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In the article the mathematical model of ion-acoustic waves in a plasma in an external

magnetic �eld is studied. This model can be reduced to a Cauchy problem for a Sobolev type

equation of the fourth order with polynomially (A, p)-bounded operator pencil. Therefore

abstract results on solvability of the Cauchy problem for such equation can be used. In the

article a theorem on the unique solvability of the Cauchy � Dirichlet problem is mentioned.

Based on the theoretical results there was developed an algorithm for the numerical solution

of the problem, using a modi�ed Galerkin method. The algorithm is implemented in Maple.

The article includes description of this algorithm. It is illustrated by model examples

showing the work of the developed program.
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Introduction. Consider equation
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�rst obtained by Y.D. Pletner [2], which describes the ion-acoustic waves in a plasma
in an external magnetic �eld. Here ∆3 is a Laplace operator in R3, the function Φ is a
generalized potential of the electric �eld, the constants ω2

Bi
, ω2

pi
and r2D characterize ion

gyrofrequency, Langmuir frequency and the Debye radius, respectively. Transform equation
(1) and consider a more general problem.

Let Ω = (0, a) × (0, b) × (0, c) ⊂ R3. In the cylinder Ω × R consider the Cauchy �
Dirichlet problem

v(x, 0) = v0(x), vt(x, 0) = v1(x),
∂2v

∂t2
(x, 0) = v2(x),

∂3v

∂t3
(x, 0) = v3(x), x ∈ Ω (2)

v(x, t) = 0, (x, t) ∈ ∂Ω× R (3)

for equation
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describing the ion-acoustic waves in a plasma in a magnetic �eld, and the negative values
of the parameter λ do not contradict the physical meaning of this problem. Stochastic
mathematical model of ion-acoustic waves in a plasma was considered in [3].

1. Analytical Study of the Mathematical Model of Ion-Acoustic Waves
in a Plasma in a Magnetic Field. Introduce the eigenfunctions of the Laplace operator
∆ in the domain Ω satisfying conditions (3): φkmn =

{
sin πkx1

a
sin πmx2

b
sin πnx3

c

}
, where k,

m, n ∈ N, and the eigenvalues λkmn = −(k2 +m2 + n2). Obviously, the spectrum σ(∆) is
negative, discrete with �nite multipicities and thickens only to −∞. Since {φk} ⊂ C∞(Ω),
then

µ4A− µ3B3 − µ2B2 − µB1 −B0 =

∞∑
k,m,n=1

[(λkmn − λ)µ4 + (λkmn − λ′)µ2 − α(
πn

c
)2] < φkmn, · > φkmn,

where < ·, · > is a scalar product in L2(Ω).

Lemma 1. [4] (i) Let λ ̸∈ σ(∆). Then the pencil
→
B is polynomially (A, 0)-bounded.

(ii) (λ ∈ σ(∆)) ∧ (λ ̸= λ′). Then the pencil
→
B is polynomially (A, 1)-bounded.

(iii) (λ ∈ σ(∆)) ∧ (λ = λ′). Then the pencil
→
B is polynomially (A, 3)-bounded.

Theorem 1. [4] (i) Let λ ̸∈ σ(∆). Then, for arbitrary v0, v1, v2, v3 ∈ U there exists a
unique solution of problem (2) � (4).

(ii) Let λ ∈ σ(∆) è λ = λ′. Then for arbitrary v0, v1, v2, v3 ∈ U1, i.e., such that∑
λkmn=λ

< φkmn, vj >= 0, j = 0, ..., 3,

there exists a unique solution of problem (2) � (4).

2. Numerical Solution Algorithm. Based on the theoretical results there was developed
an algorithm for numerical solution of problem (2) � (4) modelling ion-acoustic waves in a
plasma in an external magnetic �eld, implemented in a software environment Maple 15.0.
The program uses a phase space method and a modi�ed Galerkin method.

A numerical solution algorithm is shown in a block diagram in picture 1. The developed
program allows you to:

1. Specify the sizes of the domain Ω for the mathematical model of ion-acoustic waves
in a plasma in an external magnetic �eld.

2. Enter the parameters of the equation: λ, λ′, α; initial data:
v0(x, y, z), v1(x, y, z), v2(x, y, z), v3(x, y, z), and the order of Galerkin approximations N .

3. Print the numerical solution of the problem.
4. Get a graphical image of the received waves with animated distribution over time.
A detailed description of the algorithm (each block of the algorithm corresponds to

one step):
Step 1. After the start of the program the number of terms in a Galerkin sum N ,

parameters λ, λ1, α, initial data v0, v1, v2, v3, the positive numbers a, b, c and period
τ : t ∈ [0, τ ] are entered.
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Step 2. In a cycle approximate solution V is represented as the Galerkin sum
N∑

i,j,k=1

Ai,j,k(t) sin
πix
a
sin πjy

b
sin πkz

c
.

Step 3. Expression for V is substituted into equation.
Step 4. Start the cycle by i, j, k from 1 to N .
Step 5. Taking the inner product of equation by the corresponding eigenfunctions

φi(x), ψj(y), χk(z).
Step 6. Checking if λ belongs to the spectrum of the Laplace operator.
If sixth step is true:
Step 7. Veri�cation of condition λ = λ1.
If seven step is true:
Step 8. Solving of an algebraic equation with respect to Ai,j,k(t).
If seven step is false:
Step 9. Initial data v0, v1 are multiplied by the eigenfunctions φi(x), ψj(y), χk(z).
Step 10. Solving of the ordinary di�erential equation of the second order, corresponding

to the current number i, j, k in the cycle.
If the sixth step false:
Step 11. Initial data v0, v1, v2, v3 are scalar multiplied by the eigenfunctions

φi(x), ψj(y), χk(z).
Step 12. Solving of the ordinary di�erential equation of the fourth order corresponding

to the current number i, j, k.
Step 13. End of cycle by i, j, k.
Step 14. Founded Galerkin coe�cients Ai,j,k(t) are substituted into the approximate

solution obtained in step 3.
Step 15. The resulting approximate solution is displayed as a graph of the solution

with the animation over time from 0 to τ , with chosen �xed variable (for example z).

3. Numerical Experiment. Illustrate the described algorithm by several computational
examples.

Example 1. Consider the problem

v(x, y, z, t) = 0, (x, y, z, t) ∈ ∂Ω× R, (5)

v(x, y, z, 0) = sinx sin y sin z, vt(x, y, z, 0) = 10 sin x sin y sin z,
∂2v

∂t2
(x, y, z, 0) = 3 sinx sin y sin z,

∂3v

∂t3
(x, y, z, 0) = sin x sin y sin z,

(6)

(∆− 2)
∂4v

∂t4
+ (∆− 1)

∂2v

∂t2
+
∂2v

∂x23
= 0. (7)

It is required to �nd the numerical solution of problem (5) � (7) when λ = 2, λ′ =
1, α = 1, in a domain [0, π]× [0, π]× [0, π], t ∈ [0, 2].

Eigenfunctions φi(x), ψj(y), χk(z) of the homogeneous Dirichlet problem for the
Laplace operator in the domain [0, π]× [0, π]× [0, π] have the form {sin ix, sin jy, sin kz}.
Obviously, in this case, equation (7) is not degenerate, therefore, the algorithm will take
place in accordance with steps 11, 12 described in Section 2 of this article.

Graph of the solution is presented in picture 2 a.
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Fig. 1. A block diagram of algorithm
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Example 2. Consider the problem

v(x, y, z, t) = 0, (x, y, z, t) ∈ ∂Ω× R, (8)

v(x, y, z, 0) = 8 sin x sin y sin z, vt(x, y, z, 0) = 0, 1 sin x sin y sin z,
∂2v

∂t2
(x, y, z, 0) = 5 sinx sin y sin z,

∂3v

∂t3
(x, y, z, 0) = sin x sin y sin z,

(9)

(∆ + 4)
∂4v

∂t4
+ (∆ + 4)

∂2v

∂t2
− ∂2v

∂x23
= 0. (10)

It is required to �nd the numerical solution of problem (7) � (10) when λ = 4, λ′ =
4, α = 1, in a domain [0, π]× [0, π]× [0, π], t ∈ [0, 3].

Eigenfunctions φi(x), ψj(y), χk(z) of the homogeneous Dirichlet problem for the
Laplace operator in the domain [0, π]× [0, π]× [0, π] have the form {sin ix, sin jy, sin kz}.
Obviously, in this case, equation (10) is degenerate, therefore, the algorithm will take place
in accordance with step 8 described in Section 2 of this article.

Graph of the solution is presented in picture 2 b.

a)
b)

Fig. 2. a) Solution from example 1; b) solution from example 2
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ÂÛ×ÈÑËÈÒÅËÜÍÛÉ ÝÊÑÏÅÐÈÌÅÍÒ
ÄËß ÎÄÍÎÉ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ
ÌÎÄÅËÈ ÈÎÍÍÎ-ÇÂÓÊÎÂÛÕ ÂÎËÍ

A.A. Çàìûøëÿåâà, À.Ñ. Ìóðàâüåâ

Â ñòàòüå ðàññìîòðåíà ìàòåìàòè÷åñêàÿ ìîäåëü èîííî-çâóêîâûõ âîëí â ïëàçìå âî

âíåøíåì ìàãíèòíîì ïîëå. Äàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ìîæåò áûòü ðåäóöèðîâàíà

ê çàäà÷å Êîøè äëÿ óðàâíåíèÿ ñîáîëåâñêîãî òèïà ÷åòâåðòîãî ïîðÿäêà ñ ïîëèíîìèàëü-

íî (A, p)-îãðàíè÷åííûì ïó÷êîì îïåðàòîðîâ. Ñëåäîâàòåëüíî ïðèìåíèìû àáñòðàêòíûå

ðåçóëüòàòû ïî ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ òàêîãî óðàâíåíèÿ. Â ñòàòüå ñôîðìó-

ëèðîâàíà òåîðåìà îá îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è Êîøè � Äèðèõëå. Íà îñíîâå

òåîðåòè÷åñêèõ ðåçóëüòàòîâ áûë ðàçðàáîòàí àëãîðèòì äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è,

îñíîâàííûé íà ìîäèôèöèðîâàííîì ìåòîäå Ãàëåðêèíà. Àëãîðèòì ðåàëèçîâàí â ñðåäå

Maple. Â êîíöå ïðèâåäåíû ïðèìåðû, â êîòîðûõ ðåøåíèå ïîëó÷åíî ïðè ïîìîùè ðàçðà-

áîòàííîé ïðîãðàììû.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü; èîííî-çâóêîâûå âîëíû; ìåòîä Ãàëåð-

êèíà.
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