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We consider the initial boundary value problem with homogeneous Dirichlet boundary
conditions for the generalized Ho� equation in a bounded domain. This equation models the
dynamics of buckling of a double-tee girder under constant load and belongs to a large class
of Sobolev type semilinear equations (We can isolate the linear and non-linear parts of the
operator acting on the original function). The paper addresses the stability of zero solution
of this problem. There are two methods in the theory of stability: the �rst one is the study
of stability by linear approximation and the second one is the study of stability by Lyapunov
function. We use the second Lyapunov's method adapted to the case of incomplete normed
spaces. The main result of this paper is a theorem on the stability and asymptotic stability
of zero solution to this problem.
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Introduction

Let Ω ⊂ Rs be a bounded domain with boundary ∂Ω of class C∞. Consider the
generalized Ho� equation [1] in cylinder Ω× R

(λ− λ0)ut +∆ut = α1u+ α2u
3 + . . .+ αnu

2n−1, n ∈ N. (1)

This equation models the bending of an I-beam. Here the function u = u(x, t), (x, t) ∈
Ω × R is the displacement of the beam from the vertical position. The parameter λ ∈
R+ corresponds to a constant vertical load and the parameters αi ∈ R, i = 1, 2, ..., n
characterize the material of the beam.

Consider the initial-boundary value problem

u(x, 0) = u0(x), x ∈ Ω; u(x, t) = 0, (x, t) ∈ ∂Ω× R (2)

for equation (1). This problem was �rstly considered in [2 � 4], wherein it was found
out that the problem is essentialy unsolvable for arbitrary initial data. The set of initial
values, which guarantees the existence and uniqueness of solution to initial-boundary value
problem for equation (1), has been studied in [5]. If n = 2 and α1 ·α2 ∈ R+ then the phase
space of equation (1) is a simple Banach C∞-manifold. This result was obtained in [6].
And if α1 · α2 ∈ R− then the phase space of equation (1) lies on the Whitney fold. It is
shown in [7]. The generalized Ho� equation (for n > 3) was considered in [8], but in this
paper the stability has not been studied. This result was obtained in [9] for the case when
n = 3. Generalized Sobolev type equations have been studied in other papers, for example,
in [10]. In this paper we generalize the results of [9] and consider the case when n > 3.
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The paper consists of two parts. The �rst part is devoted to the reduction of problem
(1), (2) to the Cauchy problem

u(0) = u0 (3)

for abstract semilinear Sobolev type equation

Lu̇ =Mu+N(u). (4)

Here L,M are linear operators andN is nonlinear operator de�ned on specially constructed
functional spaces. The second part is devoted to the study of stability of stationary solution
to problem (1), (2). This is the main result.

1. Phase Space

Consider spaces U =
◦
W 1

2 (Ω), F =W−1
2 (Ω) and operators

⟨Lu, v⟩ =
∫
Ω

((λ− λ0)uv −∇u∇v)dx, ∀u, v ∈
◦
W 1

2 (Ω), (5)

⟨Mu, v⟩ = α1

∫
Ω

uvdx, ∀u, v ∈ L2n(Ω), (6)

⟨N(u), v⟩ =
∫
Ω

(α2u
3 + ...+ αn−1u

2n−3 + αnu
2n−1)vdx ∀u, v ∈ L2n(Ω). (7)

Embedding
◦
W 1

2 (Ω) ↪→ L2n(Ω) is dense and continuous. Therefore L,M ∈ L(U;F), and
L is a Fredholm operator. The spectrum of the operator L is real and discrete, has �nite
multiplicity and condenses only to −∞. Operator N ∈ C∞(U;F).

A vector function u ∈ C∞(U,F) satisfying equation (4) is called a solution of this
equation.

De�nition 1. A setP ⊂ U is called a phase space of equation (3) if the following conditions
are satis�ed:

(i) each solution u = u(t) of (4) lies in P pointwisely; i.e., u(t) ∈ P for all t ∈ R;

(ii) for each u0 ∈ P, there exists a unique solution to problem (3), (4).

Theorem 1. Let n = 1, 2 when s = 4 (i.e. Ω ⊂ R4), n = 1, 2, 3 when s = 3 (i.e. Ω ⊂ R3)
and n ∈ N when s = 1, 2 (i.e. Ω ⊂ R or Ω ⊂ R2). Then one of the two conditions is
satis�ed

(i) if kerL = {0}, then the phase space of equation (1) concides with U.

(ii) if kerL ̸= {0}, and all coe�cients αi ∈ R\{0}, i = 1, ..., n have the same sign. Then
the phase space of eqiation (1) is simple manifold

M =

u ∈ U :

∫
Ω

(α1 + α2u
2 + ...+ αnu

2n−2)uχkdx = 0, k = 1, . . . ,m

 .

Here χk are orthonormal eigenfunctions corresponding to the eigenvalues λk of L.

2014, òîì 7, � 4 127



P.O. Moskvicheva, I.N. Semenova

2. Stability

De�nition 2. A family of mappings S is called a nonlinear semigroup in a normed space
V if for every u ∈ V and some τ = τ(u) ∈ R+ the following conditions are satis�ed:

(i) S = S(t, u) ∈ V, for all t ∈ (−τ ; τ) ;S (0, u) = u;

(ii) S(t+ s, u) = S(t, S(s, u)) for all t+ s ∈ (−τ, τ).

A point u ∈ V such that S(t, u) = u, t ∈ R is called a stationary point.

De�nition 3. A stationary point u is called

(i) stable (in sense of A.M. Lyapunov), if for any neighborhood Ou of u there exists
a neighborhood O′

u (i.e. not necessarily the same neighborhood) of the same point,
such that S(t, v) ∈ O′

u for all v ∈ Ou and t ∈ R+;

(ii) asymptotically stable (in sense of A.M. Lyapunov), if it is stable and for any point v
in some neighborhood Ou of u S(t, v) → u for t→ ∞.

De�nition 4. A functional V ∈ C(V;R) is called a Lyapunov functional if

V̇ (u) = lim
t→0+

1

t
(V (S(t, u))− V (u)) ≤ 0

for all u ∈ V.

Theorem 2. Let u be a stationary point. If there exists a Lyapunov functional such that

(i) V (u) = 0;

(ii) V (v) ≥ φ(∥v − u∥); here φ is strictly increasing continuous function such that
φ(0) = 0 and φ(r) > 0 for r ∈ R+, then the point u is stable.

Theorem 3. Let the conditions of Theorem 2 be satis�ed, and a strictly increasing
continuous function ψ, such that ψ(0) = 0 and ψ(r) > 0 for r ∈ R+, exist. If
V̇ (v) ≤ −ψ(∥v − u∥), then the point u is asymptotically stable.

We will study the stability of problem (1),(2) using Theorems 2 and 3.

Consider a space U (=
◦
W

1
2) with norm ∥ · ∥ of space L2. It is an incomplete normed

space. De�ne the Lyapunov functional by formula

V (u) =

∫
Ω

(u2x + (λ0 − λ)u2)dx.

Obviously V (0) = 0 and V (u) ≥ c∥u∥2. Moreover multiplying (1) scalarly in L2 by u we
obtain

V̇ (u) = −α1∥u∥2 − α2∥u∥4L4
− . . .− αn∥u∥2nL2n

.

Since the embedding L2n ↪→ L2 is obvious, the following inequality holds

V̇ (u) ≤ −α1∥u∥2 − α2c2∥u∥4L4
− . . .− αncn∥u∥2nL2n

. (8)
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Here cj, j = 1, n are the constants of embedding. Function constructed from the norm
∥ · ∥ on the right side of (8) satis�es the conditions of Theorem 3. So we have proved the
following theorem.

Theorem 4. Zero solution of problem (1), (2) is asymptotically stable for any αj ∈
R+, j = 1, n, λ ∈ [0, λ0].
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ÓÑÒÎÉ×ÈÂÎÑÒÜ ÏÎ ËßÏÓÍÎÂÓ
ÇÀÄÀ×È ÊÎØÈ � ÄÈÐÈÕËÅ
ÄËß ÎÁÎÁÙÅÍÍÎÃÎ ÓÐÀÂÍÅÍÈß ÕÎÔÔÀ

Ï.Î. Ìîñêâè÷åâà, È.Í. Ñåìåíîâà

Â äàííîé ñòàòüå èññëåäóåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à Êîøè ñ îäíîðîäíûìè ãðà-
íè÷íûìè óñëîâèÿìè Äèðèõëå äëÿ îáîáùåííîãî óðàâíåíèÿ Õîôôà, çàäàííîãî â îãðàíè-
÷åííîé îáëàñòè. Ýòî óðàâíåíèå ìîäåëèðóåò äèíàìèêó âûïó÷èâàíèÿ äâóòàâðîâîé áàë-
êè, íàõîäÿùåéñÿ ïîä ïîñòîÿííîé íàãðóçêîé è îòíîñèòñÿ ê êëàññó ïîëóëèíåéíûõ (ó
îïåðàòîðà äåéñòâóþùåãî íà èñõîäíóþ ôóíêöèþ ìîæíî âûäåëèòü ëèíåéíóþ ÷àñòü è
íåëèíåéíóþ) óðàâíåíèé ñîáîëåâñêîãî òèïà. Íàñ èíòåðåñóåò óñòîé÷èâîñòü íóëåâîãî ðå-
øåíèÿ äàííîé çàäà÷è. Â ðàìêàõ òåîðèè óñòîé÷èâîñòè âûäåëÿþò äâà ìåòîäà: ïåðâûé
� èññëåäîâàíèå óñòîé÷èâîñòè ïî ëèíåéíîìó ïðèáëèæåíèþ è âòîðîé � èññëåäîâàíèå
óñòîé÷èâîñòè ïîñðåäñòâîì ôóíêöèè Ëÿïóíîâà. Îòìåòèì, ÷òî ïåðâûì ìåòîäîì Ëÿïó-
íîâà èññëåäîâàòü óñòîé÷èâîñòü ðåøåíèÿ óðàâíåíèÿ Õîôôà, çàäàííîãî â îáëàñòè, íå
óäàåòñÿ, ïîñêîëüêó â íàøåì ñëó÷àå îòíîñèòåëüíûé ñïåêòð îïåðàòîðà M ïåðåñåêàåòñÿ
ñ ìíèìîé îñüþ. Ïîýòîìó äëÿ íàøåé çàäà÷è áûë ïðèìåíåí ìåòîä ôóíêöèé Ëÿïóíîâà,
ìîäèôèöèðîâàííûé äëÿ ñëó÷àÿ íåïîëíûõ íîðìèðîâàííûõ ïðîñòðàíñòâ. Â ðåçóëüòàòå
ïîëó÷åíà òåîðåìà îá óñòîé÷èâîñòè è àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ
äàííîé çàäà÷è.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ñîáîëåâñêîãî òèïà; ôàçîâîå ïðîñòðàíñòâî; óñòîé÷è-

âîñòü ïî Ëÿïóíîâó.
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