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In the paper, a two-level hierarchical game with one upper-level player and N lower-level
players is considered. The game models the heterogeneous social behavior of the bottom-level
players. Unlike classical game-theoretic models, where all agents are strictly selfish, it is assumed
that the bottom-level players are divided into two groups: committed altruists acting within
the Berge equilibrium (the desire to maximize the payoff of others) and selfish agents adhering
to the traditional Nash equilibrium and maximizing their own payoff. Furthermore, the payoff
functions of each player are affected by interval uncertainty. The concept of a Pareto-guaranteed
hybrid equilibrium is formalized for the proposed game. A linear-quadratic hierarchical game under
uncertainty with one top-level player and three bottom-level players, two of whom are altruists
and one of whom adheres to a selfish behavior model, is given as a model example. A Pareto-
guaranteed hybrid equilibrium is constructed analytically for this game. The approach developed
in this article allows for more accurate modeling of real-world socioeconomic processes characterized
by information asymmetry and the presence of different behavioral incentives among individuals,
for example, in macroeconomic governance systems or in models of state-society interactions.

Keywords: Berge equilibrium; Nash equilibrium; hybrid equilibrium; uncertainty; hierarchical
game.

Introduction

The foundations of game theory as a mathematical science were laid back in the 1940s.
From the very beginning, a significant difference between mathematical game theory and other
mathematical sciences became apparent. In other branches of mathematics, the concept of a
solution is clearly defined and uncontroversial. In mathematical game theory, there are numerous
solution concepts, and researchers have yet to determine what constitutes a game solution. For
example, for the non-cooperative game considered in this article, several solution concepts have
been proposed.

The fact is that all proposed solution concepts simultaneously have both advantages and
disadvantages. This makes it impossible to select one concept as definitively superior. The most
successful solution concept in non-cooperative games is the Nash equilibrium. It was proposed by
John Nash [1] in 1949. For this concept, Nash was awarded the Nobel Prize in Economics in 1994.
Nash equilibrium is widely used in various fields of study, particularly in economics, sociology,
political science, and military science. The reason for its popularity is its robustness. This is
because the profile of Nash equilibrium strategies is robust to individual player deviations. That
is, if any player attempts to deviate from the Nash equilibrium strategy, they cannot increase
their payoff, but their payoff may decrease. Hundreds of articles devoted to Nash equilibrium
appear annually in leading journals in operations research, game theory, and systems analysis.

However, “even the sun has spots”. One of the shortcomings of Nash equilibrium is its “strongly
selfish nature”, corresponding to the desire of each participant in a conflict to maximize only
their own benefit. Moreover, players completely disregard the interests of other players. The
direct opposite of Nash equilibrium is the altruistic concept of Berge equilibrium. By applying
this concept, each player makes every effort to increase the winnings of all other players, while
forgetting about his own interests. The Berge equilibrium was formalised as a possible solution
to the non-cooperative game by V.I. Zhukovsky in 1985 [2| during a critical review of a book
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by the French mathematician Claude Berge “Théorie générale des jeux a n personnes” [3|. In the
1980s V.I. Zhukovskiy started to investigate one of the conepts of equilibrium in normal form
games introduced by Berge in [3|. In fact, Zhukovsky initially introduced this equilibrium as an
alternative to the Nash equilibrium when a Nash equilibrium is absent from the game. However,
subsequent research has shown that the Berge equilibrium is a rich concept, as it has multiple
interpretations and reflects a variety of socioeconomic models of behavior in human interaction.
Indeed, it can express the moral Golden Rule [4] “Behave to others as you would like them to
behave to you”, the principle of mutual support [5] or “positive” reciprocation, coordination,
cooperation in non-cooperative settings and altruism.

In [6,7], Abalo and Kostreva give a more general definition of Berge equilibrium. Furthermore,
in [6] a theorem of existence of Berge equilibrium that is also Nash equilibrium or Berge-Nash
equilibrium is established for Berge equilibrium in sense Abalo and Kostreva. The existence
of Berge-Nash equilibria was also studied in [8]. Note that in contrast to [6], where the Berge
equilibrium is simultaneously a Nash equilibrium, this paper assumes a different approach. At the
same time, the hybrid equilibrium considered in the paper (hereafter called Berge-Nash hybrid
equilibrium) is not a Berge—Nash equilibrium in the sense of [6]. Nowadays, a large number of
papers are devoted to the Berge equilibrium [4,5,9-12]. Note that there are papers that model
the exact opposite behaviour [13,14]. But, the only explanation for this behaviour, in our opinion,
is hatred of others (Anti-Berge) or self-hatred and masochism (Anti-Nash).

Real socioeconomic processes are highly complex and heterogeneous. Agents (players)
operating in these systems may have completely different behavioral incentives. Therefore,
applying either the Nash or Berge equilibrium concepts may not accurately describe the process
model. In fact, some agents (possibly a small number in real systems) may exhibit altruistic
behavior and adhere to the Berge equilibrium concept. Meanwhile, the remaining agents may
adhere to the Nash equilibrium, seeking to maximize their own payoffs. In such a situation,
a solution can be found in the concept of a hybrid equilibrium, which simultaneously takes
into account the behavior of both groups of players. Such a solution will be called BN-hybrid
equilibrium (BNHE).

Another problem arises in modeling and controlling complex socio-economic systems. This
is the presence of a decision-making hierarchy. Such a hierarchical system can appear as a
consequence of information “inequality”. For example, in the model “tax service — people”. The tax
service, determining the amount of taxes, has information about how people will act at different
levels of taxation. People, in forming their strategy, have no information about the specific decision
of the tax service. In this case, the goal of the tax service is to choose the level of taxation that
maximizes total tax collection. The construction of the hierarchical games theory was started in
the works of Yu.B. Hermeyer [15]|. The paper considers the case of a two-level hierarchy with one
upper-level player and several players of the lower level of the hierarchy [16]. Players at the lower
level of the hierarchy have different social preferences. Therefore, some of them have a selfish
behavioural pattern, trying to maximize their own income by their choices. And other players
are altruistic, they care about the good of other people. It is worth noting that there is always,
perhaps, a small proportion of altruists in society.

Furthermore, it is assumed that the players’ payoffs depend not only on their actions but
also on uncertainty. Uncertainty has a non-stochastic character. Players know about it only the
set of its possible values. Such problems were studied in [17,18|. Such uncertainty can be caused
by external influences on the economic system, such as unpredictable exchange rate jumps, etc.
Since players lack information regarding the probabilistic characteristics of these factors, it is
assumed that they can only estimate the boundaries of their change.

The paper is structured as follows. Section 1 recalls the basic concepts of game theory. In
Section 2, for a non-cooperative N-person game, the concept of BN HFE is formalized. Sufficient
conditions for the existence of BN HFE, reduced to the existence of a saddle point of a specially
constructed Hermeyer convolution, are given. In Section 3, the concept of a Pareto-guaranteed
hybrid equilibrium is formalised for a hierarchical game under uncertainty. Here it is assumed
that the upper-level player seeks to maximize his payoff. Some of the lower level players adhere to
the altruistic behavior model, and the rest adhere to the egoistic behavior model. In this case, all
players have to take into account the impact of uncertainty, the realization of which they cannot
influence. But uncertainty affects their payoff functions. The linear-quadratic version of the game
is considered as an example.
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1. Preliminaries

In this section, some concepts of game theory are recalled.

1.1. Non-Cooperative Game

Consider a non-cooperative N players game. Such a game is given by the tuple

I' = (N, {Xi}ien, { fi(z) }ien), (1)

where N = {1,..., N} is the set of players’ serial numbers; each player i chooses and applies his
own pure strategy x; € X; C R™, forming no coalition with the others, which induces a strategy
profile z = (z1,...,2n) € X = [[ Xi CR™ (n = ) n;); for each i € N a payoff function f;(x)
1€EN 1€EN
is defined on the strategy profile set X, which gives the payoff of player i. In addition, denote
(tz’L) = (xla cees Lj—1,5 2y Tit1, .CI?N) and f = (fh ) fN)
The most popular concept of a solution for a non-cooperative game was proposed by Nash [1].

Definition 1. The strategy profile ¢ = (x9,...,2¢,...,2%) € X is called a Nash equilibrium in

the game I if
max fi(z]lz:) = fi(€) (i € ).
r; €X;
In a Nash equilibrium, each player tends to maximise his own payoff. At the same time,
acting selfishly, he does not think about the payoffs of the other players. Completely opposite are
the motives of players using Berge equilibrium [2|, where everyone directs all efforts to maximise
all others’ payoffs.

Definition 2. The strategy profile z¥ = (ac’lg, .aB

; ,...,:1:]]%) € X is called a Berge equilibrium
in the game I' if

ma fi(z|2P) = fi(zP) (i € N).

1.2. Hierarchical Game

A two-level hierarchical game is considered in this paper. It is assumed that there is one upper-
level player and several lower-level players. As usual [15,16], player inequality is established by
the right of first turn of the upper-level player. This is reflected in the information discrimination
of lower-level players. Players of the lower-level are equal. Such a game can be associated with a

tuple
<N7 U7 {Xi}iENag(uvx)v {fi(uvx)}i6N>v (2)

where N = {1,..., N} is the set of serial numbers of the lower-level players; U is the set of pure
strategies of the upper-level player. His strategies are u € U C R™. The set of strategies x; of
each i-th player of the lower-level is X; C R™. z = (z1,...,zy) € X = [[ X; CR" (n = >_ ny).

€N €N
The scalar payoff functions of all players are defined on the Cartesian product U x X. For the
upper-level player this is g(u,z), and for each i-th player in the lower-level, the payoff function
is fi(u,x).

A game party is played as follows. In the first step, the upper-level player passes to the other
players information about his set of strategies U. Based on this knowledge, lower-level players
form their responses as functions of the form z;(u) : U — X; (i € N). Such functions are called
counter-strategies in [19]. In forming z;(u), for every fixed pure strategy u € U, the lower-level
players use some optimality criterion, for example, a Nash equilibrium.

In the second step, lower-level players pass information about their chosen counter-strategies
x;(u) to the upper-level player. With this information, the upper-level player chooses his strategy
u* € U to maximise his payoff g(u,z(u). Namely, as a solution to the problem

g(u" 2(u)) = ma g(u, (u).

A solution so constructed is called a Stackelberg-Nash equilibrium [20].
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1.3. Multi-Criteria Decision-Making Problem

Consider a multi-criteria decision-making problem (MCDM)

Ly = {fi(y) }i=1,..N)-

In the I'y problem, the set of alternatives is ¥ C R™. The decision maker (DM) chooses an
alternative y € Y such that the values of all N criteria f;(y) (i = 1,...,N) are reduced as much
as possible. A Pareto-minimal solution to the problem I'y is [21] the alternative y* €Y for which
the system of N inequalities is incompatible

fz(yp) P fz(y) (i: 17"'7N) Ver,

in which at least one inequality is strict. Pareto minimality means that the DM, deviating from
y? cannot decrease the value of any of the criteria without increasing the value of the other

criterion.

2. BN-Hybrid Equilibrium

Consider a N-person noncooperative game (1), namely

I = (N, {X; }ien, {fi(2) }ien).

Below we assume that all players in the game I' are divided into two parts. Within these parts,
players adhere to identical behavior patterns. These parts are not coalitions, as cooperation and
interaction within each part are not implied.

So, consider that the set of players N in I' is divided into two non-empty subsets. The first
subset, denoted as B, includes players who follow the Golden Rule of Morality (“Treat others as
you would like others to treat you”) in their decisions. Players of this set, choosing their strategy,
adhere to the Berge equilibrium concept. Players who are not in the set B form the set N\B. They
hold the concept of Nash equilibrium, reflecting their desire to maximize their own payoff.

This situation is possible in a society where a part of its members are convinced altruists,
they form the set B, and the rest of the members of the society, who prioritize only themselves,
form the set N\B.

Below by xp we denote the set of strategies x; of all players ¢ belonging to the set B, namely

g € Xp = H Xg.
keB

For j € N\B the set composed of strategies x; of all players ¢ € B and strategies ; of player j,
denote by g4, and the whole set of such sets will be denoted as

XIB%-‘,—j = H Xk X Xj.
keB

Finally, for each player ¢ € B, zp_; will denote the set of strategies xp € Xp with the strategy x;
of player i excluded from it, i.e.

Tp_; € Xp_; = H Xg.
keB\{i}

Next, when P =B, B — ¢ or B + j, (z||2p) will denote the strategy profile x € X, in which
the strategies of all players, in the subset P are replaced by their strategies taken from the set zp
generated from the strategy profile z € X. We will also use the notation Np for the number of
players in the set B.

In the following definition, the solution to the I' game is not an equilibrium strategy profile,
but a pair — the strategy profile z* and the payoffs f(x*) delivered to it.
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Definition 3. The pair (z*, f(z*)) is called a BN -hybrid equilibrium (BNHE) of the game T’
if for all x € X the following conditions are satisfied

max fi(z*||lzp—i) = fi(z") (i€B),
max fj(z*|ez+5) = f;(z") (7 € N\B).

Note that the first condition in (3) means that in BN HE the win function of each player i
in the set B is maximized by all players in this set except for player ¢ himself. The meaning of
the second condition in (3) is that for each player who is not in the set B, his payoff function is
maximized both by himself and by all players in the set B.

Remark 1. Equalities (3) mean that BNHE is stable both with respect to the deviation from
it of an individual player not in the altruistic subset B, and with respect to the deviation from it
of all players in the subset B.

Remark 2. As follows from Definition 3, when the subset B consists of only one player 4, the
first condition in (3) is absent. In this case, the value of the function f;(x) is not considered in
the construction of BNHE.

Remark 3. If exactly one player j from the set N of all players of the game I' does not belong
to the subset of altruistic players B, then to construct BN HFE it is enough:
First, to find the strategy profile z* € X from the condition

max fj(z) = fj(z"). (4)

zeX
Second, check for each ¢ € B and the strategy profile x* the validity of the equality
max fi(z"|lep-i) = fi(z"). (5)
The strategy profile x* obtained from (4) and satisfying (5) for all i € B, exactly forms BNHE
(z*, f(z*)). The above approach can be demonstrated by the following example.

Example 1. Consider Bryant’s game [22] with three players, where players 1 and 2 form the set
B of altruistic players. The strategy of each player i is to choose a real number between 0 and 5,
that is, z; € [0,5] (¢ = 1,2,3). On the set X = [0,5] x [0,5] x [0, 5] the players’ payoff functions

fz(x) = 2min{x1,x2,x3} — I; (Z = 1,2,3)

are defined.
Note that Nash equilibria in this game has the form [22]

X€ = {2° = (A, \ ) | VA € [0,5]}

the Berge equilibria takes exactly the same form. Following the method proposed in Remark 3,
first, the strategy profile z* is found from the condition

max f3(z) = f3(z*).

rzeX

It is easy to see that the maximum value of the function f3(x) = 2min{zy,z2, 23} — 23 on X is
reached only when z* = (5,5,5). Second, let us verify that the conditions (5) for ¢ € {1,2} and
x* = (5,5,5) are true, namely, that the maximum value of the function at x1,xs € [0, 5]

f1(5,22,5) = 2min{5,z9} — 5 =229 — 5

and
fo(x1,5,5,5) = 2min{z;,5} —5 =2z —5

are reached at x5 = 5 and z7 = 5, respectively. Hence the strategy profile z* = (5,5,5) and the
payoffs f(z*) = (5,5,5) foorm BNHE.
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Sufficient conditions for the existence of BN H E are constructed using the approach proposed
in [23] and applied in [4,17]. For this purpose, we introduce the N-vector z = (21,...,2n) € X

and the Hermeyer convolution [15,24], where i = 1,..., N,
¢i(x,2) = fi(zllzs—i) — fi(z) (i € B), (6)
pi(z,2) = fi(z|zB45) — fi(2) (i € N\B),
P(x,z) = | max or(z, 2). (7)

IRREE)

The saddle point (2°,2*) € X x X of the scalar function v (z, z) of (6),(7) is defined by a
chain of inequalities
Y(x, 2%) < (¥, 2*) <, 2) Vo€ X,z € X. (8)

Theorem 1. If in the zero-sum game
Iy, = <X72 = X,¢(.’E,Z)>

the saddle point (z°, z*) is found, then the maximin strategy z* € X is the BNHE of the game T.

ProofIf we put z = 2¥ in (8), then from (6) and (7) it follows that (2, 2%) = 0, hence (by
transitivity) we obtain ¢(x,z*) < 0 Vz € X. Then in consequence of max ¢, (z,2*) < 0

r=1,...N
Vx € X and (6) N inequalities

fi(zl|lzB—i) < fi(2) (i €B) Vap_; € Xy,
fi(zllzm+s) < fi(2) (i € N\B) Vapi; € Xpij

are satisfied.

The first Np of these inequalities, by virtue of (6), means that the first condition in (3) is
true for the strategy profile z* € X in the I'. The second group, consisting of N — Np inequalities,
realizes for the strategy profile z* the second condition from (3).

[

Remark 4. According to Theorem 1, the construction of BN HE z* reduces to finding the saddle
point (2%, 2*) of the Hermeyer convolution (x, z) of (6), (7). Exactly, we obtain the following
constructive way of constructing the BN HE of the game I':
1) specify a non-empty subset B of players using altruistic behavior;
2) determine by formulas (6),(7) the scalar function ¥(z, 2);
3) find the saddle point (2", z*) of the function 1 (z,2) (satisfying the chain of inequalities (8));
4) construct the values of N scalar functions f;(z*) (: € N).

Then the pair (2%, f(z*) = (f1(2*),..., fn(2¥)) exactly forms a BN-hybrid equilibrium in
the I' game: each player ¢ €€ N should use his strategy z; from the strategy profile z*, thus
ensuring himself a payoff f;(z*).

The existence of BN-hybrid equilibrium in mixed strategies was proved in [25].

3. Hierarchical Game under Uncertainty

In this section, a hierarchical two-level game is considered. This game is defined by the tuple

<N7 U, {Xi}i€N7 Y,g(u, L, y)? {fz(u7 L, y)}i€N>' (9)

In (9), just as in game (2), one upper-level player and N players of the lower-level. The set
of ordinal numbers of the lower-level players N, the set of strategies of the upper-level player
U C R™ and the set of lower-level players strategies X; C R™ (i € N) are the same as in game
(2).

Unlike the game (2), the game (9) contains a set Y C R™ of uncertainties y. In the decision-
making process, all players have to take into account not only the rationality of other players’
choice of other players, but also that one of the values of uncertainty y is realised. What specific
value of uncertainty is realised the players are not informed about. They also have no information
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about the probability distributions of uncertainty. Players know only the set of possible values of
uncertainty Y, of which only one is realised in the game.

After all players choose their strategies and realise the uncertainty, a triple (u, x,y) is formed,
where © = (x1,...,2zn) is the strategy profile of the lower-level players. On the set of all such
triples

UxXxY=UxX| X...x Xy xY CRwotmttnytm

the payoff functions of the players of the second level
filuyz,y) : UXx X xY >R (i=1,...,N),
and the payoff function of the upper-level player
glu,z,y) :Ux X xY - R

are defined.

The value of the payoff function on a certain realised triple (u,x,y) is the payoff of the
relevant player. Next, consider that all lower-level players (as in Section 2) are divided into two
non-empty non-intersecting sets. The first set is the set of altruists. Each player of this set,
choosing his strategy, thinks about the welfare of all others. At the same time, he does not care
about his own payoff. Such players in their actions adhere to the concept of Berge equilibrium.
Let us denote, as in Section 2, the set of these players by B. The second set is formed by selfish
players. They choose a strategy that maximises their own payoff and do not care about the other
players. Such players, making their choice, adhere to the concept of Nash equilibrium. The set of
such players is N\ B. A party of game (9) develops as follows.

In the first step, the upper-level player passes to the lower-level players information about
the set U of all his strategies u. Then, based on the knowledge of U, the lower-level players, given
their social position, form their responses in the counter-strategy class

zi(u,y) (i=1,...,N), YueU, yeY. (10)

This results in the vector function z(u,y) = (z1(w,y),...,zn(u,y)).

In the second step of the game, players at the lower-level of the hierarchy pass information to
the upper-level player about the counter-strategies they have formed (10). Substituting (10) into
his payoff function g(u,z,y), the upper-level player obtains g(u, z(u,y),y), depending only on his
strategy v and uncertainty y. After this, he chooses his strategy u* € U, seeking to maximise his
payoff g(u*, x(u*,y),y) if possible. In doing so, he is forced to focus on the possibility of realising
any uncertainty y € Y.

Further, at the moment of choosing u*, some particular value of uncertainty y* € Y is
realised. After that, the upper-level player determines his payoff g(u*, z(u*,y*),y*). And lower-
level players, based on their knowledge of u* and y*, calculate their payoffs f;(u*, z(u*,y*),y*)
(t=1,...,N).

We believe that to account for uncertainty, players should follow Hermeyer’s principle of
greatest guaranteed outcome [15]. Namely, expect to realise the “baddest” uncertainty for them.
That is, uncertainty that delivers some vector minimum, for example, a Pareto minimum [21].

Formalising the solution, we will follow the approach proposed in [18] and called “analogue
of vector saddle point”. Here the solution is constructed as a vector saddle point, in which the
maximum is replaced by a Stackelberg—Nash equilibrium (taking into account the social position
of the players) in the game obtained from (9) under fixed uncertainty y. And the minimum is
replaced by a Pareto minimum in the multi-criteria problem obtained from (9) for a fixed profile
of strategies (u, ).

Definition 4. We will call the quadratic (u*,x*,g*, f*) a Pareto-guaranteed hybrid equilibrium
(PGHE) in a two-level hierarchical game (9), with different social behaviour of the players at the
lower-level of the hierarchy, if there exists an uncertainty y© € Y such that

1) the strategy of the upper-level player u* satisfies the condition

* x P P P P
glu™, x(u”,y"),y") = maxg(u, 2(u,y" ), y"),
uelU
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where
filu, x(u,y"),y") = rrggifi(u,x(u,yp)\\m—i,yp) VucU (icB),

fj(uax(uvyp)aylj) = Eneaj?fj(uax(uvyp)“xﬁ-i—jaylj) Vu € U; (] € N\B)v

2) a strategy profile of second-level players is

= (2],25,...,2y),

where
27 =a(u',y") (i=1,...,N);
3) for any uncertainty y € Y a system of N + 1 inequalities

g(u*,z*,y") > g(u*,z(u*,y),y), (11)
fi(u*,x*,yp) 2 fZ(U*7x(U*7y)7y) (/L:]-uaN)a

where at least one of the inequalities is strict, is inconsistent.
In this case, the value g* = g(u*,z*,y*") will be called the guarantee of the upper-level player,

and the vector
f* = (ffaf;77f])§f)7

where
fi*:fi(’U'*vx*vyP) (izlv"'vN)a
will be called the vector of guarantees of the lower-level players.

Remark 5. Let
N

fZ(uvxvy) = g(u,:c,y)—l—Z(u,:c,y).

i=1
For any uncertainty y© € Y found from the condition
)

min(u’, 2 (u”, ), ), (12)

o z(u*,y"),y
will be [21] an inconsistent system of inequalities (11), of which at least one inequality is strict.

Remark 6. The meaning of the guarantees ¢* and f* = (f{, f5,..., fx) is that when players
choose their strategy profile (u*,z*) and realising any uncertainty y € Y, they cannot obtain
payoffs that are smaller than the guarantees for all players at once.

Next, an example of constructing PGHE in a linear-quadratic game is given.

Example 2.
Consider the game (9), where
glu,z,y) = 2x1u + 2xou + 2x3u — 55u? + y? — 29y + 14y, (13)
filu,z,y) = —5&0% - :c% - :c% +dx1x0 + 22123 — o3 + Y2 —

—2m1y + 220y — 4x3y + 210 + dwou + 623U,

2
fo(u,z,y) = 23 + 23 — % + 22179 + 47123 — 23073 + 2y°+
+211y + 220y + 273y + 2710 + 2T0u + 423U,

2
fa(u,z,y) = 23 — % + 23 + 21179 — 22133 — 27273 + 3y>+
+2x1y — dzoy + 223y + 4x1U 4 622U — 273U,

and u € R, v = (21,72, 23) € R?, uncertainty y € R.
In this game, three players are in the lower level of the hierarchy. The first player is selfish.
Players 2 and 3 are altruists. Their strategies are z1, x2 and x3, respectively.
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According to Remark 3. First, the strategy profile z(u,y) = (z1(u,y), z2(u,y), x3(u,y)) can
be found from the condition

filu,2(u,y),y) = max fi(u,v,y) Vu€R, Vy € R.
re

Equality (14) is satisfied if

and

Bnifu.z.y) = —10z1 + 429 + 225 — 2y + 2u = 0,
1 r=x(u,y)

8f1g;,:c,y) = 4z — 229 — 23 + 2y + 4u = 0,
2 r=x(u,y)

<9f1g;,x,y) =221 — 9 — 223 — 4y + 6u = 0,
P lr=a(uy)

anl(u7 z, y)

< 0.
a$i8x]’

The system of linear equations (15) has a unique solution

_ Alu— 15y _ 32u+ 14y

xl(u7y) f? CCQ(U,y) fa :c;g(u,y) =

The Hessian matrix is

82f1(u,x,y): _io _42 _21
OxiOx; 2 -1 -2)

S8u — 10y

3

(14)

(16)

(17)

(18)

According Sylvester’s criterion, the Hessian matrix (18) is negative-definite (i.e. (16) is true).

Therefore, the lower-level players’ strategies (17) satisfy condition (14).

from Afa( ) _ Ofi( )
2\U, T, Y 1\, 2,y
- — day — 2m9 — w3 + 2y + 4
O Oy T To — x3 + 2y + 4u,
and )
a fQ(uwT?y) :_1<0
ox3

it follows that z3(u,y) found in (17) is a solution to problem

Similarly, according to

and

8f3(u7 xz, y) _ 8f1(u7 xz, y)

321?2 821?3

82f3(u7 z, y)

=-1<0,
&c%

x9(u,y) is a solution to problem

f2(uux17x27x3(u7y)ay) = ;;ngéf?(uaxl?xqu:Suy) Vu € R7 V?/ S R.
3

= 2x1 — x9 — 2x3 — 4y + 6u,

f3(uux17x2(u7y)7x37y) = ;;ng‘éfé(uvxl?xqu:Suy) Vu € R7 V?/ S R.
2

Next, substituting (17) into (13), we get

2

25
g(u,z(u,y),y) = —u” — —uy — —y

86
3

3

2 4 14y.
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The upper-level player maximizes his payoff function g(u,x(u,y),y) by choosing his strategy u*
such that

g(u, 2w, y"),y") = maxg(u, 2w, y"),y").
ueER
From
69(u7x(u Y ) yP) — _ou* — 86,P =0, 82g(u,x(u,yp),yp) = _-92<0
ou . 3Y Ou? . ’
u=u u=u
it follows 43
ut = ——yt. (19)
3
Substituting (19) into (17), we get
* * 1808y " * * 133447
oy =z (u,yh) = -5, 2 = ao(ut,yh) = =5, (20)
* * P 374y”
s = x3(u*,y") = — .

At the same time, according to remark 5, uncertainty y* is found from the equality (12),
where

fzj(uax y) = (u,2,y) +f1(u z,y) + fa(u, 2, y) + fa(u,z,y) =
3561 — :%2 -2 —|- 8r1x9 + 4xr173 — dr9x3z+

+7y? + 2x1y + 14y + 10z1u + 14xou + 10x3u — 55u.

Hence,

3(13{)2 _ ($§)2 _ (CC;)2

+7y% 4 22Ty + 14y + 1025u* + 1daiu® + 10z5u™ — 55u*.

[y 2% y) = — + 8zjx) + dxjxsy — b+

From
dfs(u*,x*,y)

=14yf +14=0
Oy

P

Y=y
and
O fs-(u*, z*, y)

92 =14>0

P

y=y
implies that max fs~(u*,z*,y) is achieved at yP = —1.
y
Substituting y* into (27) and (28), we obtain

1334 . 374
U = Ty = ) xQZTv $3:7.

To complete the construction of PGHE, let’s calculate the guarantees

. . 1648 . . 6296435
g :g(u,x,yp)—T, flzfl(uwrayp) W
12449656 6 0433
f2 fl(u T 7yP) - o1 f3 _fl(u T 7yP) Q1
81 81
43 1808 1334 374 1648
So, PGHE has the form (u*,z*, ¢, f*), where u* = 3¢ (T’T’?)’ g = 5
6296435 12449656 6870433
* _ pkopexopexy [
f _(f17f27f3)_< 81 ) ]1 ) ]1 )
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Discussion

The behaviour of agents in complex socio-economic systems does not always correspond to
one model of behaviour. Often in one system there are agents with different social behaviour.
Thus, the paper attempts to describe a system in which there are both selfish and altruistic
agents. In addition, the presence of hierarchy in the system and the presence of uncertain factors
were taken into account.

The authors see the development of the work, firstly, in the combination of the considered
models of behaviour with other models. Thus, some agents may adhere to concept of Kantian
equilibrium [26], or to concept of weak Berge equilibrium [27].

Second, when formalising a Pareto-guaranteed hybrid equilibrium, it was assumed that
players construct a solution by counting on the emergence of a “worst-for-all at once” (Pareto
minimum) uncertainty. However, another approach is possible. Each player counts on the worst
uncertainty for him personally. And based on this assumption, a decision is already made. The
guarantees obtained in this way could be called strong guarantees, and the equilibrium could be
called a strongly guaranteed equilibrium. Strong guarantees will be the lowest, and since each
agent counts on his “bad” uncertainty, none of the players will receive a payoff less than his
guarantee.

Acknowledgements. This research was funded by Russian Science Foundation grant number
28-21-00539, https://rscf.ru/en/project/23-21-00539/.
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NEPAPXNYECKAZ4A UT'PA ITP1 HEOITPEJAEJIEHHOCTN:
CJIVUAUN PA3JINYHOTI'O COIIMAJIBHOI'O ITOBEAEHN A

K.H. Kydpasues', M.A. Pwbauwyx’3, JI.JI. Caxanaycrac*, JI.B. XKyxoscras®
!®unancossrit yausepcurer npu IIpasurenscrse Poccuiickoit @enepanuu, . Mocksa,
Poccuiickass @enepariust

’TocynapcTBenHbIil yHEBEpCUTET yiipasienus, . Mocksa, Poccuiickas ®eepanus
[enTpanbubiii SKOHOMUKO-MaTeMaTudecKuii nunctutyT Poccuiickoit akagemun nayk, r. Mocksa,
Poccuiickass @enepariust

4Vuupepcurer Burayraca Bemukoro, r. Kaynac, JIursa

B crarbe paccmaTpuBaercs AByXypOBHEBasI MEPAPXUIECKAs UT'PA C OJIHUM UI'DOKOM Ha BEPXHEM
ypoBHe uepapxuu u [N UrpoKaMu Ha HU2KHEM YPOBHE. B urpe Mojiempyercs rereporeHHoe COlualib-
HOE TIOBEJICHUS UT'POKOB HUXKHErO YPOBHsA. B OTiIMYue OT KJIacCMYeCKUX TEOPETUKO-UTPOBBIX MOJIE-
JIeii, T7ie BCe ar€HThI CTPOr0 STOUCTUYHBI, TTPEIIIOIATaeTCsl, YTO UTPOKU HIUKHETO YPOBHS Pa3/Ie/IeHbI
Ha JIBe TPYNIBL: yOEXKIEHHBIX aJbTPYUCTOB, MEHCTBYIOMNX B PAMKaX KOHIEMIINA PABHOBECHS IO
Beprka (cTpemiieHne MaKCMMU3MPOBATH BBIMTPHIINT OKPY2KAIOINIWX ), U STOUCTHIHBIX ar€HTOB, TIPHU-
JIepKUBAIOIINAXCs TPAJMIMOHHOIO paBHOBecus 1o Hatry u MakcuMu3apyommux cOGCTBEHHBIN BBIUT-
poit. Kpome Toro, Ha byHKINM BBIUTPBINIA KaXK/IOI'0 U3 UTPDOKOB BJIMSIET WHTEPBAJIbHAsI HEOIIpPe-
JeeHHOCTh. JIjis ipeiyioyKeHHON UTrphl (DOPMAIM30BaHO TMOHSTHE TapaHTHpoBaHHOrO mo Ilapero
rubPUIHOTO paBHOBecusi. B KadecTBe MOJEIBLHOrO MpUMepa MPUBEIEHA JIMHEHHO-KBaIPATHIHAS
repapxudecKasi UT'pa MPHU HEOMPEIEIEHHOCTH C OJHUM UTPOKOM BEPXHETO YPOBHSI, U TPEMs UTPOKa-
MM HUKHETO, JIBA U3 KOTOPBIX SIBJISIIOTCS aJIbTPYUCTAMU, a OIMH IPUJIEPKUBACTCS STOUCTUIECKOIA
Mojiesin noBesieHus. Jljisg maHHONH UIpbl B AHAJUTUYECKOM BHUJE IIOCTPOEHO IapaHTUPOBAHHOE 110
[Tapero rubpuHOEe paBHOBecHe. PazpaboTaHHbBI B CTaThe IOJIXO ITO3BOJISIET O0JIee TOYHO MOJIEJIH-
poBaTh peasibHbIE COIMAJTBHO-9KOHOMUYECKHE TTPOIECCHI, XapaKTePUIYIONNecs NHMOPMAIMOHHOMN
acCUMMeTpHel U HAJUYINEM PA3HBIX MOBEJIEHYECKUX CTUMYJIOB Yy JIFO/eH, HapuMep, B MaKPOIKOHO-
MHUYECKUX CHCTEMaX YIPABJIEHUs WJIM B MOJIEJISX B3aUMOJIEHCTBUS TOCYJAPCTBa U ODIINECTBa.

Karoueswie caosa: pasmnosecue no Bepowcy; pasnosecue no Howy; eubpudnoe pasmosecue;
HeONPeJeAeHHOCTND; UEPAPTULECKAA ULPG.

Koncrantun Hukonaesna Kynpssies, kananaar pU3NKO-MaTeMaTHYCCKIX HAyK, JTOIEHT, Ka-
dbenpa MomeIMpoBaHMS U CUCTEMHOrO aHajm3a, OUHAHCOBLIT yHUBepcuTeT npu IlpaBurenneTse
Poccuiickoit @eneparnuu (1. Mocksa, Poccuiickast @enepartus), kudrkn@gmail.com.

38 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2026, vol. 19, no. 3, pp. 27-39



MATEMATNYECKOE MOJIEJIMPOBAHUNE

Maxkcum AjtekcauapoBud Pribatyk, KaHIUIAT SKOHOMUIECKUX HAYK, BELYIUI HAyIHBINA CO-
TpyauuK, LlenTpasnbblii skoHoMuKO-MaTeMarnyeckuii nHeruryr PAH (r. Mocksa, Poccniickast
Deneparust ); locyapcrsennstii yausepenrer yupasienus (r. Mocksa, Poceniickas @eneparst),
rybachuk@cemi.rssi.ru.

Jleonumac CakaJjiayckac, JOKTODP TEXHUYECKMX HaykK, rpodeccop, YuuepcureT Burtayraca
Marnyca (r. Kaynac, JIutsa), leonidas.sakalauskas@mif.vu.lt.

JIunnss  BuamucnasoBrHa — 2KyKOBCKasi,  JOKTOp SKOHOMHYECKHX HAyK,  KaHIXIAT
dU3NKO-MaTeMATHIECKUX HayK, BEIYININI HAyIHBIR COTPYIHUK, LleHTpanbHBIN KOHOMHIKO-
maremarndeckuii nacturyr PAH (r. Mocksa, Poccniickas @enepanust), zhukovskaylv@mail.ru.

Hocmynuna 6 pedaxuyuro 17 uronsa 2026 e.

Bectauk FOYpI'Y. Cepus «MareMaTudecKoe MOJAeJIMPOBaHUE 39
u nporpammuposBanues> (Becruuk FOYpI'Y MMII). 2026. T. 19, Ne 3. C. 27-39



