
MSC 47H10, 54C10, 54E45, 91B50 DOI: 10.14529/mmp160102

ON FIXED POINT THEORY AND ITS APPLICATIONS
TO EQUILIBRIUM MODELS

D.A. Serkov, Krasovskii Institute of Mathematics and Mechanics, Ural Federal
University named after the �rst President of Russia B.N. Yeltsin, Yekaterinburg,
Russian Federation, serkov@imm.uran.ru

For a given set and a given (generally speaking, multivalued) mapping of this set into
itself, we study the problem on the existence of �xed points of this mapping, i.e., of points
contained in their images. We assume that the given set is nonempty and the given mapping
is de�ned on the entire set. In these conditions, we give the description (rede�nition) of the
set of �xed points in the set-theoretic terms. This general idea is concretized for cases where
the set is endowed with a topological structure and the mapping has additional properties
associated with this structure. In particular, we provide necessary and su�cient conditions
for the existence of �xed points of mappings with closed graph in Hausdor� topological
spaces as well as in metric spaces. An example illustrating the possibilities and advantages
of the proposed approach is given. The immediate applications of these results to the search
of equilibrium states in game problems are also given: we describe the sets of saddle points
in the minimax problem (an analogue of the Fan theorem) and of Nash equilibrium points
in the game with many participants in cases where the sets of strategies of players are
Hausdor� spaces or metrizable topological spaces.
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Introduction

If one consider an automorphism F of a set X as the dynamics of a system with
discrete time and the state space X, then many su�cient conditions for the existence of
�xed points can be treated as conditions that prevent the formation of cycles (consisting
of several points):

� "the contraction principle": the distance between the images of two arbitrary points
is less than the distance between these points (a cycle has to be contracted to a point);

� "the directionality principle": the set X is partially ordered and the mapping F is
isotonic with respect to this order (only single-point cycles are possible).

In this case, either the linear structure (see the Banach principle of contractive
mappings, the Kakutani theorem [1], and their generalization [2]), or the order structure
(see theorems by Tarski [3], Kantorovich [4], Kleene [5, Theorem 1.2.17], and their
generalization [6]) on the set X is used.

At the same time, in view of the known connection between �xed points and
equilibrium points (see Lemmas 3 and 4), one would expect a �xed point result under
conditions similar to the conditions of the Fan theorem [7]. We recall that this theorem is
based only on topological properties of the domain of the quality function.

From this point of view, the idea of the conditions proposed in the paper consists in
restricting the sizes of cycles due to the representation of the initial mapping by the set
of its restrictions to a covering of its domain: a single-point cycle is present for any choice
of such a covering; all other cycles, in dependence on the properties of the mapping (we
require the closedness of the graph), are "cut o�" under an appropriate choice of a family
of coverings.
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1. De�nitions

1. For an arbitrary set X denote by 2X the set of all subsets of X. Consider a nonempty
set X and a multivalued mapping X ∋ x 7→ F (x) ∈ 2X . Denote by Fix(F ) the set of all
�xed points of the mapping F : Fix(F ) :={x ∈ X | x ∈ F (x)}. For the given mapping F ,
de�ne the mapping 2X ∋ Y 7→ F̂ (Y ) ∈ 2X as follows:

F̂ (Y ) :=

(∪
y∈Y

F (y)

)∩
Y =

∪
y∈Y

F (y) ∩ Y.

Observe that F̂ (Y ) is the set of "candidates" from a set Y for the inclusion in the set of
�xed points: by contradiction, it is easy to verify that the elements of Y not lying in F̂ (Y )
obviously do not belong to Fix(F ). In particular, for any singleton set {x} ∈ 2X , x ∈ X,
the set F̂ ({x}) is nonempty if and only if x ∈ Fix(F ).

Immediately from the de�nition, for any Y, Y ′ ∈ 2X , we obtain

F̂ (Y ) ⊂ Y, (1)

Y ′ ⊂ Y ⇒ F̂ (Y ′) ⊂ F̂ (Y ), (2)

Fix(F ) ∩ Y = Fix(F ) ∩ F̂ (Y ), (3)

(Y ⊆ Fix(F )) ⇒ (Y ∈ Fix(F̂ )).

From the de�nition of F̂ and the above relations, for an arbitrary family (Zτ )T ⊂ 2X ,
we get ∪

τ∈T

F̂ (Zτ ) ⊂
∪
τ∈T

Zτ , (4)

Fix(F )
∩∪

τ∈T

Zτ = Fix(F )
∩∪

τ∈T

F̂ (Zτ ). (5)

Here, inclusion (4) follows from inclusion (1) and equality (5) follows from equality
(3).

2. For families in 2X de�ne the relation to be inscribed which will be denoted by the
symbol ⊑: for arbitrary (Zτ )T , (Z

′
τ ′)T ′ ⊂ 2X , we say that the family (Z ′

τ ′)T ′ is inscribed
into the family (Zτ )T and denote this as (Z ′

τ ′)T ′ ⊑ (Zτ )T if, for arbitrary τ ′ ∈ T ′, there
exists τ ∈ T such that Z ′

τ ′ ⊂ Zτ . In the sequel, this order relation will be useful in

view of the following property of the mapping F̂ : it follows from implication (2) that if
(Z ′

τ ′)T ′ , (Zτ )T ⊂ 2X and (Z ′
τ ′)T ′ ⊑ (Zτ )T , then∪

τ ′∈T ′

F̂ (Z ′
τ ′) ⊂

∪
τ∈T

F̂ (Zτ ). (6)

3. Denote by O(X) the set of all coverings of X, i.e., the set of all families (Oι)I ⊂ 2X

such that ∪ι∈IOι = X. Let τ(X) be a topology in X (the family of all open sets). Denote
by Ofo(X) (Ofc(X)) the set of all �nite open (closed) coverings of X.
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2. Criterion for the Existence of Fixed Points

1. The set of �xed points of the mapping F can formally be described as follows.

Theorem 1. For any nonempty set X and for any mapping F : X 7→ 2X , we have

Fix(F ) =
∩

(Oι)I∈O(X)

∪
ι∈I

F̂ (Oι). (7)

Remark 1. Since among the coverings there exists a smallest element with respect to
the inscribing relation, the covering ({x})X consisting of all singleton sets of the set X, by
(6), for this covering and for any (Oι)I ∈ O(X), we have

∪
x∈X F̂ ({x}) ⊂

∪
ι∈I F̂ (Oι) and,

hence, Fix(F ) =
∪

x∈X F̂ ({x}). However, exactly relation (7) is important for us, since it
gives possibilities for the use of properties of the set X and the mapping F .

2. The corollaries of equality (7) given below are based on the intuitively obvious fact
that if a closed subset G of a compact set X×X has points arbitrarily close to the diagonal
{(x, x) | x ∈ X}, then G contains an element (x̄, x̄) of the diagonal. At the same time, if
the set G is the graph of a multivalued mapping F , then the element x̄ is a �xed point of
the mapping F .

Theorem 2. Let X be a compact Hausdor� space, and let a mapping F have the closed

graph. Then

Fix(F ) =
∩

(Oι)I∈Ofo(X)

∪
ι∈I

F̂ (Oι) =
∩

(Oι)I∈Ofc(X)

∪
ι∈I

F̂ (Oι). (8)

In particular, the set Fix(F ) is nonempty if and only if the following condition holds:

(∀(Oι)I ∈ Ofc(X))(∃ῑ ∈ I) F̂ (Oῑ) ̸= ∅. (9)

Corollary 1. Let X be a compact Hausdor� space, and let a function f : X 7→ X
be continuous. Then Fix(f) =

∩
(Oι)I∈Ofo(X)

∪
ι∈I f̂(Oι) =

∩
(Oι)I∈Ofc(X)

∪
ι∈I f̂(Oι). In

particular, the function f has a �xed point if and only if (∀(Oι)I ∈ Ofc(X))(∃ῑ ∈ I)
f̂(Oῑ) ̸= ∅.

3. Let the space X be endowed with a metric ρ : X2 7→ [0,∞). Denote by
d(x,A) the distance from a point x ∈ X to a set A ⊂ X de�ned by the metric
ρ : d(x,A) := infa∈A ρ(a, x). For any Y ∈ 2X , de�ne the diameter of the set Y :
diam(Y ) := supy,y′∈Y ρ(y, y′). Assume that the topology τ(X) generated by the metric ρ is
de�ned in X. For any δ > 0, denote by Oδ

fc(X) (Oδ
fo(X)) the subset of Ofc(X) (Ofo(X)) of

closed (open) �nite coverings (Oι)I of diameter not greater than δ: maxι∈I diam(Oι) 6 δ.
Recall that if X is a compact metric space, then for any δ > 0, the sets Oδ

fc(X) and Oδ
fo(X)

are nonempty.

Theorem 3. Let X be a compact metric space, and let a mapping F have the closed graph.

Then, for an arbitrary family of coverings

(Okι)Ik ∈ Oδk
fc (X) ∪Oδk

fo (X), δk > 0, k ∈ N, lim
k→∞

δk = 0, (10)

the equality Fix(F ) =
∩

k∈N
∪

ι∈Ik F̂ (Okι) holds. In particular, the set Fix(F ) is nonempty

if and only if

(∀δ > 0)(∃xδ ∈ X) d(xδ, F (xδ)) 6 δ. (11)
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Corollary 2. Let X be a compact metric space, and let a function f be continuous.

Then, for an arbitrary family of coverings of the form (10), the equality Fix(f) =∩
k∈N
∪

ι∈Ik f̂(Okι) holds. In particular, the function f has a �xed point if and only if

(∀δ > 0)(∃xδ ∈ X) ρ(xδ, f(xδ)) 6 δ. (12)

Remark 2. Theorems 2 and 3 as well as Corollaries 1 and 2 remain true if we replace
the condition of compactness of the space X by the condition of precompactness of the
image of the space X under the mapping F (f):∪

x∈X

F (x) ⊂ K

(∪
x∈X

f(x) ⊂ K

)
,

where K ∈ 2X is a compact set in the space (X, τ(X)).

2.1. Example

We give as much as possible simple example of the use of Theorem 3. Consider the
closed interval [0, 1] as a compact metric space X with the natural metric ρ(x, y) := |x−y|.
Choose and �x an in�nite disjoint sequence ([ai, bi])N of closed intervals in X of nonzero
length: ai < bi, [ai, bi] ∩ [aj, bj] = ∅, i, j ∈ N, i ̸= j. De�ne the mapping G : X 7→ 2X ,
setting

G(x) :=
∪
i∈N

G[ai,bi](x), G[a,b](x) :=

{
argmaxy∈[a,b] |y − x|, x ∈ [a, b],

∅, x /∈ [a, b].

De�ne the mapping F : X 7→ 2X as follows: the graph of the mapping F is the closure in
R2 of the graph of the mapping G. Note that the values of mapping F are nonconvex or
empty for some elements x ∈ X.

It is easy to see that mapping F satis�es conditions of Theorem 3: because of the
disjointness of intervals [ai, bi], their lengths tend to zero as i → ∞ and, hence, for any
δ > 0, the inequality d(ai, F (ai)) 6 δ holds for a su�ciently large i. Consequently, by
Theorem 3, the mapping F has a �xed point. One can verify that all partial limits of the
sequence (ai)N are �xed points. Certainly, such limits exist in view of the compactness
of X.

In connection with the considered example, we also note that
� the mapping F is not k-contractive (it su�ces to consider the passage of the

argument through the center of any interval [ai, bi]), and, therefore, the Nadler theorem [8]
is not applicable;

� the mapping F is not α-covering, since is not surjective, and, hence, the theorem
on coincidence points [9] is not applicable;

� the values of mapping F are nonconvex and may take the value ∅; therefore, the
Kakutani theorem [1] is not applicable.

3. Applications to Equilibrium Theorems

Using the known method connecting the equilibrium positions with �xed points of
multivalued mappings (see Lemmas 3 and 4), we can obtain new versions of equilibrium

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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theorems from the above theorems on �xed points. The very conditions describing the set
of equilibriums are rather formal. However, their particular case, a property of Cournot
approximations, may be of interest for applications.

1. From Theorem 2, we can obtain one more theorem on a criterion of the equality
of the minimax and maximin values in conditions similar to the conditions of the Fan
theorem [7].

Let U and V be (topological) spaces of strategies of two players, and let the standard
topology of the product and an outcome function φ : U ×V 7→ R with scalar values be
given on the product X :=U×V. The player choosing strategies u ∈ U tends to minimize
the outcome of the game, and the player choosing strategies v ∈ V tends to increase the
outcome. De�ne S(φ) ∈ 2U × 2V as the set of saddle points of function φ, i.e., as the set
of pairs (u∗, v∗) ∈ U × V satisfying the conditions φ(u∗, v) 6 φ(u, v∗) ∀(u, v) ∈ U × V.
Consider the multivalued mapping X ∋ (u, v) 7→ Fφ(u, v) ∈ 2X of the form

Fφ(u, v) := argmin
u′∈U

φ(u′, v)× argmax
v′∈V

φ(u, v′), (u, v) ∈ X. (13)

Theorem 4. Let U and V be compact Hausdor� spaces. Let, for any v ∈ V, the function

φ(·, v) : U 7→ R be lower semicontinuous on U, and let, for any u ∈ U, the function

φ(u, ·) : V 7→ R be upper semicontinuous on V. Then, for the set S(φ) of saddle points of

the function φ, the following equalities hold:

S(φ) = Fix(Fφ) =
∩

(Oι)I∈Ofo(X)

∪
ι∈I

F̂φ(Oι) =
∩

(Oι)I∈Ofc(X)

∪
ι∈I

F̂φ(Oι).

In particular, the equality

max
v∈V

min
u∈U

φ(u, v) = min
u∈U

max
v∈V

φ(u, v) (14)

holds if and only if for an arbitrary covering (Oι)I ∈ Ofc(X), there exists a set Oῑ, ῑ ∈ I,
containing two successive Cournot approximations x, x′ ∈ Oῑ, x

′ ∈ Fφ(x).

2. Passing to a more general case of the game, we obtain one more version of the
theorem on the existence of Nash equilibrium. Let (X, J) be a game with n players
in the normal form: X :=X1 × . . . × Xn and J :=(J1, . . . Jn). Here, Ji is the payo�
function of the ith player: Ji : X 7→ R, i ∈ 1..n, and in the case where Xi are
topological spaces, we assume that the standard topology of the product acts on X. De�ne
(y, x−i) :=(x1, . . . , xi−1, y, xi+1, . . . , xn), y ∈ Xi, x = (x1, . . . , xn) ∈ X. Denote by N(J)
the set of elements x∗ ∈ X for which the Nash equilibrium is attained, i.e., for which the
following conditions are satis�ed:

Ji(yi, x
∗
−i) 6 Ji(x

∗), ∀yi ∈ Xi,∀i ∈ 1..n. (15)

By analogy with (13), introduce the multivalued mapping X ∋ x 7→ F(X,J)(x) ∈ 2X :

F(X,J)(x) := argmax
y1∈X1

J1(y1, x−1)× . . .× argmax
yn∈Xn

Jn(yn, x−n), x ∈ X.

Theorem 5. Let Xi, i ∈ 1..n, be compact Hausdor� spaces, and let, for all x ∈ X and

i ∈ 1..n, the function Ji(·, x−i) : Xi 7→ R be upper semicontinuous on Xi. Then, for the
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set N(J) of Nash equilibriums, we have

N(J) = Fix(F(X,J)) =
∩

(Oι)I∈Ofo(X)

∪
ι∈I

F̂(X,J)(Oι) =
∩

(Oι)I∈Ofc(X)

∪
ι∈I

F̂(X,J)(Oι).

In particular, Nash equilibrium (15) is attained if and only if for an arbitrary covering

(Oι)I ∈ Ofc(X), there exists a set Oῑ ∈ (Oι)I containing two successive Cournot

approximations:

(∀(Oι)I ∈ Ofc(X))(∃ῑ ∈ I)(∃x, x′ ∈ Oῑ) x′ ∈ F(X,J)(x). (16)

Remark 3. In the case where the topology of the space X is metrizable, condition
(16) is naturally transformed into condition (11), taking the form (∀δ > 0)(∃xδ ∈ X)
d(xδ, F(X,J)(xδ)) 6 δ.

Remark 4. Note that Theorem 5, as well as Theorem 4 and the Fan theorem [7], has
the character of a criterion.

4. Proofs

4.1. Proof of Theorem 1

The inclusion Fix(F ) ⊂
∩

(Oι)I∈O(X)

∪
ι∈I F̂ (Oι) follows from (5). Indeed, by (5), for

any (Oι)I ∈ O(X), we have the equalities Fix(F ) = Fix(F ) ∩
∪

ι∈I Oι = Fix(F ) ∩∪
ι∈I F̂ (Oι) and, consequently, Fix(F ) ⊂

∪
ι∈I F̂ (Oι).

Let us show the converse inclusion. Since {Fix(F ), {x} | x ∈ X, x ̸∈ Fix(F )} ∈ O(X),
the belonging of x̄ to the right�hand side of equality (7) yields, in particular, the inclusion
x̄ ∈ F̂ (Fix(F ))∪

∪
x∈X\Fix(F ) F̂ ({x}) which, in view of (1) and the equalities F̂ ({x}) = ∅

for x ∈ X \ Fix(F ), implies the inclusions x̄ ∈ F̂ (Fix(F )) ⊂ Fix(F ).

4.2. Proof of Theorem 2 and Corollary 1

By virtue of Theorem 1 and the inclusions Ofo(X), Ofc(X) ⊂ O(X), for the proof of
the assertion, it su�ces to establish that

Fix(F ) ⊃
∩

(Oι)I∈Ofo(X)

∪
ι∈I

F̂ (Oι), (17)

Fix(F ) ⊃
∩

(Oι)I∈Ofc(X)

∪
ι∈I

F̂ (Oι). (18)

1. Justify inclusion (17). Let x̄ belong to the right-hand side of (17). For an arbitrary
local base of the topology (Os(x̄))S of the compact set X at the point x̄, we construct a
family of coverings (Osι)Is , s ∈ S, from Ofo(X) such that, for any s ∈ S, we have

(∃ιs ∈ Is : Os(x̄) = Osιs)&(∀ι ∈ Is\{ιs} x̄ ̸∈ Osι). (19)

Fix an arbitrary s ∈ S and, using the Hausdor� property, for every element y ∈ X \Os(x̄),
choose disjoint open neighborhoods Osy and Osx̄ of the elements y and x̄. The family

{Os(x̄), Osy | y ∈ X \Os(x̄)} (20)
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is an open covering of X. For the chosen s, we take a �nite subcovering of covering (20)
as the covering (Osι)Is . By construction, this covering has all the above properties.

Relations (4) and (19) along with the assumption that x̄ belongs to the right-hand
side of (8) imply that the inclusions

x̄ ∈
∪

ι∈Is F̂ (Osι) \
∪

ι∈Is
ι ̸=ιs

Osι ⊂
∪

ι∈Is F̂ (Osι) \
∪

ι∈Is
ι̸=ιs

F̂ (Osι) ⊂ F̂ (Os(x̄)) =

=

(∪
y∈Os(x̄)

F (y)

)∩
Os(x̄)

(21)

hold for all s ∈ S.
Let us show that x̄ ∈ Fix(F ). Assume the contrary: x̄ /∈ F (x̄). The closedness of the

graph of F yields the closedness of the set F (x̄) ⊂ X. This, in view of the fact that X is a
compact Hausdor� space, implies the existence of open neighborhoods O′(x̄) and O′(F (x̄))
of the point x̄ and of the closed set F (x̄) such that

O′(x̄)
∩

O′(F (x̄)) = ∅. (22)

Since the graph of mapping F is closed andX is a compact Hausdor� space, the mapping F
is upper semicontinuous (see [10, Sect. 43, I,Theorem 4] and [11, Theorem 1.2.32]), i.e., for
the neighborhood O′(F (x̄)), there exists a neighborhood O′′(x̄) such that, for all y ∈ O′′(x̄),
we have

F (y) ⊂ O′(F (x̄)). (23)

It follows from the de�nition of the family (Os(x̄))s∈S that the inclusion

Os̄(x̄) ⊂ O′(x̄) ∩O′′(x̄) (24)

holds for some s̄ ∈ S. Relations (22), (23), and (24) yield the inclusions( ∪
y∈Os̄(x̄)

F (y)

)∩
Os̄(x̄) ⊂

( ∪
y∈O′′(x̄)

F (y)

)∩
O′(x̄) ⊂ O′(F (x̄))

∩
O′(x̄) = ∅

which lead to the contradiction with (21) for s = s̄.
2. To justify inclusion (18), we prove two auxiliary assertions.

Lemma 1. Let X be a compact Hausdor� space. Then, for any element x ∈ X and for any

neighborhood O ∈ τ(X), x ∈ O, there exist a closed set B and a neighborhood O′ ∈ τ(X)
such that x ∈ O′ ⊂ B ⊂ O.

Proof. Let x ∈ O ∈ τ(X). Since the set X \O is closed and does not contain x, by virtue of
the fact that X is a compact Hausdor� space, there exist O′, O′′ ∈ τ(X) such that x ∈ O′,
X \O ⊂ O′′, and O′ ∩O′′ = ∅.

Then, for the closed set B :=X \ O′′ and the neighborhood O′, we have the required
relations: x ∈ O′ ⊂ B ⊂ O.

2
Lemma 2. Let X be a compact Hausdor� space. Let x ∈ X, O ∈ τ(X), and a closed set

B ∈ X be such that x ∈ O ⊂ B. Then there exists a covering (Oι)I ∈ Ofc(X) such that,

for some ῑ ∈ I, we have

B = Oῑ, x ∈ X \
∪

ι∈I\{ῑ}

Oι. (25)
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Proof. Let x ∈ X and O,B ∈ 2X satisfy the conditions of the lemma. Using the Hausdor�
property of X, for any point y ∈ X \ {x}, construct neighborhoods Oxy, Oyx ∈ τ(X) such
that x ∈ Oxy ⊂ O, y ∈ Oyx, and Oxy ∩Oyx = ∅.

Using the compactness of X, we select a �nite subcovering {Oxyi , Oyjx | i ∈ I, j ∈ J}
from the open covering {Oxy, Oyx | y ∈ X \ {x}} and consider the �nite family of closed
sets {B,Bj | j ∈ J}, where Bj denotes the closure of the set Oyjx. Since Oxyi ⊂ O ⊂ B,

i ∈ I, this family is a covering of X. By construction,
(∪

j∈J Oyjx

)∩(∩
i∈I Oxyi

)
= ∅.

Hence, taking into account that x ∈
∩

i∈I Oxyi , we obtain x ∈ X\
∪

j∈J Bj. We have veri�ed
the last of the required properties of the covering {B,Bj | j ∈ J}.

2

3. Let us prove inclusion (18) by contradiction: let x belong to the right-hand side of
(18) and x ̸∈ F (x). Since the graph of F is closed, the set F (x) is closed. Therefore, in
view of the fact that X is a compact Hausdor� space, there are disjoint neighborhoods
O′(x), O′(F (x)) ∈ τ(X) of the point x and of the set F (x): O′(x) ∩ O′(F (x)) = ∅. The
closedness of the graph of F and the conditions on X imply that the mapping F is upper
semicontinuous with respect to inclusion (see [10, Sect. 43, I,Theorem 4] and [11, Theorem
1.2.32]), i.e., there exists a neighborhood O′′(x) ∈ τ(X) such that

∪
y∈O′′(x) F (y) ⊂

O′(F (x)).
Let, by Lemma 1, an open neighborhood O and a closed set B such that x ∈ O ⊂ B ⊂

O′(x) ∩ O′′(x) be found. Let, by Lemma 2, a covering (Oι)I ∈ Ofc(X) satisfy conditions
(25). Then these conditions, the assumption x ∈

∩
(Oι)I∈Ofc(X)

∪
ι∈I F̂ (Oι), and property

(4) imply that

x ∈

(∪
ι∈I

F̂ (Oι)

)
\

 ∪
ι∈I\{ῑ}

Oι

 ⊂

(∪
ι∈I

F̂ (Oι)

)
\

 ∪
ι∈I\{ῑ}

F̂ (Oι)

 ⊂ F̂ (Oῑ) = F̂ (B).

On the other hand, it follows from the construction of B that

F̂ (B) :=B
∩(∪

y∈B

F (y)

)
⊂ O′(x)

∩ ∪
y∈O′′(x)

F (y)

 ⊂ O′(x)
∩

O′(F (x)) = ∅.

We obtain the contradiction: x ∈ ∅. The �rst part of the theorem is proved.
4. For the proof of the second part of the theorem, �rst we will establish that the sets∪

ι∈I

F̂ (Oι), (Oι)I ∈ Ofc(X), (26)

are closed and centered if condition (9) is satis�ed. This property along with the
compactness of the set X will imply the nonemptiness of the right-hand side of (18).

The closedness of these sets follows from the de�nitions of the family Ofc(X) and the
mapping F̂ and from the closedness of the mapping F (see [11, Theorem 1.2.33]): for any
closed set Y ⊂ X, the set ∪y∈Y F (y) is closed.

Let us verify that sets (26) are centered. Let (Okι)Ik ∈ Ofc(X), k ∈ 1..n, n ∈ N. We
de�ne (Ōῑ)Ī :={O1ι1 ∩ . . . ∩ Onιn | ιk ∈ Ik, k ∈ 1..n}. In other words, (Ōῑ)Ī is the greatest
lower bound of the �nite set of covering (Okι)Ik with respect to the inscribing relation. By
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construction, (Ōῑ)Ī ∈ Ofc(X) and is inscribed into all the families (Okι)Ik : (Ōῑ)Ī ⊑ (Okι)Ik ,

k ∈ 1..n. Therefore (see (6)), for any k ∈ 1..n, the inclusion
∪

ῑ∈Ī F̂ (Ōῑ) ⊂
∪

ι∈Ik F̂ (Okι)

holds. Hence, in view of the condition
∪

ῑ∈Ī F̂ (Ōι) ̸= ∅, we obtain ∅ ̸=
∪

ῑ∈Ī F̂ (Ōῑ) ⊂∩
k∈1..n

∪
ι∈Ik F̂ (Okι). Thus, subsets (26) of the compact space X are closed and centered.

Consequently, Fix(F ) =
∩

(Oι)I∈Ofc(X)

∪
ι∈I F̂ (Oι) ̸= ∅.

Conversely, let x̄ ∈ Fix(F ). Then, for any covering (Oι)I ∈ O(X), there exists a set
Oῑ ∈ (Oι)I such that x̄ ∈ Oῑ. Hence, by de�nition, x̄ ∈ F̂ (Oῑ). Therefore, F̂ (Oῑ) ̸= ∅.

For the justi�cation of Corollary 1, we note that the condition of closedness of the
mapping graph is equivalent to the condition of function continuity.

4.3. Proof of Theorem 3 and Corollary 2

In this subsection, for arbitrary δ > 0, x ∈ X, and Y ∈ 2X , we de�ne

Oδ(x) :={y ∈ X | ρ(x, y) 6 δ}, Oδ(Y ) :={y ∈ X | d(y, Y ) 6 δ}.

1. By virtue of Theorem 1 and the inclusions (Okι)Ik ⊂ O(X), k ∈ N, for the proof of
the �rst part, it su�ces to establish that Fix(F ) ⊃

∩
k∈N
∪

ι∈Ik F̂ (Okι).

Assume that x̄ ∈
∩

k∈N
∪

ι∈Ik F̂ (Okι). Then there is a sequence

Ōk :=Okιk , x̄ ∈ F̂ (Ōk) ⊂ Ōk, diam(Ōk) 6 δk, k ∈ N. (27)

Let us show that x̄ ∈ Fix(F ). Suppose the contrary: x̄ /∈ F (x̄). De�ne ε̄ :=d(x̄, F (x̄))/3.
Since the graph of F is closed, the set F (x̄) is closed. Therefore, ε̄ > 0. Choose δ̄ ∈ (0, ε̄]
such that the relations F (x) ⊂ Oε̄(F (x̄)) hold for all x ∈ Oδ̄(x̄). We can make this, since
the closedness of the graph of F yields the upper semicontinuity of the mapping F with
respect to inclusion (see [10, Sect. 43, I,Theorem 4] and [11, Theorem 1.2.32]). At the same
time, due to the choice of the values δ̄ and ε̄, we have Oδ̄(x̄)

∩
Oε̄(F (x̄)) = ∅. From these

constructions, we obtain

F̂ (Oδ̄(x̄)) :=Oδ̄(x̄)
∩ ∪

x∈Oδ̄(x̄)

F (x)

 ⊂ Oδ̄(x̄)
∩

Oε̄(F (x̄)) = ∅. (28)

In view of (10), choose k̄ ∈ N such that the inclusion Ōk̄ ⊂ Oδ̄(x̄) holds. From these
inclusions and relations (28) and (2), we obtain F̂ (Ōk̄) ⊂ F̂ (Oδ̄(x̄)) = ∅, which contradicts
(27) for k = k̄. The �rst part of the theorem is proved.

2. Let us consider the second part of the assertion. The necessity of condition (12)
follows immediately. Now, we verify the su�ciency of this condition. Using the compactness
of X, construct a sequence (Okι)Ik , k ∈ N, of inscribed open coverings of the form:

(Ok+1ι)Ik+1
⊑ (Okι)Ik , (Okι)Ik ∈ O

1/k
fo (X), k ∈ N.

Then the sequence of closed �nite coverings (Ōkι)Ik , k ∈ N, where Ōkι is the closure of the
set Okι in X, satis�es conditions (10):

(Ōk+1ι)Ik+1
⊑ (Ōkι)Ik , (Ōkι)Ik ∈ O

1/k
fc (X), k ∈ N.
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In this case, by (6), the sequence of the closed sets
∪

ι∈Ik F̂ (Ōkι) is monotonically
decreasing by inclusion. Using condition (12), we verify the nonemptiness of the terms
of this sequence and, hence, the nonemptiness of their intersection (by a part of the �rst
theorem, this is the set of �xed points of F ).

For any k ∈ N, take δk equal to the half of the Lebesgue number of the covering (Okι)Ik .
Then condition (12) implies the existence of a pair xk, yk ∈ X such that ρ(xk, yk) 6 δk and
yk ∈ F (xk). Moreover, due to the choice of δk, there exists an element Okῑ of the covering
(Okι)Ik such that xk, yk ∈ Okῑ ⊂ Ōkῑ. From the last two relations, we obtain F̂ (Ōkῑ) ̸= ∅.
Consequently,

∪
ι∈Ik F̂ (Ōkι) ̸= ∅.

For the justi�cation of Corollary 2, note that the condition of closedness of the mapping
graph is equivalent to the condition of function continuity.

4.4. Proof of Theorem 4

Let us prove the following auxiliary assertion.

Lemma 3. The set of �xed points of mapping Fφ, i.e., the set of pairs (u∗, v∗) ∈ U ×V
satisfying the condition

(u∗, v∗) ∈ Fφ(u∗, v∗), (29)

coincides with the set of saddle points of the function φ(·), i.e., with the set of pairs

(u∗, v∗) ∈ U×V satisfying the inequalities

φ(u∗, v) 6 φ(u, v∗) ∀(u, v) ∈ U×V. (30)

Proof. Assume that inclusion (29) holds. It means that the following inequalities are valid:

φ(u∗, v∗) 6 inf
u′∈U

φ(u′, v∗) 6 φ(u, v∗) ∀u ∈ U, (31)

φ(u∗, v) 6 sup
v′∈V

φ(u∗, v
′) 6 φ(u∗, v∗) ∀v ∈ V. (32)

Since the left-hand side of the inequality in (31) equals to the right-hand side of the
inequality in (32), we have relations (30) which mean that the pair (u∗, v∗) is a saddle
point. To complete the proof, note that the above arguments are invertible.

2

The properties of the function φ(·) and of the spacesU andV required in the condition
of Theorem 4 imply that the graph of the mapping Fφ : U × V 7→ 2U×V is closed and
U×V is a compact Hausdor� space with the topology of the product of the topological
spaces U and V. Thus, conditions of Theorem 2 are satis�ed for the mapping Fφ.

Let the mapping F̂φ satisfy condition (9). Then it follows from Theorem 2 and Lemma 3
that the set of saddle points for the function φ (30) is nonempty. Hence, equality (14) holds.

Conversely, let equality (14) hold. Then, by virtue of the conditions on the function φ(·)
and on the spacesU andV, the set argminu∈Umaxv∈V φ(u, v)×argmaxv∈V minu∈U φ(u, v)
is nonempty and coincides with the set of saddle points of the mapping Fφ. In this case,
Lemma 3 and Theorem 2 imply that condition (9) holds.
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4.5. Scheme of the Proof of Theorem 5

The lemma given below follows from the de�nition of mapping F .

Lemma 4. N(J) = Fix(F(X,J)).

The properties of functions Ji and spaces Xi, i ∈ 1..n, required in the condition of
Theorem 5 imply that the graph of mapping F(X,J) : X 7→ 2X is closed and X is a
compact Hausdor� space. Thus, conditions of Theorem 2 are satis�ed for the space X and
the mapping F(X,J).

After this remark, it is easy to see that the �rst part of Theorem 5 follows from
Lemma 4 and Theorem 2. The equivalence of conditions (16) and (9) follows from the
de�nition of function F̂(X,J) by mapping F(X,J).
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Ê ÒÅÎÐÈÈ ÍÅÏÎÄÂÈÆÍÛÕ ÒÎ×ÅÊ È ÅÅ
ÏÐÈËÎÆÅÍÈÉ Ê ÌÎÄÅËßÌ ÐÀÂÍÎÂÅÑÈÉ

Ä.À. Ñåðêîâ

Äëÿ çàäàííûõ ìíîæåñòâà è (âîîáùå ãîâîðÿ, ìíîãîçíà÷íîãî) îòîáðàæåíèÿ ýòîãî
ìíîæåñòâà â ñåáÿ ðàññìàòðèâàåòñÿ âîïðîñ î ñóùåñòâîâàíèè íåïîäâèæíûõ òî÷åê òàêî-
ãî îòîáðàæåíèÿ, òî åñòü òî÷åê, ñîäåðæàùèõñÿ â ñâîåì îáðàçå. Îòíîñèòåëüíî çàäàí-
íûõ ìíîæåñòâà è îòîáðàæåíèÿ ïðåäïîëàãàåòñÿ, ÷òî ìíîæåñòâî íå ïóñòî, à îòîáðàæå-
íèå îïðåäåëåíî íà âñåì ìíîæåñòâå. Â ýòèõ óñëîâèÿõ äàåòñÿ îïèñàíèå (ïåðåîïðåäåëå-
íèå) ìíîæåñòâà íåïîäâèæíûõ òî÷åê â òåîðåòèêî�ìíîæåñòâåííûõ òåðìèíàõ. Ýòî îáùåå
ïðåäñòàâëåíèå êîíêðåòèçèðóåòñÿ äëÿ ñëó÷àåâ, êîãäà ìíîæåñòâî íàäåëåíî òîé èëè èíîé
òîïîëîãè÷åñêîé ñòðóêòóðîé, à îòîáðàæåíèå èìååò äîïîëíèòåëüíûå ñâîéñòâà ñ íåé ñâÿ-
çàííûå. Â ÷àñòíîñòè, ïðåäëîæåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ
íåïîäâèæíûõ òî÷åê äëÿ ñëó÷àÿ îòîáðàæåíèé ñ çàìêíóòûì ãðàôèêîì êàê â õàóñäîð-
ôîâûõ òîïîëîãè÷åñêèõ ïðîñòðàíñòâàõ, òàê è â ìåòðè÷åñêèõ ïðîñòðàíñòâàõ. Ïðèâåäåí
ïðèìåð, èëëþñòðèðóþùèé âîçìîæíîñòè è ïðåèìóùåñòâà ïðåäëàãàåìîãî ïîäõîäà. Òàê-
æå äàíû íåïîñðåäñòâåííûå ïðèëîæåíèÿ ýòèõ ðåçóëüòàòîâ ê ïîèñêó ðàâíîâåñíûõ ñîñòî-
ÿíèé â èãðîâûõ çàäà÷àõ: îïèñàíû ìíîæåñòâà ñåäëîâûõ òî÷åê (àíàëîã òåîðåìû Ôàíà) â
çàäà÷å î ìèíèìàêñå è òî÷åê ðàâíîâåñèÿ ïî Íýøó â èãðå ñî ìíîãèìè ó÷àñòíèêàìè äëÿ
ñëó÷àåâ, êîãäà ìíîæåñòâà ñòðàòåãèé èãðîêîâ ÿâëÿþòñÿ õàóñäîðôîâûìè èëè ìåòðèçóå-
ìûìè òîïîëîãè÷åñêèìè ïðîñòðàíñòâàìè.

Êëþ÷åâûå ñëîâà: ìíîãîçíà÷íîå îòîáðàæåíèå; íåïîäâèæíàÿ òî÷êà; ñåäëîâàÿ òî÷-

êà; ðàâíîâåñèå ïî Íýøó.
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