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ËÎÌÀÍÛÅ ÝÉËÅÐÀ È ÄÈÀÌÅÒÐ ÐÀÇÁÈÅÍÈß

Ä.Â. Õëîïèí

Â ðàáîòå èññëåäóþòñÿ óñëîâèÿ, êîòîðûå íóæíî íàëîæèòü íà ïðàâóþ ÷àñòü ñèñòå-
ìû äëÿ òîãî, ÷òîáû ïðè äîñòàòî÷íî ìàëîì äèàìåòðå ðàçáèåíèÿ ëîìàíûå Ýéëåðà ñõî-
äèëèñü ê ïó÷êó ðåøåíèé ñèñòåìû, â ÷àñòíîñòè, ÷òîáû èç âñÿêîé ïîñëåäîâàòåëüíîñòè
ëîìàíûõ Ýéëåðà ìîæíî áûëî âûäåëèòü ñõîäÿùóþñÿ íà âñåì ðàññìàòðèâàåìîì ïðî-
ìåæóòêå âðåìåíè ê ðåøåíèþ ïîäïîñëåäîâàòåëüíîñòü. Íàéäåíî óñëîâèå (äëÿ çàäàííîé,
âûïèñûâàåìîé ÿâíî, êîíñòàíòû, äëÿ ëþáîé ëèïøèöåâîãî ñ ýòîé êîíñòàíòîé îòîáðàæå-
íèÿ â ôàçîâóþ ïëîñêîñòü, ìíîæåñòâî òî÷åê ðàçðûâà ôóíêöèè äèíàìèêè èìååò íóëå-
âóþ ïî Ëåáåãó ìåðó íà ãðàôèêàõ òàêèõ îòîáðàæåíèé), êîòîðîå ãàðàíòèðóåò ñõîäèìîñòü
ëîìàíûõ Ýéëåðà ê ïó÷êó ðåøåíèé ñèñòåìû, åñëè òîëüêî äèàìåòð ñîîòâåòñòâóþùèõ ëî-
ìàíûì ðàçáèåíèé ñòðåìèòñÿ ê íóëþ. Ðÿäîì ïðèìåðîâ ïîêàçàíî, ÷òî äàííîå óñëîâèå íå
ìîæåò áûòü îñëàáëåíî; â ÷àñòíîñòè, ñõîäèìîñòè ìîæåò íå áûòü äàæå åñëè äëÿ âñÿêîé
ïîðîæäåííîé â ðàìêàõ ñèñòåìû òðàåêòîðèè ñóæåíèå ôóíêöèè äèíàìèêè íà ýòîò ãðà-
ôèê èíòåãðèðóåìî ïî Ðèìàíó, êîíñòàíòà â óêàçàííîì âûøå óñëîâèè òàêæå íå ìîæåò
áûòü óìåíüøåíà.

Â ðàáîòå ëîìàíûå Ýéëåðà ïîãðóæàþòñÿ â ñåìåéñòâî ðåøåíèé èíòåãðàëüíîãî óðàâ-
íåíèÿ ñ çàïàçäûâàíèåì ñïåöèàëüíîãî âèäà, äëÿ êîòîðûõ â ñâîþ î÷åðåäü, è ïðîâîäèòñÿ
äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà. Âñëåäñòâèå ýòîãî, ðåçóëüòàòû ñòàòüè èìåþò ìå-
ñòî è â áîëåå øèðîêîì êëàññå ÷èñëåííûõ ìåòîäîâ, íàïðèìåð äëÿ ëîìàíûõ ñî ñ÷åòíûì
÷èñëîì çâåíüåâ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ; ëîìàíûå Ýéëåðà; ïîøàãîâûå ìå-

òîäû; óñëîâèÿ Êàðàòåîäîðè.

Ââåäåíèå

Îäèí èç ñàìûõ ïðîñòûõ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé
� ìåòîä ëîìàíûõ Ýéëåðà. Èçâåñòíî, ÷òî â ñèñòåìàõ ñ äîñòàòî÷íî ãëàäêîé (íåïðåðûâíîé
ïî âðåìåíè, íåïðåðûâíî äèôôåðåíöèðóåìîé ïî ôàçîâîé ïåðåìåííîé) ïðàâîé ÷àñòüþ ïðè
ñòðåìëåíèè äèàìåòðà ðàçáèåíèÿ ê íóëþ ëîìàíûå Ýéëåðà, ñîîòâåòñòâóþùèå ýòèì ðàçáèåíè-
ÿì, ðàâíîìåðíî íà âñÿêîì îòðåçêå ñõîäÿòñÿ ê åäèíñòâåííîé òðàåêòîðèè ñèñòåìû. Ýòîò æå
ðåçóëüòàò èìååò ìåñòî â ñëó÷àå íåïðåðûâíîé ïðàâîé ÷àñòè ïðè äîñòàòî÷íî îáùåì óñëîâèè
åäèíñòâåííîñòè òðàåêòîðèè ñèñòåìû. Äëÿ íåïðåðûâíîé ïðàâîé ÷àñòè ìîæíî óêàçàòü òàêîé
ïðîìåæóòîê âðåìåíè, ÷òî ëîìàíàÿ Ýéëåðà ëåæèò ñêîëü óãîäíî áëèçêî ê ðåøåíèþ ñèñòåìû
ïðè äîñòàòî÷íî ìàëîì äèàìåòðå ïîðîäèâøåãî åå ðàçáèåíèÿ [1; 2, óïð. II.2.1], â ÷àñòíîñòè
èç ïîñëåäîâàòåëüíîñòè ëîìàíûõ Ýéëåðà ìîæíî âûäåëèòü ñõîäÿùóþñÿ ê ðåøåíèþ ïîäïîñëå-
äîâàòåëüíîñòü. Äëÿ èçìåðèìîé ïðàâîé ÷àñòè âñåâîçìîæíûå ïðåäåëû ïîñëåäîâàòåëüíîñòåé
ëîìàíûõ Ýéëåðà îáðàçóþò ðåøåíèå íåêîòîðîãî äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ, ñîîòâåò-
ñòâóþùèé ðåçóëüòàò ñëåäóåò, íàïðèìåð, èç [3, Òåîðåìà 1.1.3; 4, Th. 1.1.5]. Íà èäåå ïåðåõîäà
ê äèôôåðåíöèàëüíîìó âêëþ÷åíèþ îñíîâàíû ìíîãèå îïðåäåëåíèÿ, ïîíÿòèÿ, ðåøåíèÿ â çà-
äà÷àõ ñ ðàçðûâíîé ïî ôàçîâîé ïðàâîé ÷àñòüþ; íå ïðåòåíäóÿ íà ïîëíîòó, îòìåòèì ðåøåíèÿ
â ñìûñëå À.Ô. Ôèëèïïîâà [5], êîíñòðóêòèâíûå äâèæåíèÿ Í.Í. Êðàñîâñêîãî [6]; ñì. òàêæå
îáçîðû [7,8].

Ïîìèìî îáû÷íûõ ëîìàíûõ Ýéëåðà ðàññìàòðèâàþòñÿ òàêæå ëîìàíûå ñ áåñêîíå÷íûì ÷èñ-
ëîì çâåíüåâ. Ýòî íåîáõîäèìî, â ÷àñòíîñòè, äëÿ ðàâíîìåðíîé ñõîäèìîñòè ëîìàíûõ ê íåïðî-
äîëæèìîìó ðåøåíèþ íà âñåì ìíîæåñòâå åãî îïðåäåëåíèÿ [9]. Ïðè ýòîì ìíîæåñòâî D âñå-
âîçìîæíûõ êîíå÷íûõ ðàçáèåíèé îòðåçêà âðåìåíè ïîãðóæàåòñÿ â ìíîæåñòâî D âñåõ çàìêíó-
òûõ ïîäìíîæåñòâ ýòîãî îòðåçêà, ñîäåðæàùèõ åãî êîíöû. Êàæäûé ýëåìåíò òàê ââåäåííîãî
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ìíîæåñòâà îáîáùåííûõ ðàçáèåíèé (âðåìåííûõ øêàë [10]) ïîðîæäàåò, âîîáùå ãîâîðÿ, ïó÷îê
îáîáùåííûõ ëîìàíûõ Ýéëåðà. Òåïåðü ëîìàíàÿ Ýéëåðà åñòü ðåøåíèå íåêîòîðîãî óðàâíåíèÿ
ñ çàïàçäûâàíèåì.

Ïðè ïîëó÷åíèè íàèáîëåå îáùèõ óñëîâèé íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ îò ïðàâîé
÷àñòè â [11] áûëà ïðåäëîæåíà ñëåäóþùàÿ èäåÿ: íàéòè òîïîëîãèþ (â èäåàëå ñëàáåéøóþ),
ïðè êîòîðîé èìååò ìåñòî íåïðåðûâíàÿ çàâèñèìîñòü òðàåêòîðèè îò ïàðàìåòðà êàê ýëåìåíòà
ââåäåííîãî òîïîëîãè÷åñêîãî ïðîñòðàíñòâà. Åñëè ïîä ïàðàìåòðîì ïîíèìàòü ðàçáèåíèÿ, òî
â [12, 13] íàéäåíà ìåòðèêà äëÿ ïðîñòðàíñòâà âðåìåííûõ øêàë, ãàðàíòèðóþùàÿ, â óñëîâèÿõ
Êàðàòåîäîðè, ñõîäèìîñòü ïîðîæäåííûõ ðàçáèåíèÿìè ëîìàíûõ Ýéëåðà ê òðàåêòîðèè, åñëè
ñàìè ðàçáèåíèÿ ñõîäÿòñÿ (â ñìûñëå ýòîé ìåòðèêè) ê âðåìåííîìó ïðîìåæóòêó. Â ýòîé ñòàòüå
çàäà÷à ñêîðåå îáðàòíàÿ � íàéòè óñëîâèÿ óæå íà ïðàâóþ ÷àñòü, ïðè êîòîðûõ âìåñòî êàêîé-
ëèáî òîïîëîãèè ìîæíî èñïîëüçîâàòü ìåëêîñòü ðàçáèåíèÿ.

Â äàííîé ðàáîòå èññëåäóþòñÿ óñëîâèÿ, êîòîðûå íóæíî íàëîæèòü íà ïðàâóþ ÷àñòü ñè-
ñòåìû äëÿ òîãî, ÷òîáû ëîìàíûå Ýéëåðà ñõîäèëèñü ê ïó÷êó ðåøåíèé ñèñòåìû, â ÷àñòíîñòè,
÷òîáû èç âñÿêîé ïîñëåäîâàòåëüíîñòè ëîìàíûõ Ýéëåðà ìîæíî áûëî âûäåëèòü ñõîäÿùóþñÿ íà
âñåì ðàññìàòðèâàåìîì ïðîìåæóòêå âðåìåíè ê ðåøåíèþ ïîäïîñëåäîâàòåëüíîñòü. Ïîêàçàíî,
÷òî â ñëó÷àå èçìåðèìîé ïðàâîé ÷àñòè ìàëîãî äèàìåòðà ðàçáèåíèÿ íåäîñòàòî÷íî äëÿ ñõîäè-
ìîñòè äàæå â ñëó÷àå, êîãäà ïðè âñÿêîé ôèêñèðîâàííîé ôàçîâîé ïåðåìåííîé ïðàâàÿ ÷àñòü,
êàê ôóíêöèÿ âðåìåíè, ÿâëÿåòñÿ ðàçðûâíîé ëèøü â îäíîé òî÷êå (Ïðèìåð 1), à â ñëó÷àå
îãðàíè÷åííîé ïðàâîé ÷àñòè � â ñ÷åòíîì ÷èñëå òî÷åê (Ïðèìåð 2).

Äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè êîíå÷íûõ ðàçáèåíèé, äèàìåòð êîòîðûõ ñòðåìèò-
ñÿ ê íóëþ, ïîêàçàíû (Òåîðåìà 1) óñëîâèÿ íà èñõîäíóþ ñèñòåìó, ãàðàíòèðóþùèå ñõîäèìîñòü
ñîîòâåòñòâóþùèõ ëîìàíûõ Ýéëåðà ê ïó÷êó ðåøåíèé ñèñòåìû. Ýòè óñëîâèÿ èäåéíî áëèçêè
ê óñëîâèÿì èíòåãðèðóåìîñòè ôóíêöèè ïî Ðèìàíó, îäíàêî òðåáóåòñÿ ìàëîñòü ìåðû òî÷åê
ðàçðûâà ïðàâîé ÷àñòè ïî ñîâîêóïíîñòè ïåðåìåííûõ âäîëü íåêîòîðîãî ñåìåéñòâà êðèâûõ.
Ïîêàçàíà ñóùåñòâåííîñòü âñåõ óñëîâèé ýòîé òåîðåìû (Ïðèìåð 3).

1. Îáùèå îïðåäåëåíèÿ è îáîçíà÷åíèÿ

Ïóñòü Rm � m-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî, ãäå m ∈ N . Åâêëèäîâó íîðìó â Rm

îáîçíà÷èì ÷åðåç ||·||m.
Äëÿ âñÿêîãî òîïîëîãè÷åñêîãî ïðîñòðàíñòâà X è ìåòðè÷åñêîãî ïðîñòðàíñòâà Y ïîä

B(X,Y ) áóäåì ïîíèìàòü ìíîæåñòâî âñåõ îãðàíè÷åííûõ, èçìåðèìûõ ïî Áîðåëþ ôóíêöèé,
äåéñòâóþùèõ èç òîïîëîãè÷åñêîãî ïðîñòðàíñòâà X â Y ; îñíàñòèì ýòî ìíîæåñòâî òîïîëîãèåé

ðàâíîìåðíîé ñõîäèìîñòè ïðè ïîìîùè íîðìû ||f ||B(X,Y )

△
= supx∈X ||f(x)||Y ; ñîîòâåòñòâóþùåå

ïîäïðîñòðàíñòâî âñåõ íåïðåðûâíûõ ôóíêöèé èç B(X,Y ) áóäåì îáîçíà÷àòü ÷åðåç C(X,Y ).

Ïîëàãàåì Ck(X)
△
= C(X,Rk), Bk(X)

△
= B(X,Rk) äëÿ âñÿêîãî k ∈ N . Äëÿ êðàòêîñòè ïðèìåì

òàêæå C(X)
△
= C1(X), B(X)

△
= B1(X). Äàëåå, âñÿêîìó ìåòðè÷åñêîìó ïðîñòðàíñòâó X, òî÷êå

x ∈ X è ÷èñëó r > 0 ñîïîñòàâèì çàìêíóòûé øàð Or(x;X) â X ðàäèóñîì r ñ öåíòðîì â x.
Îïðåäåëèì òàêæå Or(A;X) = ∪x∈AOr(x;X) äëÿ A ⊂ X.

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó

ẋ = f(t, x), x(t0) = x0, (1)

ôóíêöèîíèðóþùóþ â m-ìåðíîì ôàçîâîì ïðîñòðàíñòâå Rm (m ∈ N) íà êîíå÷íîì ïðîìåæóò-

êå I0
△
= [t0, T ] (t0 < T ) ïðè çàäàííîì íà÷àëüíîì óñëîâèè x(t0) = x0. Â (1) ïàðàìåòð t ∈ I0 �

âðåìÿ, x ∈ Rm .
Íà ôóíêöèþ f : I0 ×Rm → Rm íàëîæèì ñëåäóþùèå óñëîâèÿ:
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(K1) äëÿ ïðîèçâîëüíûõ x ∈ Rm ôóíêöèÿ (f(t, x)| t ∈ I0) : I0 7→ Rm èçìåðèìà ïî Áîðåëþ íà
I0;

(K2) äëÿ êàæäîãî t ∈ I0 ôóíêöèÿ (f(t, x)|x ∈ Rm) : Rm 7→ Rm íåïðåðûâíà;

(K3) äëÿ ëþáîãî êîìïàêòà K ⊂ Rm ñóùåñòâóåò òàêàÿ ñóììèðóåìàÿ ôóíêöèÿ MK ∈
B(I0, R>0), ÷òî

||f(t, x)||m ≤ MK(t), ∀(t, x) ∈ I0 ×K.

(C) âñå ëîêàëüíûå ïðàâîñòîðîííèå ðåøåíèÿ ñèñòåìû (1) ïðîäîëæèìû äî ìîìåíòà T è ðàâ-
íîìåðíî îãðàíè÷åíû.

Ïåðâûå òðè óñëîâèÿ ôàêòè÷åñêè ñîâïàäàþò ñ óñëîâèÿìè Êàðàòåîäîðè, îäíàêî ìû òðå-
áóåì èõ âûïîëíåíèÿ äëÿ âñåõ, à íå ïðè ïî÷òè âñåõ t ∈ I0 êàê, íàïðèìåð, â [5]. Çàìåòèì,
÷òî â óñëîâèÿõ (K1)− (K3) ëîêàëüíîå ðåøåíèå (1) ñóùåñòâóåò, è â ñèëó (C) êàæäîå èç íèõ
äîëæíî áûòü ïðîäîëæèìî äî T âêëþ÷èòåëüíî. Âñå ðåøåíèÿ ñèñòåìû (1), îïðåäåëåííûå íà
ïðîìåæóòêå [t0, T ], îáîçíà÷èì ÷åðåç Φ, ââåäåì òàêæå äëÿ âñåõ θ ∈ [t0, T ]

Φθ
△
= {x|[t0,θ] ∈ Cm([t0, θ])|x ∈ Φ}.

Â ñèëó (C) ñóùåñòâóåò òàêîé êîìïàêò K0, ÷òî Φ ⊂ C(I0,K0). Â óñëîâèÿõ (K1) − (K3) äëÿ
âûïîëíåíèÿ (C) äîñòàòî÷íî íà ïðàâóþ ÷àñòü ñèñòåìû (1) äîïîëíèòåëüíî íàëîæèòü óñëîâèå
òèïà ïîäëèíåéíîãî ðîñòà (èëè èíîå óñëîâèå ïðîäîëæèìîñòè âñåõ ðåøåíèé íà âåñü îòðåçîê
I0 [1, 3]).

Îáîçíà÷èì ÷åðåç D ñîâîêóïíîñòü âñåõ êîíå÷íûõ ìíîæåñòâ èç I0, ñîäåðæàùèõ òî÷êè
t0, T . Íàçîâåì òàêèå ìíîæåñòâà êîíå÷íûìè ðàçáèåíèÿìè.

Êàæäîå ìíîæåñòâî ∆ ∈ D ìîæíî åäèíñòâåííûì îáðàçîì ïðåäñòàâèòü â âèäå âîçðàñòà-
þùåé êîíå÷íîé ïîñëåäîâàòåëüíîñòè âèäà (ti)i∈0,k(∆)

. Íàèáîëüøåå èç ÷èñåë ti − ti−1 íàçîâåì

äèàìåòðîì ðàçáèåíèÿ è îáîçíà÷èì ÷åðåç d(∆).
Ïî çàäàííîìó ðàçáèåíèþ ëîìàíàÿ Ýéëåðà ñòðîèòñÿ ñëåäóþùèì îáðàçîì: ïðèíèìàåòñÿ

y(t0) = x0, äàëåå, y(t) = y(t0) + (t − t0)f(t0, y(t0)) äëÿ âñÿêîãî t ∈ (t0, t1). Ïóñòü ïîñòðîåíà
ëîìàíàÿ âïëîòü äî ìîìåíòà tk < T. Ïîñòðîèì åå äî ìîìåíòà tk+1 äëÿ âñåõ t ∈ (tk, tk+1) ïî
ïðàâèëó y(t) = y(tk) + (t − tk)f(tk, y(tk)). Â ñèëó êîíå÷íîñòè k(∆) ëîìàíóþ ìîæíî ïðîäîë-
æèòü äî ìîìåíòà tk(∆)+1 = T âêëþ÷èòåëüíî. Èòàê, äëÿ âñÿêîãî ∆ ∈ D ïîñòðîåíà ëîìàíàÿ
Ýéëåðà ξ∆ = y ∈ Cm(I0).

Õîðîøî èçâåñòíî [2, óïð II.2.1], ÷òî åñëè ïðàâàÿ ÷àñòü óðàâíåíèÿ äèíàìèêè íåïðåðûâ-
íà ïî ñîâîêóïíîñòè ïåðåìåííûõ, òî èç ïîñëåäîâàòåëüíîñòè ëîìàíûõ Ýéëåðà ïðè âûïîëíå-
íèè d(∆i) → 0 âñåãäà ìîæíî âûäåëèòü ïîäïîñëåäîâàòåëüíîñòü, ñõîäÿùóþñÿ, íà íåêîòîðîì
ïðîìåæóòêå, ê ðåøåíèþ ñèñòåìû. Åñëè ðåøåíèå ñèñòåìû íååäèíñòâåííî, òî íå âñå ïîñëå-
äîâàòåëüíîñòè ëîìàíûõ Ýéëåðà îáÿçàíû èìåòü ïðåäåë, è íå âñå ðåøåíèÿ ìîãóò ÿâëÿòüñÿ
òàêèìè ïðåäåëàìè. Çàìåòèì òàêæå, ÷òî â êà÷åñòâå ïðîìåæóòêà, íà êîòîðîì ëîìàíûå Ýéëå-
ðà ñõîäÿòñÿ ê ðåøåíèÿì, ïðè ýòîì ìîæíî âçÿòü âåñü I0, äëÿ ýòîãî äîñòàòî÷íî ïîòðåáîâàòü
âûïîëíåíèÿ óñëîâèÿ (C). Òî åñòü â ñëó÷àå íåïðåðûâíîé ïðàâîé ÷àñòè è âûïîëíåíèÿ óñëîâèÿ
ïðîäîëæèìîñòè ðåøåíèé (C) èìååò ìåñòî

∀ε > 0∃δ > 0∀∆ ∈ D (d(∆) < δ)∃x ∈ Φ ||x− ξ∆||Cm(I0) < ε. (2)

Ìîæíî ëè íà ïðàâóþ ÷àñòü íàëîæèòü áîëåå ñëàáûå óñëîâèÿ íåæåëè íåïðåðûâíîñòü, ãàðàí-
òèðóþùèå âûïîëíåíèå (2)?
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2. Ïðèìåðû

Åñëè ïðàâàÿ ÷àñòü êóñî÷íî-íåïðåðûâíà, òî åñòü åñëè I0 ìîæíî ðàçáèòü íà êîíå÷íîå
÷èñëî ïðîìåæóòêîâ òàê, ÷òî äëÿ êàæäîãî òàêîãî ïðîìåæóòêà I ñóæåíèå ïðàâîé ÷àñòè íà
I ×Rm íåïðåðûâíî ïî ñîâîêóïíîñòè ïåðåìåííûõ, òî, áåçóñëîâíî, (2) èìååò ìåñòî. Áóäåò ëè
ýòî òàê, åñëè ÷èñëî ≪íåïðåðûâíûõ≫ êóñêîâ ñ÷åòíî? Íå áóäåò; áîëåå òîãî, êàê ïîêàçûâàåò
èçëîæåííûé íèæå ïðèìåð, ñõîäèìîñòè íåò äàæå åñëè äëÿ âñÿêîãî ôèêñèðîâàííîãî x ïðàâàÿ
÷àñòü, êàê ôóíêöèÿ âðåìåíè, èìååò íå áîëüøå îäíîé òî÷êè ðàçðûâà.

Ïðèìåð 1. Ââåäåì ìíîæåñòâî ∆̄
△
= ∪n∈N{1/n}. Ðàññìîòðèì ñêàëÿðíóþ äèôôåðåíöèàëü-

íóþ ñèñòåìó íà îòðåçêå âðåìåíè I = [0, 1]. Ïðàâóþ ÷àñòü ýòîé ñèñòåìû � ôóíêöèþ g �
îïðåäåëèì íà [0, 1] × R òàê, ÷òîáû îíà ìîãëà áûòü îòëè÷íà îò åäèíèöû ëèøü â ìîìåíòû
âðåìåíè èç ∆̄, áûëî âûïîëíåíî g(1/n, 1/n) = 1+n, à êðîìå òîãî ýòà ôóíêöèÿ (êàê ôóíêöèÿ
ïî x) ÿâëÿëàñü íåïðåðûâíîé ïðè êàæäîì t ∈ [0, 1], òîãäà îíà àâòîìàòè÷åñêè áóäåò ôóíêöèåé
Êàðàòåîäîðè. Äëÿ ýòîãî äîñòàòî÷íî ââåñòè g, íàïðèìåð, ïî ïðàâèëó:

g(t, x)
△
=


1, ∀t ̸∈ ∆̄ ∀x ∈ R;
1, ∀t ∈ ∆̄, |x− t| > t2/3;

1 + 1
t −

3|x−t|
t3

, ∀t ∈ ∆̄, |x− t| ≤ t2/3.

Ðàññìîòðèì çàäà÷ó Êîøè
ẋ = g(t, x), x(0) = 0.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü êîíå÷íûõ ðàçáèåíèé ∆n
△
= {k/n|k ∈ 0, n}. Òîãäà èõ øàã

ñòðåìèòñÿ ê 0, ïîêàæåì, ÷òî ëîìàíûå Ýéëåðà íå ñîéäóòñÿ ê åäèíñòâåííîìó ðåøåíèþ ñèñòåìû
t|[0,1] = (t | t ∈ [0, 1]).

Äåéñòâèòåëüíî, äëÿ âñåõ n ∈ N âûïîëíåíî ξ∆n(1/n) = 1/n, íî g(1/n, 1/n) = 1+n, òîãäà
ξ∆n(2/n) = 1+2/n äëÿ âñåõ n ∈ 2,∞. Ïîñêîëüêó g(t, x) = 1 ïðè (t, x) ∈ [0, 1)× (1,∞), èìååì
ξ∆n(t) = 1 + t ïðè t ∈ (2/n, 1] äëÿ âñåõ n ∈ 2,∞. Òàêèì îáðàçîì (ξ∆n)n∈N íà (0, 1] ñõîäèòñÿ
ê ôóíêöèè (1 + t | t ∈ [0, 1]), òî åñòü ê (1 + t)|[0,1] âìåñòî ðåøåíèÿ t|[0,1].

Ïîêàæåì, ÷òî äëÿ âñÿêîãî x ∈ R ôóíêöèÿ gx = (gx(t) = g(t, x) | t ∈ [0, 1]) ðàçðûâíà íå
áîëåå ÷åì â îäíîé òî÷êå. Äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü, ÷òî gx ìîæåò áûòü îòëè÷íà îò
åäèíèöû òîëüêî â îäíîé òî÷êå èç ðàçáèåíèÿ ∆̄, íåêîòîðîé òî÷êå t âèäà 1

n ; òî åñòü ïîêàçàòü,

÷òî äëÿ âñåõ n ∈ N âûïîëíåíî
1

n
− 1

3n2
>

1

n+ 1
+

1

3(n+ 1)2
. Íî ýòî íåðàâåíñòâî ýêâèâàëåíòíî

3

n
− 3

n+ 1
>

1

n2
+

1

(n+ 1)2
, òî åñòü î÷åâèäíîìó

1

n
− 1

n+ 1
>

( 1

n
− 1

n+ 1

)2
.

Èòàê, â ñëó÷àå íåîãðàíè÷åííîé ïðàâîé ÷àñòè íåäîñòàòî÷íî ïîòðåáîâàòü, ÷òîáû ïðàâàÿ
÷àñòü (ïðè âñÿêîì ôèêñèðîâàííîì x) êàê ôóíêöèÿ âðåìåíè áûëà ðàçðûâíà íå áîëåå ÷åì
â êîíå÷íîì ÷èñëå òî÷åê. Ïîêàæåì, ÷òî äëÿ îãðàíè÷åííîé ïðàâîé ÷àñòè íåäîñòàòî÷íî ïî-
òðåáîâàòü, ÷òîáû ïðè âñÿêîì ôèêñèðîâàííîì x ïðàâàÿ ÷àñòü, êàê ôóíêöèÿ âðåìåíè, áûëà
ðàçðûâíà íå áîëåå ÷åì â ñ÷åòíîì ÷èñëå òî÷åê è îãðàíè÷åíà.

Ïðèìåð 2. Ïóñòü Q � ìíîæåñòâî ðàöèîíàëüíûõ ÷èñåë, òîãäà êàæäûé ýëåìåíò x ∈ Q
ìîæíî ïðåäñòàâèòü åäèíñòâåííûì îáðàçîì â âèäå íåñîêðàòèìîé äðîáè p/q, ãäå p ∈ Z, q ∈ N.
Ðàññìîòðèì ôóíêöèþ g ∈ B([0, 1]×R), îïðåäåëåííóþ ïî ïðàâèëó

g(t, x)
△
=


0, ∀t ̸∈ Q ∀x ∈ R;
0, t = p/q, |x− t| > 1/q2;
1− q2|x− t|, t = p/q, |x− t| ≤ 1/q2.

Ðàññìîòðèì çàäà÷ó Êîøè
ẋ = g(t, x), x(0) = 0.
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Ïîñêîëüêó ïðàâàÿ ÷àñòü ýêâèâàëåíòíà íóëþ, òî åäèíñòâåííûì ðåøåíèåì ýòîé çàäà÷è ÿâ-
ëÿåòñÿ ôóíêöèÿ (0|t ∈ I0). Ïðè ýòîì âñÿêîå ðàçáèåíèå èç ðàöèîíàëüíûõ òî÷åê ïîðîæäàåò

â êà÷åñòâå ëîìàíîé Ýéëåðà ôóíêöèþ z0
△
= (z0(t) = t | t ∈ [0, 1]) ∈ Ψ, îòëè÷íóþ îò åäèí-

ñòâåííîãî ðåøåíèÿ (0|t ∈ I0). Òàêèì îáðàçîì, (2) çäåñü òàêæå íå èìååò ìåñòà. Îäíàêî ïðè
ýòîì ôóíêöèÿ g (ïðè âñÿêîì ôèêñèðîâàííîì x) êàê ôóíêöèÿ âðåìåíè ðàçðûâíà íå áîëåå
÷åì â ñ÷åòíîì ÷èñëå òî÷åê. Äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü, ÷òî äëÿ âñÿêîãî α ∈ (0, 1) íà
ìíîæåñòâå

Kα
△
= {(t, x) | t ≥ 0, |x| ≤ αt}

ôóíêöèÿ g ðàçðûâíà ëèøü äëÿ êîíå÷íîãî ÷èñëà ìîìåíòîâ âðåìåíè èç [0, 1]. Äåéñòâèòåëüíî,
ôóíêöèÿ g â êîíóñå Kα ìîæåò áûòü ðàçðûâíà ëèøü ïðè òàêèõ t = p/q, ÷òî αt|1−α| ≤ 1/q2,
òî åñòü ïðè pq ≤ 1

α(1−α) , íî ÷èñëî
1

α(1−α) êîíå÷íî, òîãäà è êîëè÷åñòâî ñîîòâåòñòâóþùèõ ïàð

(p, q) íå ïðåâîñõîäèò 1
α2(1−α)2

, òî åñòü òàêèõ ìîìåíòîâ âðåìåíè � êîíå÷íîå ÷èñëî.

Îòìåòèì òàêæå, ÷òî â äâóõ ïîñëåäíèõ ïðèìåðàõ äëÿ âñÿêîãî ðåøåíèÿ x ïðàâàÿ ÷àñòü
âäîëü ðåøåíèÿ � ôóíêöèÿ (f(t, x(t)) | t ∈ I0) � ðàçðûâíà íå áîëåå ÷åì â ñ÷åòíîå ÷èñëî
ìîìåíòîâ âðåìåíè.

Èç ðàññìîòðåííûõ ïðèìåðîâ íàïðàøèâàåòñÿ âûâîä, ÷òî âñÿêóþ ïðàâóþ ÷àñòü äîñòàòî÷-
íî èñïðàâèòü íà ìíîæåñòâå íóëåâîé ìåðû Ëåáåãà, òî åñòü äëÿ âñÿêîé ôóíêöèè Êàðàòåîäî-
ðè íàéäåòñÿ åé ýêâèâàëåíòíàÿ ñî ñâîéñòâîì (2) (ïðè âûïîëíåíèè óñëîâèÿ (C)). Ýòî òàêæå
íåâåðíî. Ñîîòâåòñòâóþùèé ïðèìåð (ñì. [14]) ñòðîèòñÿ íà îñíîâå íèãäå íå ïëîòíîãî ìíî-
æåñòâà íåíóëåâîé ìåðû, èìåþùåãî ñòðóêòóðó, áëèçêóþ ê êàíòîðîâñêîìó ìíîæåñòâó. Áîëåå
òîãî, êàê ïîêàçûâàåò òîò æå ïðèìåð, ïðè âûáîðå ïîñëåäîâàòåëüíîñòè ðàçáèåíèé äëÿ âû-
ïîëíåíèÿ (2) íåäîñòàòî÷íî òàêæå (ñì. [14]) áðàòü òîëüêî òå ðàçáèåíèÿ, äëÿ êîòîðûõ âî âñå
ìîìåíòû ïåðåêëþ÷åíèÿ ïðàâàÿ ÷àñòü íåïðåðûâíà.

3. Îáîáùåííûå ëîìàíûå

Ïóñòü D � ñåìåéñòâî âñåõ çàìêíóòûõ ïîäìíîæåñòâ ìíîæåñòâà I0, ñîäåðæàùèõ òî÷êè
t0, T . Â ÷àñòíîñòè, â D âõîäÿò ñàìî ìíîæåñòâî I0 è âñå êîíå÷íûå ðàçáèåíèÿ � ìíîæåñòâà èç
D. Áóäåì íàçûâàòü ìíîæåñòâà èç D íàáëþäåíèÿìè.

Îòìåòèì, ÷òî ëîìàíûå Ýéëåðà ñî ñ÷åòíûì ÷èñëîì ìîìåíòîâ ïåðåêëþ÷åíèÿ ðàññìàòðè-
âàëèñü â ðàáîòàõ [15, 16]. Â [9, 15] äëÿ äîñòàòî÷íî ãëàäêîé ïðàâîé ÷àñòè ïðèâåäåí àëãîðèòì
ðàñ÷åòà ìîìåíòà óõîäà òðàåêòîðèè íà áåñêîíå÷íîñòü ïîñðåäñòâîì ïîñòðîåíèÿ ëîìàíûõ Ýé-
ëåðà, ãðàôèêè êîòîðûõ ñõîäÿòñÿ ê ãðàôèêó íåïðîäîëæèìîãî ðåøåíèÿ âî âñåé åãî îáëàñòè
îïðåäåëåíèÿ. Â ðàáîòå [16] òàêèå ëîìàíûå Ýéëåðà ïðåäëàãàåòñÿ èñïîëüçîâàòü äëÿ çàäà÷
îïòèìàëüíîãî óðàâíåíèÿ.

Êàæäîìó íàáëþäåíèþ ∆ ∈ D ñîïîñòàâèì ôóíêöèþ τ∗∆ : I0 7→ I0 ïî ïðàâèëó:

τ∗∆(t) = max {τ | τ ∈ ∆, τ ≤ t} ∀t ∈ I0.

Òîãäà äëÿ ëþáîãî ∆ ∈ D ââåäåì d(∆) = ||τ∗I0 −τ∗∆||B(I0). Çàìåòèì, ÷òî ïîñëåäíåå îïðåäåëåíèå
ñîâïàäàåò äëÿ ∆ ∈ D ñ ââåäåííûì ðàíåå.

Ðàññìîòðèì äëÿ âñÿêîãî ∆ ∈ D óðàâíåíèå

ξ(ϑ) = x0 +

∫
[t0,ϑ)

f(τ∗∆(t), ξ(τ
∗
∆(t)))dt. (3)

Äëÿ âñÿêîãî t∗ ∈ (t0, T ] ÷åðåç Ξ∆
t∗ îáîçíà÷èì ìíîæåñòâî âñåõ ðåøåíèé (èç Cm([t0, t

∗])) ýòîãî

óðàâíåíèÿ íà ïðîìåæóòêå [t0, t
∗]. Äëÿ óäîáñòâà îïðåäåëèì òàêæå Ξ∆

θ (K)
△
= Ξ∆

θ ∩C([t0, θ],K)
äëÿ âñÿêîãî êîìïàêòà K ⊂ Rm.
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Óðàâíåíèå (3), êàê óðàâíåíèå, ðåøåíèÿìè êîòîðîãî ÿâëÿþòñÿ êàê òðàåêòîðèè èñõîäíîé
ñèñòåìû, òàê è ëîìàíûå Ýéëåðà, óêàçàíî, íàïðèìåð, â ðàáîòå [16, (1.11)].

Êàê ïîêàçàíî ðàíåå, äëÿ âñÿêîãî êîíå÷íîãî ðàçáèåíèÿ ∆ ∈ D ýòî ìíîæåñòâî ñîñòîèò èç
åäèíñòâåííîãî ýëåìåíòà, óæå ââåäåííîãî ðàíåå ξ∆|[t0,t∗]. Ñ äðóãîé ñòîðîíû, â ñèëó I0 ∈ D,
îïðåäåëåíî ìíîæåñòâî ΞI0

t∗ , íî îíî ñîâïàäàåò ñî âñåìè ðåøåíèÿìè èñõîäíîãî óðàâíåíèÿ (1),
ïðîäîëæèìûìè âïëîòü äî t∗, òî åñòü (â ñèëó óñëîâèÿ (C)) ΞI0

t∗ = Φt∗ .
Çàìåòèì, ÷òî óðàâíåíèå (3) ïðåäñòàâëÿåò ñîáîé óðàâíåíèÿ ñ çàïàçäûâàíèåì, äàæå ëî-

êàëüíî ðåøåíèÿ, ó òàêèõ óðàâíåíèé ïðè íåîãðàíè÷åííîé ïðàâîé ÷àñòè, ìîæåò íå îêàçàòüñÿ
â êëàññå íåïðåðûâíûõ ôóíêöèé [17]. Ïîäîáíûé ïðèìåð ìîæíî ïðèâåñòè è äëÿ óðàâíåíèÿ
(3). Â ñëó÷àå îãðàíè÷åííîé ïðàâîé ÷àñòè óðàâíåíèå ñ çàïàçäûâàíèåì, â ÷àñòíîñòè (3), áóäåò
èìåòü ðåøåíèå (ñì. [18]).

4. Äèàìåòð ðàçáèåíèÿ êàê õàðàêòåðèñòèêà ñõîäèìîñòè

Èññëåäóåì óñëîâèÿ íà ïðàâóþ ÷àñòü ñèñòåìû (1), ïðè êîòîðûõ ìàëîñòü äèàìåòðà ðàçáè-
åíèÿ ãàðàíòèðóåò áëèçîñòü ñîîòâåòñòâóþùåé îáîáùåííîé ëîìàíîé Ýéëåðà ê ïó÷êó ðåøåíèé
ñèñòåìû.

Ïî àíàëîãèè ñ (2), äëÿ âñÿêîãî t∗ ∈ I0 áóäåì ãîâîðèòü, ÷òî ëîìàíûå Ýéëåðà ñõîäÿòñÿ ê
ïó÷êó ðåøåíèé ïðè èçìåëü÷åíèè [t0, t

∗], åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå δ = δ(ε) > 0,
÷òî äëÿ âñåõ ∆ ∈ D

(d(∆) < δ) ⇒ (∀ξ ∈ Ξ∆
t∗ ∃x ∈ Φt∗ ||x− ξ||Cm([t0,t∗]) < ε). (4)

Åñëè ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèÿì (K1) − (K3), (C), òî âñÿêîå ðåøåíèå çàäà÷è
(1) ìîæíî ïðîäîëæèòü âïëîòü äî T . Ââåäåì äëÿ íåêîòîðîãî κ > 0

KΦ
△
= {(t, x(t) + z) | t ∈ I0, z ∈ Oκ(0;R

m), x ∈ Φ}.

Òåïåðü åñëè M
△
= sup{||f(t, y)||m | (t, y) ∈ KΦ} � êîíå÷íî, òî äëÿ âñÿêîãî t ∈ I0 ââåäåì

Ψt
△
= {y ∈ Cm([t0, t] | ∃x ∈ Φt ||y − x||Cm([t0,t]) ≤ κ,

∀t′, t′′ ∈ [t0, t] ||y(t′′)− y(t′)||m ≤ M |t′′ − t′|, y(t0) = x0},

à ÷åðåç Ny äëÿ âñÿêîãî y ∈ Cm(I0) îáîçíà÷èì ìíîæåñòâî òåõ ìîìåíòîâ âðåìåíè t ∈ I0, äëÿ
êîòîðûõ â òî÷êå (t, y(t)) ôóíêöèÿ f ðàçðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ.

Äëÿ âñÿêîãî t∗ ∈ I0 áóäåì ãîâîðèòü, ÷òî ëîìàíûå Ýéëåðà íå ïîêèäàþò Ψt∗ ïðè èçìåëü-
÷åíèè [t0, t

∗], åñëè ñóùåñòâóåò òàêîå d0 > 0, ÷òî äëÿ âñåõ ∆ ∈ D

(d(∆) < d0) ⇒ (Ξ∆
t∗ ⊂ Ψt∗).

Â ñèëó ((t, ξ(t)) ∈ KΦ) ⇔ y ∈ Oκ(Φt;Cm([t0, t])) ⇒ (||f(t, ξ(t))||m ≤ M) ýòî óñëîâèå ýêâèâà-
ëåíòíî:

(d(∆) < d0) ⇒ (∀t ∈ [t0, t
∗] ∀ξ ∈ Ξ∆

t∗ (t, ξ(t)) ∈ KΦ). (5)

Òåîðåìà 1. Ïóñòü ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèÿì (K1), (K2), (C), à êðîìå òîãî,

äëÿ íåêîòîðîãî κ > 0 íà KΦ ïðàâàÿ ÷àñòü ñèñòåìû îãðàíè÷åíà. Ïóñòü òàêæå äëÿ âñÿêîé

y ∈ ΨT ìíîæåñòâî Ny èìååò íóëåâóþ ìåðó Ëåáåãà. Òîãäà ïðè èçìåëü÷åíèè I0 ëîìàíûå

Ýéëåðà ñõîäÿòñÿ ê ïó÷êó ðåøåíèé è íå ïîêèäàþò ΨT .

Äîêàçàòåëüñòâî. Ïóñòü Υ→ � ìíîæåñòâî òàêèõ t ∈ I0, ÷òî ëîìàíûå Ýéëåðà ñõîäÿòñÿ ê
ïó÷êó ðåøåíèé ïðè èçìåëü÷åíèè [t0, t], à ν→ - âåðõíÿÿ ãðàíü ýòîãî ìíîæåñòâà. Ïóñòü òàêæå
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Υ∈ � ìíîæåñòâî òàêèõ t ∈ I0, ÷òî ëîìàíûå Ýéëåðà íå ïîêèäàþò Ψt ïðè èçìåëü÷åíèè [t0, t].
Îáîçíà÷èì ÷åðåç ∂KΦ ãðàíèöó êîìïàêòà KΦ.

Çàìåòèì, ÷òî Υ→ ⊂ Υ∈. Äåéñòâèòåëüíî, åñëè ëîìàíûå Ýéëåðà ñõîäÿòñÿ ê ïó÷êó ðåøåíèé
ïðè èçìåëü÷åíèè [t0, t], òî âçÿâ d0 = δ(κ), â ñèëó (4) èìååì ýêâèâàëåíòíîå íóæíîìó óñëîâèå
(5).

Ïîêàæåì áîëüøåå, ÷òî íàéäåòñÿ òàêîå ς > 0, äëÿ êîòîðîãî min{ν→+ς, T} ∈ Υ∈. Äåéñòâè-
òåëüíî, ïóñòü íå òàê, òîãäà íàéäóòñÿ òàêèå ïîñëåäîâàòåëüíîñòè (∆n)n∈N ∈ DN , (tn)n∈N ∈ IN0 ,
(ξn)n∈N ∈

∏
n∈N Ξ∆n

tn , ÷òî (d(∆n))n∈N → 0,(tn)n∈N → ν→ + 0 è äëÿ ëþáîãî n ∈ N tn åñòü
âåðõíÿÿ ãðàíü òàêèõ t, ÷òî ξn|[t0,t] ∈ Ψt. Â ñèëó óñëîâèÿ (5) tn åñòü íèæíÿÿ ãðàíü òàêèõ t∗,
÷òî (t∗, ξn(t

∗)) ̸∈ KΦ. Òàêèì îáðàçîì (tn, ξn(tn)) ∈ ∂KΦ. Ïîñêîëüêó âñå ýëåìåíòû (ξn)n∈N
ðàâíîñòåïåííî íåïðåðûâíû è ðàâíîìåðíî îãðàíè÷åíû, òî, ïåðåõîäÿ ê ïîäïîñëåäîâàòåëüíî-
ñòè, ìîæíî ñ÷èòàòü, ÷òî èõ ãðàôèêè (â ìåòðèêå Õàóñäîðôà) ñõîäÿòñÿ ê ãðàôèêó íåêîòîðîé
ôóíêöèè y ∈ Cm([t0, ν→]) (ñì. [19]). Â ÷àñòíîñòè, â ñèëó êîìïàêòíîñòè ∂KΦ âûïîëíåíî
(ν→, y(ν→)) ∈ ∂KΦ.

Ðàññìîòðèì ν ∈ Υ→, òîãäà ïîñëåäîâàòåëüíîñòü (ξn|[t0,ν])n∈N ñõîäèòñÿ ê ðåøåíèþ, â ÷àñò-
íîñòè y|[t0,ν] = x äëÿ íåêîòîðîãî x ∈ Φν . Íî òîãäà κ ≤ M(ν→−ν) â ñèëó îïðåäåëåíèÿKΦ, ÷òî
ïðîòèâîðå÷èò âûáîðó ν→ êàê âåðõíåé ãðàíè Υ→. Èòàê, íàéäåòñÿ òàêîå ς > 0, äëÿ êîòîðîãî
ν∈ ≥ min{ν→ + ς, T}. Òîãäà, èç î÷åâèäíîãî ν→ ≥ t0 èìååì ν∈ > t0.

Ïîêàæåì, ÷òî Υ∈ ⊂ Υ→. Äåéñòâèòåëüíî, ïóñòü íå òàê, òî åñòü äëÿ íåêîòîðîãî t∗ ∈
Υ→ \ Υ∈ ïðè èçìåëü÷åíèè [t0, t

∗] ëîìàíûå Ýéëåðà íå ïîêèäàþò Ψt∗ , íî è íå ñõîäÿòñÿ ê
ïó÷êó ðåøåíèé. Òîãäà íàéäóòñÿ òàêèå ÷èñëî ε > 0 è ïîñëåäîâàòåëüíîñòè (∆)n∈N ∈ DN ,
(ξn)n∈N ∈ ΨN

t∗ , ÷òî

d(∆n) < 1/n, ξn ∈ Ξ∆n
t∗ , ||ξn − x||Cm([t0,t∗]) > ε ∀n ∈ N,x ∈ Φt∗ . (6)

Â ñèëó (ξn)n∈N ∈ ΨN
t∗ è êîìïàêòíîñòè Ψt∗ , ìîæíî ñ÷èòàòü, ÷òî íåêîòîðîå y ∈ Ψt∗ åñòü ïðåäåë

ïîñëåäîâàòåëüíîñòè (ξn)n∈N â ðàâíîìåðíîé ìåòðèêå. Òîãäà, êàê ïîêàçàíî â [3, Òåîðåìà 1.1.3],
äëÿ ïî÷òè âñåõ t ∈ [t0, t

∗] èìååò ìåñòî

ẏ(t) ∈
∩
δ>0

c̄o{f(τ, x) | τ ∈ I0 ∩ [t− δ, t], x ∈ Oδ(y(t);R
m)}, y(t0) = x0.

Íî äëÿ t ∈ I0 \ Ny èìååò ìåñòî íåïðåðûâíîñòü ïðàâîé ÷àñòè (1) â îêðåñòíîñòè (t, y(t)), òî
åñòü äëÿ ïî÷òè âñåõ t ∈ [t0, t

∗]

{f(t, y(t))} =
∩
δ>0

c̄o{f(τ, x) | τ ∈ I0 ∩ [t− δ, t], x ∈ Oδ(y(t);R
m)}.

Òîãäà y ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1) íà îòðåçêå [t0, t
∗], òî åñòü lim

n→∞
ξn = y ∈ Φt∗ . Îäíàêî

ýòî ïðîòèâîðå÷èò (6).
Èòàê ïîêàçàíî, ÷òî min{supΥ→+ς, T} ∈ Υ∈ ⊂ Υ→ Îòñþäà T ∈ Υ∈ = Υ→, ÷òî çàâåðøàåò

äîêàçàòåëüñòâî òåîðåìû.

Îòìåòèì, ÷òî â òåîðåìå óñëîâèå îãðàíè÷åííîñòè ïðàâîé ÷àñòè ñóùåñòâåííî, ñì. ïðè-
ìåð 1. Íåäîñòàòî÷íî òàêæå ïîòðåáîâàòü, ÷òîáû íà KΦ ïðè âñÿêîì ôèêñèðîâàííîì x ïðàâàÿ
÷àñòü êàê ôóíêöèÿ ïî t èìåëà íå áîëåå ÷åì ñ÷åòíîå ÷èñëî òî÷åê ðàçðûâà. Íåäîñòàòî÷íî
èç ðàçáèåíèÿ èñêëþ÷àòü âñåâîçìîæíûå òî÷êè ðàçðûâà ïðàâîé ÷àñòè âäîëü âñåõ ðåøåíèé
çàäà÷è Êîøè. Âñå ýòî ñëåäóåò èç ïðèìåðà 2.

Îáîçíà÷èì äëÿ âñåõ y ∈ Cm(I0) ÷åðåç N̄y ìíîæåñòâî òî÷åê ðàçðûâà ôóíêöèè
(f(t, y(t)) | t ∈ I0). Ïîêàæåì, ÷òî â óñëîâèè òåîðåìû íåëüçÿ äëÿ âñåõ y ∈ ΨT óñëîâèå
λ(Ny) = 0 çàìåíèòü íà óñëîâèå λ(N̄y) = 0.
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Ïðèìåð 3. Ïóñòü P � ìíîæåñòâî âñåõ ïðîñòûõ ÷èñåë, îïðåäåëèì äëÿ âñÿêîãî p ∈ P

êîíå÷íîå ðàçáèåíèå ∆p
△
= {k/p | k ∈ 0, p} ∈ D. Òåïåðü äëÿ âñåõ i, j ∈ P, (i ̸= j) èìååì

∆i ∩ ∆j = {0, 1}. Ââåäåì ôóíêöèþ g òàê, ÷òîáû g(t, t) = 0 äëÿ âñåõ t ∈ I0, îäíàêî g(t, x)
íå áûëà íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ ïðè âñÿêîì t = x ∈ I0. Êðîìå òîãî,
äëÿ âñÿêèõ t ∈ ∆p îáåñïå÷èì g(t, t − 1/p) = 1. Äëÿ âñåãî âûøåïåðå÷èñëåííîãî îïðåäåëèì
ôóíêöèþ g ∈ B([0, 1]×R) ïî ïðàâèëó:

g(t, x)
△
=


0, ∀t ̸∈ ∪p∈P∆p \ {0, 1} ∀x ∈ R;
0, ∀t ∈ ∆p \ {0, 1}, |p(x− t)− 1| ≥ 1, p ∈ P ;
1− |p(x− t)− 1|, ∀t ∈ ∆p \ {0, 1}, |p(x− t)− 1| < 1, p ∈ P .

Ýòà ôóíêöèÿ ïî÷òè âî âñå ìîìåíòû âðåìåíè òîæäåñòâåííî ðàâíà íóëþ, ñëåäîâàòåëüíî ÿâ-
ëÿåòñÿ ôóíêöèåé Êàðàòåîäîðè, òîãäà è åäèíñòâåííûì ðåøåíèåì çàäà÷è Êîøè

ẋ = g(t, x), x(0) = 0, t ∈ [0, 1]

ÿâëÿåòñÿ ôóíêöèÿ, òîæäåñòâåííî ðàâíàÿ íóëþ. Ñ äðóãîé ñòîðîíû, äëÿ âñÿêîãî p ∈ P èìååì
ξ∆p(t) = 0 ïðè t ∈ [0, 1/p] è ξ∆p(t) = t − 1/p ïðè t ∈ [1/p, 1]. Òîãäà ïðåäåëîì ýòèõ ëîìàíûõ
Ýéëåðà ÿâëÿåòñÿ ôóíêöèÿ (t|t ∈ I0), íåñîâïàäàþùàÿ ñ åäèíñòâåííûì ðåøåíèåì ñèñòåìû,
õîòÿ äèàìåòð ñîîòâåòñòâóþùèõ èì ðàçáèåíèé ñòðåìèòñÿ ê íóëþ.

Ôóíêöèÿ f îãðàíè÷åíà ïî ìîäóëþ åäèíèöåé. Ðàññìîòðèì ïðîèçâîëüíóþ êðèâóþ y ∈ Ψ1,
îïðåäåëåííóþ íà [0, 1] 1-ëèïøèöåâóþ ôóíêöèþ y ∈ Ψ1 ñ y(0) = 0. Çàìåòèì, ÷òî ôóíêöèÿ

(t− y(t) | t ∈ I0) íå âîçðàñòàåò, òîãäà îïðåäåëèâ ϑ
△
= sup{t ∈ I0 | t = y(t)}, èìååì y(t) = t äëÿ

t ∈ [0, ϑ] è y(t) < t äëÿ t ∈ (ϑ, 1]. Òåïåðü äëÿ âñÿêîãî ε > 0 âûïîëíåíî y(t) ≤ t+y(ϑ+ε)−ϑ−ε
äëÿ âñåõ t ∈ [ϑ+ε, 1], òî åñòü t ∈ Ny∩ [ϑ+ε, 1] òîëüêî åñëè äëÿ íåêîòîðîãî p ∈ P èìååò ìåñòî
t ∈ ∆p è ϑ + ε − y(ϑ + ε) < 2/p. Îòñþäà p < 2

ϑ+ε−y(ϑ+ε) , íî ÷èñëî òàêèõ p íå ïðåâîñõîäèò

ìîùíîñòè ∆p, òî åñòü êîíå÷íî; òàêèì îáðàçîì Ny ∩ [ϑ + ε, 1] íå áîëåå ÷åì êîíå÷íî, îòñþäà
ìíîæåñòâî Ny∩[ϑ, 1], à òåì áîëåå N̄y∩[ϑ, 1], íå áîëåå ÷åì ñ÷åòíî. Ñ äðóãîé ñòîðîíû, ôóíêöèÿ
(g(t, y(t))|t ∈ [0, ϑ]) = (g(t, t) = 0 | t ∈ [0, ϑ]) íåïðåðûâíà, òîãäà N̄y ∩ [0, ϑ] = ∅. Èòàê, N̄y íå
áîëåå ÷åì ñ÷åòíî äëÿ âñåõ y ∈ Ψ.

Èòàê, äëÿ âñÿêîé y ∈ Ψ ìíîæåñòâî N̄y íå áîëåå ÷åì ñ÷åòíî, à ìíîæåñòâî Ny íåñ÷åòíî
ëèøü åñëè y ñîâïàäàåò ñ z íà íåêîòîðîì îòðåçêå [t0, θ].

Òàêèì îáðàçîì, â îïðåäåëåíèè Ψ íåëüçÿ çíàê ≪≤≫ çàìåíèòü íà ≪<≫; íåîáõîäèìî òàêæå
â êà÷åñòâå Ny ðàññìàòðèâàòü òå ìîìåíòû âðåìåíè t ∈ I0, äëÿ êîòîðûõ ôóíêöèÿ f â òî÷êå
(t, y(t)) ðàçðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ, è íåäîñòàòî÷íî ðàññìîòðåòü òî÷êè ðàçðûâà
ôóíêöèè (f(t, y(t))|t ∈ I0) (òàêàÿ íåïðåðûâíîñòü ïðàâîé ÷àñòè ðàññìàòðèâàëàñü, íàïðèìåð,
â [20]).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 12-01-00537), à òàêæå
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Euler's Broken Lines and Diameter of Partition
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We study the conditions on right-hand side of a system that guarantee the convergence
of Euler's broken lines to the funnel of solutions of the system for su�ciently small diameter
of partition; in particular, the condition that lets us select a subsequence from any sequence
of Euler's broken lines that would converge to the solution on a given time interval. We
obtain the condition that guarantees the convergence of Euler's broken lines to the funnel of
solutions of the system as the diameter of partitions corresponding to the broken lines tends
to zero. The condition is speci�ed for a given explicit constant such that for any mapping
that is Liepshitz continuous with this constant and maps onto the phase plane, the set
of points of discontinuity has the zero Lebesgue measure (on the graph of this mapping).
Several examples are given to demonstrate that this condition cannot be relaxed; speci�cally,
there may be no convergence even if, for each trajectory generated by the system, the
restriction of the dynamics function to that graph is Riemann integrable; the constant from
the condition above can never be decreased either.

In the paper, Euler's broken lines are embedded into the family of solutions of delay
integral equations of the special form, for which, in its own turn, the main result of the
paper is proved. It is due to this fact that the results of the paper hold for a broader class
of numerical methods, for example, for broken lines with countable number of segments.

Keywords: di�erential equations; Euler's broken lines; numerical methods;

Caratheodory conditions.

References

1. Warga J. Optimal Control of Di�erential and Functional Equations. New York, Academic,
1972. 531 p.

2. Hartman P. Ordinary Di�erential Equations. New York, Wiley, 1964. 720 p.

3. Tolstonogov A.A. Di�erentsial'nye vklyucheniya v banakhovom prostranstve [Di�erential
Inclusions in Banach Space]. Novosibirsk, Nauka, 1986. 296 p.

4. Tolstonogov A.A. Di�erential Inclusions in a Banach Space. Mathematics and Its

Applications, 524. Dordrecht, Kluwer Academic Publishers, 2000. DOI: 10.1007/978-94-015-
9490-5

5. Filippov A.F. Di�erentsial'nye uravneniya s razryvnoy pravoy chast'yu [Di�erential Equations
with Discontinuous Right-Hand Side]. Moskow, Nauka, 1985.

6. Krasovskii N.N., Subbotin A.I. Pozitsionnye di�erentsial'nye igry [Positional Di�erential
Games]. Moscow, Nauka, 1974.

7. Cortes J. Discontinuous Dynamical Systems. Control Systems, IEEE, 2009, vol. 28, no. 3,
pp. 36�73. DOI: 10.1109/MCS.2008.919306

8. Biles D.C., Federson M., Pouso R.L. A Survey of Recent Results for the Generalizations of
Ordinary Di�erential Equations. Abstract and Applied Analysis, 2014, Art. ID 260409, 9 pp.

2014, òîì 7, � 4 111



Ä.Â. Õëîïèí

9. Khlopin D.V. Uniform Approximation of Trajectories Maximal to the Right Under the
Condition of Asymptotic Integral Stability. Journal of Mathematical Sciences, vol. 199, no. 5,
pp. 556�563. DOI: 10.1007/s10958-014-1882-3

10. Bohner Ì., Peterson À. Dynamic Equations on Time Scales. Birkh�auser, 2001.

11. Artstein Z. Continuous Dependence on Parameters: On the Best Possible Results. Journal of
Di�erential Equations, 1975, vol. 19, no. 2, pp. 214�225. DOI: 10.1016/0022-0396(75)90002-9

12. Khlopin D.V. Euler Polygonal Lines in Systems with a Time-Measurable Right-
Hand Side. Di�erential Equations, 2008, vol. 44, no. 12, pp. 1711�1720.
DOI: 10.1134/S0012266108120070

13. Khlopin D.V. [Euler's Broken and Timelines in Terms of Caratheodory]. Trudy IMM UrO

RAN, 2008, vol. 14, no. 4, pp. 159�171. (in Russian)

14. Khlopin D.V. Euler's Broken Lines in Systems with Carathe'odory Conditions. Proceedings

of the Steklov Institute of Mathematics (Supplementary issues), 2007, vol. 259, issue 2,
pp. 141�158. DOI: 10.1134/S0081543807060090

15. Zhukovskii E.S. On a Parametric Speci�cation of the Solution of a Di�erential Equation
and its Approximate Construction. Russian Mathematics (Izvestiya VUZov), 1996, vol. 40,
pp. 29�32.

16. Panasyuk A.I. Properties of Solutions of Generalized Di�erential Equations of Approximation
Type in Rm. Di�erential Equations, 1991, vol. 27, no. 12, pp. 1453�1464.

17. Petukhov V.R. [Investigation of a System of Di�erential-Functional Equations]
Di�erentsial'nye uravneniya [Di�erential Equations], 1968, vol. 4, no. 5, pp. 875�880. (in
Russian)

18. Hale J. Theory of Functional Di�erential Equations. Applied Mathematical Sciences. Vol. 3.
New York�Heidelberg, Springer-Verlag, 1977. DOI: 10.1007/978-1-4612-9892-2

19. Filippov V.V., Fedorchuk V.V. Obshchaya topologiya [General Topology. Basic
Constructions]. Moscow, Fizmatlit, 2006.

20. Kim A.V., Kolmogortseva N.G. On the Degree of Smoothness of Solutions of Functional
Di�erential Equations. Proceedings of the Steklov Institute of Mathematics (Supplementary

issues), 2007, vol. 259, issue 2, pp. 159�162. DOI: 10.1134/S0081543807060107

Received June 26, 2014

112 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫




