(tu CC)QkaQ, @ij) + (b(ta x)v@ka 90]') + (a(tv x)@kv 90]')' (37)

If we consider the Robin boundary condition on S\ Sy then to the above summands we need to
add the quantity [ oggp;dl. We have that C'(0) = Co = (ug(b1), . - -, uo(bn))-
S\So
A solution to the system (36) is sought by the method of finite differences. Let 7 = T'/M is
time step. We replace the equation (36) with the system

S S) 3 L |
M%"’_Kzﬁrlczﬁrl =—Fi1+ fir1, Ci=(C},....cHT, i=0,1,...,.M—1, (38)

where CF ~ Cy(7i), F; ~ F(ri), f; = f(ri), K; = K(1i).
Introduce the following notations: 9(t) = (Y1 (£), Ya(t), ..., e (t)T, s = B(7i), WF = ¢y (7i),
d”i - (azl7 ... 7a;,)T7 O_ZZ ~ O_Z(T/L)v af‘ ~ Oék(iT), \I_}k‘ = (¢k(b1)7¢k‘(b2)7 .. 71;Z)k‘(bN))T

The analog of the overdetermination conditions (34) is the equalities (MCj, U),) = YF, where

the brackets stand for the inner product in RY. The initial data are as follows: C} = ug(by,) for
k=1,...,N.
The vector F; can be written in the form Ad;, Where the entries of A are as follows: a¥ =

J ®;(z1)pi(z1,0) dzy or F, = Z ¢jorl, with e = f®j(x1)gok(x170) dxy.

><

o

The system (38) can be written in the form
Ri1Civy = —7Fi +7fi1+ MGy, i =0,1,2,...,M — 1, (39)
where R;11 = M + 7K. Inverting the matrix R;; and applying M, we infer
MCiy = —7M(Ris1) " Fioy + M(Rig1) (7 fis1 + MCy). i =0,1,2,..., M — 1, (40)
Multiply the system (40) scalarly by 0, We obtain that
Ui = =T (M (Ri1) " Fir, O) + (M (Rir) ™ (7 fipa + MCy), By). (41)
If e; are the columns of A, F;-H =>4 elaﬁ_H, then this system can be written in a matrix

form. Let the matrix B, has the entries by = (M (Riy1) e, Uy). In this case the system (41)
is rewritten as follows:

Gip1 + Hip1 = —1Bindipr, Hyy = —(M(Rip1) " (7 fix1 + MCy), Ty). (42)

Decribe the sequence of the calculations. First, we determine the initial data C(I)“ = ug(by). Assume
that we have calculated @;, C;. The vector &@;11 is defined from (42). Inserting it in (38), we can
find C_:Z'Jrl.
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4. Programm Realisation

In this section we present the results of numerical experiments. To determine the accuracy of

calculations, we take given functions c, l_;, a, f and the function g depending on the known
functions ®; and «;. By solving the direct problem (33), (35) we can find a solution u of
this problem and thereby find the values (34). Next, using the data of the direct problem and
overdetermination conditions, we can solve the inverse problem (33) — (35), and find the solution
u and the functions «;. By comparing the original functions «;, u and the results of calculation,
one can evaluate the convergence of the algorithm.

The characteristics of the computer are as follows: Processor: Intel(R) Xeon(R) CPU E5-2678
v3 @ 2.50GHz (2 two processors); RAM: 64.0 GB; OS: Windows 10 Pro x64.

We will use a rectangle with vertices (0;0), (2,0), (2;1), and (0,1) as the domain G. Let’s
create a mesh using Delaunay triangulation. We employ four grids Z; = 103, Zy = 379, Z3 = 1453
and Z, = 5689. Having obtained the coordinates of the grid nodes, it is possible to calculate
arrays for known input functions (using symbolic computing software packages). Also we define
the arrays of the nodes on sides of the rectangle where y = 0 and x # 0, x # 2. Note that we use
the homogeneous Dirichlet condition on all side except for the lower side of the rectangle.

Let the time step be equal to 7 = T'/m, with m = 100. The next step is constructing the

functions JZ we take the solution of the direct problem (id P and define wf = (M - éf P \I_}k>
(k=1,2,...,r;i=1,2,...,m) as described in (34). We can also add random noise to a solution
to the direct problem wuy. Noise is represented as a random variable with the range ns € (—6;9),

where § is the percentage deviation. The resulting function is of the form v;(j7) = (M - C_"Zd P

(1 + ny(j7)/100), ¥;). Introduce some quantities: the equality e, = max; (max; [o? (it) — o)
defines the calculation error for the functions a; (the numbers o are the result of calculations,

o) ~ al(7i), j =1,2,...,r); the error of calculations of a solution C; ; to the inverse problem is

defined as €, = max; ; ]Cg? —C;j|, where i =1,2,...,N and j =1,2,...,m; T is the execution
time of the algorithm in seconds.

For the first group of the data, we take coefficients of the equation: a = 1/(t + 1), by = 0,
by =0, c11 =x+2, coo = y+2, f = 1; additional measurements ¥; = 1, U5 = |z| and the desired
functions a; =t + 1, ag = (¢t + 1)? — 1. If we take § = 0 then the graphics of the initial and the

constructed functions actually coincide. So let’s present the results in triplet form (g4;e,;7T5) for
grids Z; (Table 1).

Results for first group Table 1
grid o Eu T
A 9,39¢~ 1 4,21e~ P 10,7
Zo 1,63e~13 6,88¢~ 1 9,7
Zs 9,1e M 4,88¢~ 1 51,7
74 Te 14 3,1le P 1048,3

Based on the results of the experiments of the first group, it is difficult to estimate the
dependence of the increase in the accuracy of calculations with an increase in the number of grid
nodes. For the second group of data, we take data from the first group, add noise § = 0.05, add
additional measurement W3 = 22 and the function a3 = (t — 2)? + 2. As for the previous group,
we will present the results in the form of triplets, (Table 2).

Results for second group Table 2
grid o = g
A 1,66 0,00 3,88
Z3 1,34 0,05 9,45
Zs 0,7 0,03 19,3
Z4 0,39 0,01 1061, 2

The results shown in Fig. 1. For brevity, we only display graphics and tables with the results
of calculations «;.
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Fig. 1. The results for second group of data: a) Z1; b) Zs; ¢) Zs; d) Z4

As we can see 5-percent random noise increases the calculation error quite significantly, but
despite this, the calculation results repeat the trends of the desired functions. It is now clear that
increasing the number of nodes has a positive effect on accuracy, but a negative effect on the
computation time. Based on this, for further experiments we will use only grid Zs.

For the third group of data, we take coefficients of the equation: a = (z +1)(y + 1)/(1 + t),
bi=(t+D@+1)%b=0t+1)y+1)% cn=(@+1)/(t+1), 0= (y+1)/(t+1), f =0
the desired functions a; = —t + 2, as = 3(t — 0,6)2 + 1, ag = 3(t — 0,5)% + 1,5; additional
measurements and random noise are the same as in the second group.

The graphs are shown in Fig. 2 and the result is the triplet: (0,66;0,05;42,9).

24 T

06 \ |

04 . . . .
0.2 0.4 0.6 0.8 il

Fig. 2. The results for third group of data
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Conclusion

Using theoretical results on well-posedness of the problem, we construct a numerical algorithm
for recovering the flux on the boundary with the use of integral observations of the concentration.
It is based on the conventional methods (in our case FEM and difference schemes). The results
of numerical experiments are presented. The obtained results reveal the accuracy, efficiency, and
robustness of the proposed algorithm. It is stable under random perturbations of the data.
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OBPATHAZ4 3ATAYA BOCCTAHOBJIEHUNA IIOTOKOB
N3 UHTEI'PAJIBHBIX JTAHHBIX

C.TI. IIamxos', E.U. Cagonos', A.A. ITempos'
'FOropcexuit rocynapcTBennslii yuusepcurer, r. Xantei-Mancniick, Poccuiickas ®eneparst

B crarhe paccmarpuBarorcst mapabosiMdecKoe ypaBHEHHE BTOPOrO MOPSIIKA U BOIMPOCHI KOP-
PEKTHOCTH OOPATHBIX 3319 BOCCTAHOBJIEHHUs TEIJIOBOTO ITOTOKA HA TPAHUIIE C UCIIOJIb30BAHNEM Ha-
6opa MHTErpaJjIoB OT PeIleHus ¢ Becamu 1o obstactu. [loTok mpecTaBuM B BIIe KOHEYHOT'O OTPE3KA
psifia C HEM3BECTHBIMEU KO3 pUIIeHTaMu, 3aBUCAIINME OT BpeMeHu. [Ipu onpenesieHHBIX yCIOBH-
X Ha JAaHHbIE IIOKa3aHO, YTO CYIIECTBYET €JWHCTBEHHOE DeIleHVe 33/1aud, KOTOPOe HEIPEPBHIBHO
3aBUCUT OT JaHHBIX. Perenne nmeer Bce 0600IIeHHbBIE TPON3BOAHBIE, BXOSIINE B yPABHEHUE, CyM-
MHpYEMBIE C HEKOTOPO# creneHbio. JlokaszaTesbCcTBO ONMpAeTCs Ha alpPUOPHBIC OINEHKUA UM IIPUH-
AT C2KUMAIOIINX O0ToOpazkeHuit. MeTom KOHCTPYKTUBEH U TO3BOJISIET CTPOUTD UKUCJIEHHBIE METO/IbI
perteHus 3aa4u. IMCIEHHDBIN aJIrOPUTM OCHOBAH HA METO/IaX KOHEYHBIX JIEMEHTOB U KOHEYHBIX
pa3HocTeii. Pe3yabraThl YnC/IEHHBIX 9KCIIEPUMEHTOB BIIOJIHE Y0BJIETBOPUTEIbHBI, a IPOIEAyPa I0-
CTPOEHUSI PENIeHUs YCTOMYINBA IIPU MaJIbIX BO3MYIIIEHUIX.

Karoueswie caosa: obpammas 3a0a4a; eparushas 3a0a4a; NAPabOAUNECKOE YPABHEHUE; TENA0-
Macconeperoc.
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