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We consider the initial boundary value problem with homogeneous Dirichlet boundary
conditions for the generalized Hoff equation in a bounded domain. This equation models the
dynamics of buckling of a double-tee girder under constant load and belongs to a large class
of Sobolev type semilinear equations (We can isolate the linear and non-linear parts of the
operator acting on the original function). The paper addresses the stability of zero solution
of this problem. There are two methods in the theory of stability: the first one is the study
of stability by linear approximation and the second one is the study of stability by Lyapunov
function. We use the second Lyapunov’s method adapted to the case of incomplete normed
spaces. The main result of this paper is a theorem on the stability and asymptotic stability
of zero solution to this problem.
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Introduction

Let © C R® be a bounded domain with boundary 92 of class C*°. Consider the
generalized Hoff equation [1] in cylinder © x R

(A= Xo)ug + Auy = cqu + apu® + ...+ ou*™t, neN. (1)
This equation models the bending of an I-beam. Here the function v = u(x,t), (z,t) €
2 x R is the displacement of the beam from the vertical position. The parameter A €
R, corresponds to a constant vertical load and the parameters a; € R, ¢+ = 1,2,....n
characterize the material of the beam.
Consider the initial-boundary value problem

u(x,0) =ug(x),z € Q; u(z,t)=0, (zr,t) €2 xR (2)

for equation (1). This problem was firstly considered in [2 — 4], wherein it was found
out that the problem is essentialy unsolvable for arbitrary initial data. The set of initial
values, which guarantees the existence and uniqueness of solution to initial-boundary value
problem for equation (1), has been studied in [5|. If n = 2 and ;- @2 € Ry then the phase
space of equation (1) is a simple Banach C°°-manifold. This result was obtained in [6].
And if oy - as € R_ then the phase space of equation (1) lies on the Whitney fold. It is
shown in [7]. The generalized Hoff equation (for n > 3) was considered in [8], but in this
paper the stability has not been studied. This result was obtained in |9] for the case when
n = 3. Generalized Sobolev type equations have been studied in other papers, for example,
in [10]. In this paper we generalize the results of [9] and consider the case when n > 3.
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The paper consists of two parts. The first part is devoted to the reduction of problem
(1), (2) to the Cauchy problem

u(0) = ug (3)
for abstract semilinear Sobolev type equation
Li = Mu+ N(u). (4)

Here L, M are linear operators and N is nonlinear operator defined on specially constructed
functional spaces. The second part is devoted to the study of stability of stationary solution
to problem (1), (2). This is the main result.

1. Phase Space

Consider spaces {4 VV2 (Q), = W5 '(Q) and operators

(Lu,v) / (A = Xo)uv — VuVo)dz, Yu,v €Wy (), (5)
0
(Mu,v) = oy /uvda:, Yu,v € Lo, (), (6)
0
= /(a2u3 o a1 ude Yu, v € Loy (92). (7)
0

Embedding W3 () < L,(Q2) is dense and continuous. Therefore L, M € L(4;F), and
L is a Fredholm operator. The spectrum of the operator L is real and discrete, has finite
multiplicity and condenses only to —oo. Operator N € C*(4; §).

A vector function u € C™(U,F) satisfying equation (4) is called a solution of this
equation.

Definition 1. A set BB C il is called a phase space of equation (3) if the following conditions
are satisfied:

(i) each solution u = u(t) of (4) lies in P pointwisely; i.e., u(t) € P for all ¢t € R;
(ii) for each ug € B, there exists a unique solution to problem (3), (4).

Theorem 1. Let n=1,2 when s =4 (i.e. QCR*), n=1,2,3 when s =3 (i.e. Q CR3)
and n € N when s = 1,2 (i.e. Q@ C R or Q C R?). Then one of the two conditions is
satisfied

(i) if ker L = {0}, then the phase space of equation (1) concides with L.

(i) if ker L # {0}, and all coefficients o; € R\{0}, i = 1,...,n have the same sign. Then
the phase space of eqiation (1) is simple manifold

M= ueil:/(a1+a2u2+...+anu2”_2)uxkdx:0, k=1,....m
Q

Here xj are orthonormal eigenfunctions corresponding to the eigenvalues Ay of L.
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2. Stability

Definition 2. A family of mappings S is called a nonlinear semigroup in a normed space
¥ if for every u € U and some 7 = 7(u) € R, the following conditions are satisfied:

(i) S=S5(t,u) € Y, forallt € (—7;7);5(0,u) = u;
(i) S(t+ s,u) = S(t,S(s,u)) forall t +s € (—7,7).
A point u € U such that S(t,u) = u,t € R is called a stationary point.
Definition 3. A stationary point u is called

(i) stable (in sense of A.M. Lyapunov), if for any neighborhood 9O, of u there exists
a neighborhood ©! (i.e. not necessarily the same neighborhood) of the same point,
such that S(t,v) € O! for all v € O, and t € Ry;

(i) asymptotically stable (in sense of A.M. Lyapunov), if it is stable and for any point v
in some neighborhood O, of u S(t,v) — u for t — oo.

Definition 4. A functional V' € C'(U;R) is called a Lyapunov functional if

for all u € 0.

Theorem 2. Let u be a stationary point. If there exists a Lyapunov functional such that
(i) V(u) = 0;

(i) V(v) > e(llv—u|); here ¢ is strictly increasing continuous function such that
©(0) =0 and p(r) > 0 for r € Ry, then the point u is stable.

Theorem 3. Let the conditions of Theorem 2 be satisfied, and a strictly increasing
continuous function 1, such that ¥(0) = 0 and ¥(r) > 0 for r € Ry, exist. If

V(v) < =9(||v — ul]), then the point u is asymptotically stable.
We will study the stability of problem (1),(2) using Theorems 2 and 3.

Consider a space {4 (=1/3) with norm || - || of space Ls. It is an incomplete normed
space. Define the Lyapunov functional by formula

V(u) = [ (u2+ (Ao — Nu?)dz.
/

Obviously V(0) = 0 and V(u) > c||u|*>. Moreover multiplying (1) scalarly in Lo by u we
obtain '
V(u) = —onllull® — aollullz, — .. — anllullZ,.

Since the embedding Lo, < L is obvious, the following inequality holds

V(w) < —arflul]? — aseolJullh, — ... — ancallullZ:,. (®)
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Here ¢;,j = 1,n are the constants of embedding. Function constructed from the norm
| - || on the right side of (8) satisfies the conditions of Theorem 3. So we have proved the
following theorem.

Theorem 4. Zero solution of problem (1), (2) is asymptotically stable for any o; €
R+, j :].,_n, /\ S [0, )\0]
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YCTOMYNBOCTD I10 JIIIIYHOBY
SAJIAYN KOIIIN ~ JTNPUXJIE
AJId OBOBIIIEHHOI'O YPABHEHUN Y XO® DA

I1.0. Mockeuuesa, U.H. Cemenosa

B pmammoit craThbe ucciemyercs HadaIbHO-KpPaeBas 3aaa4da Koimm ¢ OqHOPOIHBIMEI T'Pa-
HUIHBIMU ycaoBuamu Jupuxite misa 06001meHHoro ypapaenns Xodda, 3aJaHHONO B OTPAHN-
qeHHOM 00acT. DTO ypaBHEHHUE MOJEUPYET JUHAMUKY BBIYYHBAHUS JIBY TABPOBOH OaJ-
KU, HAXOJAMIEHCA MOM TOCTOSHHON HArPY3KOH W OTHOCHTCA K KJIACCY MOMyJUHEHHbIX (y
oreparTopa JIeHCTBYIONIEro Ha MCXOJHYI0 (DYHKIIMIO MOYKHO BBLIEJUTL JIUHEHHYIO YacTh U
HeJMHeliHy10) ypaBHeHuil cobosieBckoro Tuna. Hac unrepecyer ycroiuuBoCTb HYJIEBOTO pe-
IeHns JaHHOHM 337a4uu. B paMkax Teopun yCTONYMBOCTH BBIIEISIOT JIBA METOA: IIE€PBbIH
— HWCCEOBAHNE YCTONYMBOCTU MO JUHEHHOMY MPUOIMKEHUI0 W BTOPOH — HCCIEI0BAHIE
ycroiranBocTu niocpenctBoM dyuknmn Jlamyrosa. OTMeTum, UTO MEpBBHIM MeToIoM JIsmy-
HOBa HMCCJIEIOBATH YCTOWYMBOCTD pellieHns ypaBHenus Xodda, 3amanHoro B obaacTu, He
yJaeTcsd, MOCKOJIbKY B HAIlleM CIydae OTHOCHUTEILHBIN CIEKTp omeparopa M mepecekaercs
¢ muUMO ockio. Ilosromy amsa mamed 3ama4dn 6bLT puMenen Meron, Gyukiuit JIanyHoBa,
MOAMMUITNPOBAHHBIN 7151 CIy4das HEOJIHBIX HOPMHUPOBAHHBIX IIPOCTPAHCTB. B pe3ynbrare
MoJTyYeHa TeopemMa 00 YCTOHTHBOCTH W aCHMIITOTHYIECKOH YCTONUINBOCTH HYJIEBOTO PETTeH st
JAHHON 3a1a4n.

Karoueenie caosa: ypasuenue coboaescrozo muna; $aszosoe npocmpaHcmeo; yemotivwu-

eocmb no Jlanynosy.
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